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ADYERTIfiSM&NT. 

This Arithmetic has been chiefly extracted, from the 
'first part of a Course of Mathematics, composed hj 
£ti£K!^b Be2out, an eminent French MathematiciaD» for 
the use of the Guards of the Marine and the Pavilion, and 
afterwar(te adopted by the Polytechnic School in Franco^ 
The great excellence of B^zoat consists in uncommon per- 
apicuitj in the explanation of first principles. - Aware that 
tneiigoroas forms of Algebraic demonstration are uninteU 
Tm^^U^ beginners, he has followed the more rational meth* 
M rf deteleping tiie Elements of Arithmetic, by j^kin il- 
lustrations, and a clear expositioH of the reason of its oper- 
ations* Jkit although many obstacles are removed that 
ImTe latherto impSed the progress of the student/ he 
mttat not expect to become an expert Aritbmetitiaii 
without close application and frecjuent exercise of his 
rtosonhig Ikculri^si To assist him inr these efforts, 
and to render his investi^taen^ praetically as well as 
theoretically useful, numerous select Examples have been 
introduced, showing the application of abstract princi- 
ples to^ great variety of question^ in business. 

NATH'L HAYNES, 

Oabdinek» June 1824. 



EXPLANATION OF CHARACTERS. 

Numbera found in a pHrenthesis refer to articles, 
Vbere the proposition is demo^8t^ated that is there relied 
upon. 

» Signifies equality* or equal to ; as 100 cents aBone 
dollar ; that iS) 100 cents are equal to one dollar. 

+ Signifies plus, or Addition ; as 50-t-50aB.100; that 
iS| ^0 added to 50 is equal to 100. 

•^ Signifies minus, or Subtraction ; as fr— 2s4 ; that 
iS| 6 less 2 is equal to 4. 

' X Signifies Multiplication^ as 4x4^r6^ &at is, 4 
multiplied bj 4 is equal to 16. 

« 

* When placed over a fieure, skows that it does neit 
form a part of the true result. 

* Signifies, Mphen placed between two %ttres, their 
Arithmetical Ratio; thus Id * 8 signifies the arithmetical 
ratio of 15 to 8. 

: Signifies the Geometrical Ratio between two numbers; 
thus 12 : 3, signifies the geometrical ratio of 12 to 3. 

^ Signifies a Continued Proportion, which is Arith- 
metical, or Geometrical, accorarng as the Character be- 
tween the Terms denotes ; thus, riS ' 7 ' 11 signifies an 
Arithmetical, and 4: 5 ; 20 ; 80, a Geometrical; Con- 
tinued Proportion. 

rr Signifies an Arithmetical, or Geometrical Progres- 
sion, according as the Character between the Terms de- 
notes ; thus, 'T 2 : 4 : 8 : IG : &c. signifies a Geomet- 
rical progression, and '^S* 5 * 7 * 9, &c. an Arithmet- 
ical progression^ 
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^rom the- CCommftter^ appointed hyi the Trustees of 
Oardiner I^ceum to examine this Arithmetic, previous 
to its irUromciionas a Text- Book at the Lyceum. 

Having examined, with some attention, the Arithme- 
tic of Bezout, we do not hesitate to saj, that, in our 
opinion, it contains a Tery lucid explanatimi of the prin-* 
cipies of this important part of Mathematics, and we 
hope that its introduction to our Schools will make the 
study of Arithmetic something more than a mere exer- 
tion of memory in committing rules, and a mechanical 
conformity to them* 

The translation is faithfully and correctly made* and 
the Translator has added many examples to the origin- 
al work, which, although we nave not examined theia 
we hope, will be found to enhance its value* 

BENJAMIN HALE, Prinmpal of Gurdiner li/eeum. 

Gardiner, Nov« iSM. 
Extract of a Idter to the Translator, ^from Parkb& 

Cleavelano, l. l. d. llreCessor oC ^atftetiiKt^ 

fell anm jB^tnxal ^Umt^tt in Bowdoin Col- 
lege. 

To Nathaniel Haynes, A. B. 

SiR.—I am happy to learn that you are about 
giTing to the Public a translation of the exteUent Arith- 
metic of Bezout's, accompanied by " numerous select 
Examples, showing the application of abstract principles 
to a great variety of questions in business.^' It has long 
been perceived, that most of the Elementary treatises on 
Arithmetic are very deficient, by not containing rigorous 
and perspicuous demonstrations of the common rules of 
Arithmetic. The progress of the student in Mathemat- 
ics is hereby iniich retarded, or he is even made to dislike 
the science. Nothing less rigorous than BesLOut will 
supply the deficiency. 

I am Sir, Tours, &c. 

P. CLEAYELANB. 
Brunsmck, Nov. U 18^. 



ELEMENTS OF AHITHMETIC. 



TRELIMINARY NOTIONS CONCERNING THE NATURE 
AND DIFFERENT KINDS OF NUMBERS. 

1. In general, whatever is suscepfiWe of augmentation 
lOr diminution i« called quantity. EstensioQ, duration^ 
and weight are quantities. Mathematics have for their, 
t^ect all kinds of quantities ; but Arithmetic, which is a 
part of Mathematics, considers only such quantities as 
^are expressed in numbers. 

2. Ariliimetic is then the science of numbers : it con- 
siders their nature and properties ; and its design is to 
teach the easiest methodf of representing, as well as of 
compounding and resolving them^ 

3. In order to form a correct id«a of numbers, it is 
♦essential to understand what is meant by unity. 

4, An unit is a quantity, taken for the most part arbr- 
iirarily, to serve as a standard of comparison to all quan- 
tities of the same kind. Thus a body is said to wei^ 
four pounds ; and the pound is the unit or quantity with 
whicti the weight of the body is compared. With equal 
propriety th« xntnce might have been assumed as the 
standard of comparison; and then the weight of the 
body would huhwlieen expressed by the nunSier sixty- 
four. 

5. A mimber expresses the amount of units or parti 
of an unit in any given quantity^ If it is expressed by; 
entire unit?, the number expressing it i« called a whole 
number; if it is composed of entire units and parts of 
atJ unit, or only of parts of an unit, the number is called 

Jf actional, or simply ?i fraction. Three and a half is A 
yVacftonaZ number; three-fourths form a /rrtc/ton. 

6. A number expressed without designating the kind 
ef units, as when we say three or four, three times, four 
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times, &c.» is called an abstract number. But when th« 
kind of units is named, as ^hen we say four pounds^ an 
hundred tons, &c., the number is called concrete. The 
other kinds of units will be defined in their proper places^ 

or NUMERATION AND DECIMALS. 

• 

r. Numeration is the art of expressing all numbers by 
a limited quantity of names and characters. These char- 
acters are called ^^r«». It is important clearly io de- 
velepe the manner in which figum^ represent numbers. 

8. The characters used in numeration, and the names 
of tlie numbers, which they represent, are the following ; 

1 2 3 4 5 6 7 B 9 

cipher, one, two, three, ibur, five, six, seyen, eight, mne* 

To express htgiier numbers by these characters, it is con- 
venient to form, by ten single units, another umt, called 
ttn; and to compute by tens in the same manner -as, by 
sungle units ; thus, w^e say once ten, twice ten> three 
times ten,^&Cr; or twenty, thirty, &c to ninety. And 
to represent these new units, the same figures are em- 
ployed as in expressing simpie units ; but the^ are dis- 
tinguished by tfas plaee which they occupy, being put to 
the left of the^imple units. Thus, to represent the nam-, 
le*' fifty-lbur, which is composed c^ five tens and f<^r, 
x.% Is, we write 54« To represent «ixty, which contains 
an exact mrmber of tens and no unit^, we write 60. The 
cipher shows that ^ngle units are wanting, and causes the^ 
jE^re 6 to express the number of ten»« In the same 
manner numeration is cotttifiued to ninety and nine in- 
dusivelr* 

9. We must observe as e peculiarity of this numera* 
tion, thai a figure placed immediately at t/ie left of another ^ 
gr fMnoeaby a eipher, represents a niumber ierir times 
greater than when standing alone. 

10. From ninety and nine, numeration is continued 
by a similar method to nine hundred and ninety-Dine4 
Of ten tens is composed another unitt which is called on 
hundred, because ten tens make an hundred. After the 
manner of tens, the hundreds are reckoned op to nine ; 
imd are represented by the same figures, but placed to 
tte left of the place of tens. To express eight hundred 
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iatnrf fifty-nine, we write 859 ; because there are eight 
hundr<eas, five tens, and nine units, in the number to be 
expressed. If eight hundred and nine is the number td 
fee expressed, since it contains eight hundreds, no tens, 
and nine units, if is written, 809 ; tliat is, a cipher is put 
to occupy the ptace of tens which are wanting. If unit* 
are wanting also, two ciphers are employed: thus; to 
express eight hundreds, we write, 800. 

11. It may be remarked then, that by means of this 
wrmngQtaent, afigtirefolhwed by two others, or by tw^ 
tiphers, denotes a number m% kumred times grecUer than 
when written cdoixe^ 

1£. From mne hundred and ninety-nine, numeration 
is continued by ajike arrangement up to nine thousand, 
nine hundred and ninety -nine. Of ten hundreds is form* 
td an tmitcMed a thousand ^ because ten times an hun- 
dred make a thousand.- These are reckoned as the pre** 
ceding, and represent^ by the same, figures placea Uf 
fbe ieft of the nundreds. Hius, t& signify eight thous- 
and, seven' himdred and fifty-nine, we- write 8759; td 
express eight thousand and nine, we -write 8009; and 
for eight thousand, 8000. Hence, ajigttre followed by 
three others^ or by three cfhhers^ denotes anumber a thous^ 
mftd times srtater tlum when it is tvriiten atorm* 

\S* And by continuing to include ten crnitsof a cer^ 
tain order in a single unit; and try placing the^ new 
tiBit» iii orders Of p^tods more aacl more advanced to« 
v^rds the left, all imaginable whole mnSibers are ex- 
pressed in an uaijform manner, by the aid of ten figures 
«nly. 

14. To enumerate with facility a numifer expressed by 
any ^ven number of figures, it is separated into divisions 
of t^ree %ures eacli) pi«c«edin|; from ri^ht to left ; and 
each division beginning at the right receives the follow* 
iilg names ; tmits^ thousands^ mUllons, bilHons, trillions^ 
quadrUlumsi quintiUions, sextillions, Sf^c* The first %- 
ure of every division, proceeding always from the right, 
will have the name of the division, the second that oi the 
tens, and the third that of the hundreds. Thus, in passing 
from the left, every division is enunciated as if it stood 
separate by itself 4 and at the end of each division, thf» 
Bame of the division is pronounced. For example^t to 
jreckon the following number, viz. 



^ u^uiEHTB or 

^uactiillioBS, trillions, billions, millions, thoasaAds, UHitf 
23 . • • . 456 , . 789 . . 234 . • . 565 . . 456f 

Ire say twentj-thrce auadrillions, four hundred and 
fif^j-six trillions, seven Hundred and eighty -nine billions, 
two bnndred and thii»tj-four millions, five hundred and 
iMxtj-five thousands, and fuur hundred and fifty-six uuits^ 

15. It results from the numeration which has been 
'explained, and which is altogether arbitrary, that as we 
adTa:nce from right to left, the units of wnich a number 
is composed become ten times . greater at each removak 
Consequently, a number may be rendered ten^ an hund- 
red, or a thousand times greater, by putting after it, one, 
two. three, &e. ciphers^ On the contrary, as we pass 
back from the left to the ri^ht^ the units become teil 
times smalier at each Femoval. 

16. Suck is numeration. It is the basis of all kinds- 
of computation ; although we are not always limited t» 
'calculating, by ten, by tens of tens, fcc. 

17. To show the value of quantities smaller thao the 
X^hosen unit, that unit is divided into smaller units. The 
number of these divisions is indifferent in itself, provided 
the quantities can be measured to which we ifntend to ap- 
ply them. But Uie principal object to be kept in view in 
to I'ender calculation in these cases as.convenient aspossr? 
ble ; therefore, instead of dividing the unit at once into a 
great many parts, it is better to separate it into a small 
number, and afterwards to separate those diviMons into 
ethers still less. It is thus in the divisions of money ; 
the dollar is divided into^ ten equal parts called dimes, 
and each of these into ten others called cents, each of the 
last being ag^ii^ divided into ten others^ called mins. 

18. A number composed of parts, having relation te 
each other, but refeirrfcg to di£N^rent units, is called a 
complex numbers and in contradistinction, that whick 
includes units of only one kind, is called a simple num^ 
ber. 8 dollars, or 8 leagues is a simple number ; but 8 
dollars, 7 cents and 6 mtfts form a complex number. 

19. Tlie principal unit is subdivided in a peculiar 
inaoner in every measure. The subdivisions of the mile 
are di^rent from those of the pound, and those of the 
pound from those of the day and hour. These divisioee. 
will be e;f plained ic treating of complex iiQiftbcr^* 
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Q%. But of all the divisions and subdivisions of whick 
the unit is susceptible, that made by decimals, tliat is, by 
dividing the unit into parts vi^hose value is ten times 
smaller at each removal from the place of whole num* 
bers, is unquestionably the most convenient. The cal- 
culation of decimals, so useful in the practice of mathe- 
niatics, is the same as for whole numbers.. We shall 
proceed to explain the principle of their formation* 

21. To exjjreas in decimals, parts smaller than the 
principal unit, we suppose this unit (of whatever kind it 
may be, whether the mile, pound, or dollar,) to be com- 
posed of ten parts, as 10 is conceived to be composed of 
80 many simple units, or as the pound is supposed to be 
composed of 16 ounces; these new units, in opposition 
to tens, are called tenths ; aiid they are represented by 
the same figures as simple units ; and since they are tea 
times smaller than the simple unit, they are placed to the 
right of that figure which represents simple units. But 
to prevent error in taking tenths for simple utiits, it is 
convenient to fix the place of units by a particular mark ; 
tKat which is in common use, is a comma ( , ) ; which is 
placed to the right of the figure that represents simple 

flits; or which is the same thing, between the units and 
nths. Tlius, to denote that twenty -four units and 
ree-tenths are expressed, we write 24,3.. 
, 22. The hundredths may be regarded as units which 
have been formed of ten other units, each ten times small- 
er ,than an unit in the place of tenths; and by the same 
analogy placed to the right of the tenths. These new 
units, which are ten times smaller than the tenths, will 
be an hundred times less than the principal unit, and for 
that reason are called hundredths. Thus when we wish 
to express twenty units, three tenths, and five hun- 
ffredths, we write 20,35. pCi^^^/a^^^Mr 

23. In like mamier let us suppose the ^wndfOtk 4 t to be 
oomgosed of ten parts ; these parts will be a thousand 
times smaller than the principal unit, and are therefore 
called f^t/«ainef/A^/ and since they are ten times less 
than the hundredths, they are placed to the right of 
them. By continuing thus to subdivide by tens, a new 
series of units is formed, which are named successively, 
f$n thousandths, hundred thoumndthdi mUlionths^ Un nnt^ 
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lionths, hundred millionths, biUiorUhs, &c. ; whieh are 
placed in divisions more and more removed from the 
right of the separatrix or comma. 

24. The patis of an unit, which have been described^ 
are called decimals. 

25. The manner of expressing them is the same, as 
for whole numbers. After having expressed the figures, 
which are to the left of the separatrix, the decimals, 
(which are written in the same manner as whole num- 
bers,) are expressed ; but at the end, the name of the 
decimal unit of the last kind is added. Thus, to express 
the number 34,572, we say thirtv four units and five huD'- 
dred and seventy two thousandths. If the number were 
leagues, it would be read thirty-four leagues and five 
hundred and seventy-two thousandths of a league. 

The reason for this is easily perceived, if we observe,^ 
that in the number 34,572, the figure 5 can be indifferent- 
ly expressed, either by calling it five tenths, or five hun- 
dred thousandths ; since the tenth (22) has the value of 10 
hundredths, and the hundredth (23) the value of 10 thous- 
andths, the tenth will contain ten times ih^ 10 thousandth, 
or 100 thousandths; five tenths then have the value 
of 500 thousandths. For the same reason, the figure ^ 
may be expressed by saying seventy thousandths ; sincV 
(2^*) each hundredth has the value of 10 thousandths. 

26. The kind of units of which the last figure is com-, 
posed, may be easily determined by counting each figure 
successively, from the separatrix towards the rtght, bj 
the following names; tenths^ Imndredths, thouscmdths, 
ten thousandths, ^c. 

27. If in the sum there are no entire units, but only 
parts of an unite, a cipher is put in the place of units ; 
thus to express"^ 125 thousandths, we write 0,125* If 25 
thousandths are to be expressed, we write 0,025, putting^ 
a cipher between the separatrix and the other 'figures,-— 
as much, to denote a deficiency of tenths, as to give to the 
following parts their true value. For the same reason* 
to express 6 thousandths^ we write 0,006. 

28. We will now examine the changes, that m^y be 
made in the value of numbers by changing the place of 
the separatrix. Since the separatrix determines the 
places of unito and of ail otiier -figures, wkose Yttiue 4s:: 
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p^nds upon their distance from it ; if the separatrfx ia 
advanced one, two, or three places towards the left, the 
number is rendered 10,100,1000, &c. times smaller ; and 
on the contrary, if the separatrix is removed one, two, or 
three places towards the risht, it becomes 10,100, or 
1000 times greater. Thus, liaving the sum 4327,5264,^ 
if we advance the separatrix towards the left and write 
432,75264, it is evident, that the thousands of the first 
nunaber have become the hundreds of the second or new 
number ; the hundreds are the tens, and the tens are the 
units ; the units are the tenths, the tenths are the hun- 
dredths, and so on. Each part then has become ten 
times smaller by the change. On the contrary, by re- 
moving the separatrix one place towards the right, the 
gum is expressed 43275,264 ; and the thousands of the 
first number are changed into tens of thousands, the 
hundreds into thousands, the tens into hundreds, the 
units into tens, the tenths into units, and so on. And this 
new number has^ become ten times greater than the first. 

£9. This reasoning shows, iliat by removing the aepa- 
ralrix two, or three ^aces, towards the left, the number i$ 
made 100, or 1000 times smaller; on the contrary, 100 
or 1000 times greater by removing it two or three places 
towards the right. 

30. The last observation, which we shall make upon 
the notation of decimals, is, that their value is not alter- 
ed by adding any niunber of ciphers after the last deci- 
nnl figure. Thus 43,25 is the same as 43,250, or as 
43,2560, or 43,25000, &c. Because each hundred has 
the value of 10 thousandths or 100 ten-thousandths, &c. ; 
and the twenty-five hundredths have the value of 250 
thousandths, or 2500 ten-thousandths ; and in short, it 
is the same thing as when we say one hundred cents ^;^ 
stead of one dollar. 

Xiet the pupil express the following numbers by figures. 
1. Seventy-nine. 
2k One hundred and one. 

3. Five hundred and twenty-four. 

4. Eight hundred and seven* 

5. Five tenths. 

6. One and eight tenths. 

f • Five hundred thoussiiidtin^ 
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8. Seven hundred whole numbers and seTen bun* 

dredths. 

9. Nine thousand seven hundred and ten^ 

10. Ten thousand and four* 

11. Fifteen thousand, and fifteen thousandth*. 
IS. One iniilion and one. 

13. One hundred millions and one hundred thousand* 

14. Five millions, and five hundredths. 

15. Two billions, two miUions, and two. 

16. Four trillions, eight hundred, and five tenths. 

ARITHMETICAL OPERATIONS. 

. 1. Addition, Subtraction, Multiplication, and Divis- 
ion, are called the four fundamental operations of Arith- 
metic. All questions, which depend for their solution 
upon numbers, are reduced to the practice of some of 
these rules. It is therefore important thej should be 
thoroughly and familiarly understood. 

S2. The design* of Arithmetic, as has already been ex- 

f)1ained, is to furnish the most ready method for calcul- 
ating numbers. The means used for this purpose, con- 
sists in reducing the calculation of complrcateu numbers, 
to that of numoers more simple, or expressed by the 
smallest possible number of figures. 
The following treatise has this object. 



ADDITION OF "(VHOLE NUMBERS ANp VEClMAh PARTS. 

33. Addition teaches to expreM the toUd. value of mcmu 
numbers by a single number. When the numbers, whicn 
are proposed to be added » are expressed by one figure, 
there is no need of a rule ; but when they consist of 
many figures, their total value is found by observing the 
following method. 

Write under each other all the proposed numbers, in 
mch order f thai all the unit figures may be in the same 
vertical column. In like manner jAice aU the tens in the 
same vertical column / and also the hundreds, thousands, 
4*0. in their respective columns ; and draw a line under 
the whole. Tnen add all the manbers which are in the 
if^kunn ^ umts. Jff' tb4 ffim d999 twt evtesd 9$ write it 
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totdemealh. If it exceed niney it belongs to the teju. 
tVrite tmdemecUh the excess of simple units over tens, and 
eoufU these tens as so many units to be added with the 
units of the next column. Proceed with the second cot* 
umn as with the first, and continue in the same manner 
from column to column to the last, under which write the 
whole amount thai is found in it^ This rule is expiaine^ 
by the following examples. 

EXAMPLE t. 

If 54925 is fo be added to 2023 ; the nambers are 
written as belo\r. 

54925 

2023 



56948 8UW^ 

To add these nambers, begin with the units by 8ajin|f 
5 and 3 make 8, which write uofder the unit column* 
Then pass to the column of teas and say 2 and 2 are 4 ; 
and write 4 under that column. In like manner, at the 
column of hundreds, 9 and cipher make 9, which is put 
under its column* And at the column of thousands, 4 
and 2 make 6, which is put ander its column. And 
lastly in the column for tens of thousands-, we say 5 and 
cipher make 5, and write it under the saioe column. Th& 
number 56949, found by this operation, is the sum of the 
two iiroposed numbers ; aiBce ct contain^ the anits> tens^ 
hundreas, thousands, and tens of thousands iA both sucr* 
ceasively collected together* 

EXAMPLE II. 

R<. uired the sum of the four following numbers^; 
6903/ /854, 953, 7327. They are to be thus written. 

6903 

7854 

. , 953 

7327 



23037 sumf; 



Commencing, as in the first Example, at the right hanct 
tiAumn, we say 3 and 4 make 7» and 3 are 10> and 7 
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make 17 ; 7 units are written under the first ^orumii> 
and the ten is retained to be joined as an unit to the 
next column, which is the column of tens. 

Passing to the second column, we say 1, which was re- 
tained from the first coVumn, and cipher make 1,'and 5 
make 6, and 5 are 11, and 2 make 13 ; 3 is written un^ 
der this column ; and for the ten, an unit is retained and 
added to the following column ; where we say 1 and 9 
make 10, and 8 make 18, and 9 are 27, and 3 make 30 f 
a cipher is written under this column^ and for the three 
I tens of it, three units are retained, and added to the 
next column, by saying as before,. 3 and' 6 make 9, and T 
are 16, and 7 make 23 ; 3 is written under this column, 
and as there is not another, to which the two remaining^ 
tens might be added, they are written in the place oi 
such column. The number 23037' is the auu of the four 
proposed numbers. 

34.^ When decimal are io be added; rinee they art 
reckoned Wee other numbers, by tens,, in passing from 
nghJt to Idt, tfie same rule is observed as for whole num^ 
bers ; units of the same order being placed in the samt 
column. Thus, if it is proposed to add these three num- 
bers, 72,957, 12,8, 124,GS> we write them in this ma»- 
Ber. 

7'2,95r 
12,8 ^ 
124,0S 



209>r87' sum- 

This sum is obtaineil by following the sam« method a» 
is the preceding cases.- 

EXAMPLES FOR 1»RACTICE. 

1. What is the sum total of the following numbers } 
345674, 98736, 456752, and 7654 ? Ans. 908816. 

^2. y>hat is the sum of ,014+,98l6+,32+,l5'J14+ 
r2918+,0«47? Ans. 2,208^.*. 

3. I lent a friend 942 dollars, at one time ; at anoth- 
«r, 741 ; at anoAer 91 dollars ; what is the whole sum 
lent ? Ans. 1774 dollars. 

4. What is the sum of one millionth part of an unit 
added to 9,999999 f A»s. 10. 
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5. A man gave to three sods as follows ; 40 one 3467 
ilollars ; to another 3Q£5 dollars ; to another Q94T dol- 
lars ; what did he give to all of them ? Ans^. 9399 dollars. 
• 6. A man's taxes were as follows for 3 years ; the first 
142 dollars, second 165, the tliird SIO dollars ; what did 
ke pay in three years? Ans. 5\7 dollars. 

7. A merchant bought of one person 50 barrels of 
flour for 300 dollars ; of another person, 75 barrels for 
525 dollars; and of another person, 125 barrels for 1000 
dollars. How many barrels did he buy, and how much 
-did he pay for the whole ? 

Ans. 250 barrels, and paid 1825 dollars. 
. 8. John, James, and Paul, counting their prize money, 
John had one thousand, three hundred, and seventy-five 
dollars: James had three times as much as John; and 
Paul had as much as both the others ; how many dollars 
had l^aul ? Ans. 5500 dollars. 

SUB'HACTiON OF WHOLE NUMBERS AND DECIMAL 
• PARTS. 

$3, /udmdion is em operation by which one mmber 
is taken from another number. The result of this opera- 
tion is called remctinder, excess, or difference^ ' 

To perform subtraction, the number, mhich is to be 
subtrajcted^ is written under the ftumber to be diminished, 
in the same manner m in additioii, Jl line is tJien drawn 
under the whole ; and each figufe in the lower line is 
taken /t^m its correspondent figure in the upper line, that 
is 9 units are tfJcen from units, tens from tens, hundreds 
from hundreds, fyc. and the remainders arc written below 
in the scnne order, '-^--and cipher when there is no remainder* 

When the lower figure ts greater than its correspond- 
ing upper figure, ten units are added to the upper number 
by borrowing an unit from the next figure on the left, 
which, in the operation following, must be considered as 
diminished by an unit. 

EXAMPLJi I. , 

It is proposed to subtract 5432 from 8954. The 
aiimbers are written in this manner. 

8954 
5433 

3522 remainder^ 



i^ SLEU£NTS or 

, Commencing this operation bj the figure in the plaee 
♦f unite, we say, 2 taken from 4, leaves 2 for remainjder, 
which is written under the line in the place of unitft. 
Then passmg to the tens, we saj, 3 from 5, there re- 
mains 2, which 18 written underneath. At the third 
column we say, 4 from 9, and there remains 5, which it 
written under its column. Finally at the fourth columiit 
we say, 5 from 8, and 5 remains, which is written under- 
neath ; and S59,2 is the remainder^ which results after 
subtracting 5432 from 8954. 



CXAMPLE II. 

We wish to subtract 7987 from 27G46. 
The numbers are written as follows. 



57646 

7987 

M 



19659^ 

As T cannot be taken from 6, we add to 6, ten units, 
%hich are obtained by borrowing an unit from 4, tlie next 
figure on the left ; we then say, 7 from 1^, there remains 
9, which is written under 7. 

Passing to the tens, we do not say 6 taken from 4, but 
from 3, because the unit which was borrowed has dimin- 
ished it by 1. And 8 cannot l>e taken from 3J to 3 we 
add ten units, M'hich are obtained by borrowing an unit 
from 6 its neighbouring figure on the left, and then Say, 
S from 13, there remains 5, which is written under S. 
passing to the third column, we say in the same manner, 
9 from 5, or rather from 15 (borrowing as before) ; and 
there remains 6, which is written under 9* At the fotirtli 
column, we say for the same reason, 7 taken from 6, or 
from 16, 9 ren^ains, and is written under 7 ; and as there 
is nothing to be Subtracted in the fifth colninn, we write 
under it, nut £, because 2 has been diminished by the 
unit which was borrdwed from it, but 1 ; andleaye 19659 
for the remainder sought. 

36. If the figure, Som which we wish to borrow, is a 
cipher, we must not borrow from tlie cipher, but from the 
next significant figure ; and though it be necessary to 
boiTow 100, 1000, or 10000 units, according as there ar« 
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^wo, three, four, &c. consecutive ciphers ; the operation 
must, nevertheless, be performed on the same principles 
as in the preceding Examples ; that is, 10 only are to be 
added to the figure for which we borrow; arid as this ten 
•is supposed to be tSik^n from the 100, or 1000, &c. which 
.have been borrowed ; in order to employ the remaining 
.90, or 990, the following ciphers are considered as so 
many nines. The Example annexed will illustrate this 
^operation. 

EXAMPLE III^ 

If from 20064 

It is required to subtract 17489 

Z575 rem. 
We first say, 9 taken from 4, or rather from 14 (bj 
borrowing from the nex.t figure), and there remains 5 ; 
then as 8 cannot be taken from 5, and as it is impossible 
to borrow from the next figure which is a cipher, we bor- 
row an unit from S, which unit has the value of a thou- 
sand compared to the figure upon which we operate. 
From the thousand which has been borrowed, ten units 

«are taken and added i9 5^ from 16 .we take 8 and 7 re- 

imains. 

As only 10 units of the fliousand borrowed, have been 
employed, the remaining 990 are used in subtracting the 

'numbers, which correspond to the ciphers; or what 

-.nmounts to the same thmg, each cipher is considered to 
hate the value of 9 ; thus, we say 4 taken from 9^, thera 
remains 5 ; then 7 from 9, 2 remains ; and then, 1 from 
1, nothing. 

S7' If there are decimal parts in the numbers to be op- 
erated upon, precisely, the same rule is to be followed as 
in the preceding examples ; but to prevent all embarrass* 
ment in its appiieation, let the number of decimal figKires 
be made the same in each of the proposed numbers, by 
placing a sufficient number of ciphers after that number 
"which contains the fewest decimal' places^ this does not 
"Change the ralue of the number (30) 

G 
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F4XAMPLE IV. 

From 5403,25 

■ It 18 required to take S%5fi5$ft 

We put two ciphers after the decimals of the upper 
number : and then operate upon the numbers thus pre- 
pared, in the same manner as in the rule given for wnole 
iiumbers* 

5403,2500 
385,6532 



and find 5017*5968 rem* 

EXAMPLES FOR PRAOTIOS. 

!• Take one hundred and six from^three hnndred ami 
twenty-five, what remains ? ^ Ans. 219. 

2. From ,4562, take ,31^ whatremains ? Ans. ,1402. 

3« Charles has thirty-two marbles, and John has twentj- 
iBve ; how many has Charles more than John? Ans. 7* 

4« A person had in bank 9000 pounds, but drew out 
1112 pounds; how ihuch money nad he remaining in 
.^nk i ^ Ans. 7888 pounds. 

5. A merchant has an estate in his possession valued 
.^ 52394 dollars, he owes 313^ dollars; what is he 
Yi'orth after paying his debts ? Ans. 20995 dolls* . 

6« A borrorwed of B 9427 dollars, and paid him at one 
time 4249 dollars, at another tine 1427 dollars, and at 
another time 947 dollaii ; what remains due ? 

Ans. 2804 dolls. 

7. From an tinit snbtmct the miilionth part of itself 1^ 
whatremains? Ans.,999999« 

8. What is the difference between 67 and ,92 ? 

Ans. 66,06. 
0. The revolutionary war in America commenced with 
ijrreat-Britain, in the year 1775 ; how many yeal« since* 
the present year being 1 824 P Ans. 49 years. 

10. Peace between the United States and England 
took place in 1783 ^ war was min declared in 1812 J 
Sow long did the peace continue ? Ans. 29 years. 

11. From Hallowell to the city of New- York is 38S 
nfilesi New if Ja man should travel 10 days from HaK 
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lowell towards New- York, at the rate of 36 miles in eacd 
daj ; liow far would he then be from that city ? 

Ana. 25 miles. 

12* If a farmer kill six hogs, which weigh ^54, 19Ti 
216, S49, 312, and 363 founds, and market 1000 weight 
of the pork ; what quantity does he reserve for his own 
|ise i Ans. 5(1 pounds. 

Id. A gentleman died leavino; an estate of 8423 dol- 
lars ; which he bequeathed as folio ws ; 2300 dollars to 
each of his two daughters, and tiie rest to his son ; wliat 
was the son's share r Ans. 3823 dollars. 

METHOD OF PROOF FOR ADIMTION XSD SUBTRAC- 

TION. 

S8« The proof of an ariAmetical operadon» fa another 
^)eration, performed to verify the irst result. 

Tlie proof of addition consists in adding agmn in partSt 

htit commendngon the Irfi, the^-sums which have been al- 

teady added* TPhe ofnount/of the Jirst cotumn is taken 

fromHve part, which corr^espmds to it in the sum fowmd 

by the first addkion^ 

The remainder is then written underneath (tnd considered 
iis so rnany tens to he joined to the next figure of the first 
found sum ; from the totdl of the new sum (formed by 
the- remainder joined to the following figure of the first 
sum) the mnount of the next upper column is subtractedi 
The same operation is performed upon every column 
'4o ^ last ; the^sum total of which being subtracted^ there 
is no remainder if the work is ris(lit. 

Thus, haying found by the i ... given for addition th« 
, sum of the four followipg numbera. 

6903 

7854 

953 

7327 



23037 

To prove the truth of the I'estilt, We add the same num- 
bers again, beginning at the- left, and say 6 and 7 make 
13i and 7 are 20> which taken from S3, there remains 3 
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or 3 tens, which with cipher, the figure following, naite 
30. We then pass to the second column, and sav 9 ancf 
8 make 17, and 9 are 26, and 3 make 29, whicft t^kea 
from 30, thei-e remains I or !• tenth, which joined to 5, 
the figure foifowing, make 13. We then add the n«m- 
bera in the third column, bj. saying 5and-5 make 10^ 
and 2 are 12, which taken from Id, 1 or 1 tenth remains, 
which added, to 7, the figure folio wing, make 17. The 
figures in the last column are then added, by saying S 
and 4 make 7, and 3 are 10, and 7 make 17, which taken! 
from 17, nothii:^ remains. We therefore conolade that 
(he first operation was correct. 

The evidence of the correctness of the first operation, 
which this method of proof furnishes, rests on the con** 
sideratioD, that after having successively taken from the 
sum total all the thousands, hundreds, tens, and uuitSj^ 
which composed it, iwiking ought to remain. 

39. The proof of Subtmction is furnished by adding 
the remainder, found by tlie operation, to the number smb' 
traded. If the first operation was correct, the addition 
of the difference, or remainder, to the number stibiracted, 
wUi reproduce the number from which the aabtraction ha» 
been made. Thus in the third example given in Sub* 
traction, by adding 17489 (the number subtracted) with 
256, the remainder, the number 20054, from which tHe 
subtracHoD was. made, is reproduced. 

20054 
174^9 



^^ 2565 



20054 



MISCELLANEOCS EXAMPLE^ IN ADDITION AND SUBTRA«' 

TIOW. 

1. Add together 7861, 345, 8023, Ans. 16229. 

2. Add together 66947, 46742 and 132684. 

Ans. 246373. 
• A dd together 594321, 76543, 2189, 763, 44. 
4. From 16844, take 9786. Ans. 7058. 
5* From 10S034, Uke 69845. Ans. 83189. 



^ & What is the dilTereiice betvreen 487,06dattd ^,70d ? 

Ans. 462,365 

7. How much larger is 880,064 than 87,065 ? 

8. Hew much smaller is 8,756 than 37,005,078 ? 

9. How much must you add to 7»643 to make 16,487? 

10. How much must you subtract from 2,483 to leave ' 

11. A merchant shipped molasses to the amount of 
S15.000.00 ; but during; a storm the master was obliged 
to throw overboard to the amount of S853.42 ; what was 
the value of the rematntng part ? 

12. Money was first made at Argos eight hundred and j 
ninety-four years before Christ. How Jong has it been 
in use at this date, 18^24 ? 

1 3. If I add 500, 6£7, and 1000, and subtract from 
their ameunt 900, what number will remain ? 

Ans. 12£7. 

14. A person borrowed at one time 6^ dollars ; at 
another time 150 dollars ; and at another time, 200 dol- 
lars ; and afterwards paid 300 dollars. How much did 
he still owe ?• Ans. 112 dollars. 

15. Subtract 267 from 345 and add 150 to the remain- 
der ; what is the sum ? . Ans. 228. 

16. A man had in his desk 1000 dollars. He took out 
120 dollars to pay a debt. He afterwards put in 75 doi<^ 
lars. How much was there then in the desk P 

Ans. 955 dollars. 

17. A ship builder built a ship, which cost him 6241 
dollars, and sold her for 5927 dollars ; what did he lose £ 

Ans. 314 dollars, 

18. A merchant sent a ship and cargo to sea valued 
at 11497 dollars, and on her return, she and her cargo 
were valued at 16579 dollars; what was his gain P 

Ans^ 5082 dollars. 

19. From 9432134^6, take 744321234 ; what is the 
remainder! Ans. 198892222. 

20. Add 98764321, 12345678,82456781,94321452;. 
what is their suni? : . Ans. 287888232. 

21. An ox was killed whose quarters we^hed 642, 
his hide 105, his tallow 92 ; what was the weight of th^ 
01 P Aes, 869 p«iili^« 
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^. A man gave io three gons as^followg; to one S4i? 
dollars j to another S025 dollars ; to another 2947 dol- 
lars ; how much did he give to all of them r 

Ans. 9599 dollars. 

£3. If the distance from Hailowell to Portland be fif- 
ty-six miles ; from Portland to Portsmouth fiftj-four 
miles, from Portsmouth to Boston sixty-four miles, from 
Boston to Hartford ninety -e^t miles, thence to NeW" 
York one -hundred and deven miles, thence to Philadel*' 
phia ninety miles, thence to Baltimore ninety -nine miles^ 
and thence to Washington thirty-eight mike ; what is the 
distance from Hallo well to Washington ? 

• . . Ans. 610* miles.. 

24. If the distance from Hallowell to Savannah lie. 
125B miles, and tlie distance from Hallowell to Wash* 
iBgton 6}0 miles ; how far . is Savannah from Washings 
ton? Ans. 658 miles. 



MULTIPLICATION. 

49.'MuLTiPLi0ATioN coYisistB ifi repeating ont of Mo 
ntemif^e as many times as there are umts in the other* 

To multiply 4 by ^, is to take the number 4 three times* 

, . . • ... , . . • 

41. The mimber to be multiplieil is called the mutti" 
piieand'^ the number i>y vMc^ tke-m^tfBlmtKMi Is^ier- 
formed, is called the midtipHer ; the reeuk of the opmt** 
tion is called the product* 

4S. The word j9rM{t«c/,, in its comasenaccept^ticitt, has 
a 'more extei»ive signification ; but in this treatise it^will 
be used to signify the result^f multipUcatioii. ... 

The muitiplicand and multiplier are also called fat'- 
tors of the product; thus, 3 and 4 are called tlie &ctors 
of IS, because 3 times 4 make 12. ^ 

' 43. From the idea which has been given of multiplica- 
'dton^ it appears to be an abt-idged method of performioe 
addition. For if the multipticand is written under itselT 
as many times as there are «nits in the multiplier, on 
adding them> their sum will be equal to the product found 
)>y multiplic&tioii. Example ; instead ef jndtiplyiiHS fi 
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by S, tirrite 7 three times ; ag in the foUowing manner^ and 
perforin addition. 

7 
7 
7 

Qi sum. 

The sum resulting from this addition is equal to the 
product of 7 multiplied bj 3. But when the multiplier 
IS lai^y this mode of operation becomes tedious. Multi- 
plication, properly so called, teaches a sliorter method 
for obtaining the same result. 

44. "When multiplication is considered in an abstract 
manner without regarding the kind of units employed, 
the multiplicand and multiplier may be indifferently tak- 
en for each other. For example, if 4 is t6 be multiplied 
by 3, the product will be 12; whether 4 be multiplied by 
5, or 3 by 4 ; for it is evident that 4 times S and 3 tiines 
4 are the same tiling. This reasoning may be applied to 
all other numbers. Therefor^ when two numbers are to 
be multiplied, the most convenient may be taken for 
the multiplier. 

47. A product found by the repeated addition of the 
ninltiplicand, will contain the same kind of units as the 
multiplicand. But as the use of the multiplier is to 
show how many times the multiplicand is to be repeated, 
it can never be considered as a concrete number. 

»4IU The rolecr Ibrnlultiplyina; mittiberB- composed 6( 
several figures, are reducecl to- tbe multipUcatioa of one 
8ii»le figure by another. 

The learner should accustom himself, by successively 
addiog the siAie number to itself, to find tbe product of 
numbers expressed by a single figure. The fdlowing 
taUe, which is attributed to Fytha^Miasimay be used for 
tbis purpofte^ 
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1 10 !l; 12 


20: 22 2i' 


30 33 36^ 


40 44| 48^ 


SO 55' 60 


60 66 72 


70 77 84] 


1 8o! 88! 961 


90 gall 08 { 


loouo'iao} 


110121 


132 j 


— -- - 
120 132 


i"! 



Kore. For the benefit t^ tite )e»Fiwr, this TaU»- i« 
^targed from nine to twelve ptaces of figureft. 

The first column of the Table -is formed by the suc- 
cewive addition of 1 to itsHf ; the second by adding 3 
in the same mumer ; the third, by adding 6 ; and so u£ 
the others. 

49. To find, by means of this T&Ue, the product of 
two numbers which are each expressed by a sin^ figure ; 
one of the numbers, the multtpiicand for instance, is 
found in the upper line ; the multiplier is then sought in 
the first column ; and in a line ytith the multiplier, di> 
rectlj under the multiplicand, the prodffct is found. 
Thus, to find the product of 9 by 6, I descend from 9. 
found in the first line, to the space opposite 6 in the first 
'CqIudid, utd ^ere 1 find 54, taeir product 
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We now pass to the multiplicatioii of numbers express-- 
ed bj many figures. 

MUI.TIPLICATION OF A NUMBER EXPRESSED IN MANY 
^ FIGURES BY A SINGLE WGURE. 

5* . Write the multiplier, wiiich in this case is supposed 
fob a single figure^ under the unit figure of (he muHipli- 
eand. JLuRipfy the units of the multipHeand by the mut^ 
tipHer, aftdij the product be tmits, write it underneath ;^ 
but if the product contain tens, unite only the units under- 
hecUh, And reserve the tens to be added, as so many units, 
with the product <f the next muiHpHcation,' In the same 
manner y mnUiply the tens of the multiplicand, and to their 
product add the tens, if any, which were reserved from 
the multiplication of the units. Write under the place of. 
tens in tlie mukipdcand, only the units of this new pro-* 
duct; and reserve the tens of it (which are hundreds} tg 
be added as units to the product of the next multiplication. 
Ckmtinue to multiply according to the same rule, aU the 
figures of the multiplicand j the series of figures written 
underneath unll be me product. 

EXAMPLE. 

How many feet are there in 2864 fathoms ? The &- 
thorn is -6 ke\. And the question requires that 6 feet 
should be repeated 2864 times y or, (44) that 2864 feel? 
should be taken 6 times.- 

W*.therefvi« write 2864 • for the multiplicand ;• 
and 6 for the multiplier. 

in 84 is the product. • 

To perform this opek'ation,- commence with the units by 
saying, 6 times 4 make d4 ; ^rite 4 under the place of 
units, and retain 2 for the two tens. 

2dly say, 6 times 6 make 36 y and 2 which were re-* 
tained, make 38 ; pot down 8 and retain 3. 

Sdly, 6>times 8 make 48, and S which were retained,i 
make 51 ; put down 1 and retain 5. 

4thly, 6 timefi 2 make 12, and 5 which >^ere retained ^ 
make \7. This number is written down because tiie 
multiplication is finished. The number 17184 is the pro- 
duct required, or the number of feet in 2664 fathoms i 
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because it contains the 4 units 6 times, the 6 tens 6 
times, the 8 hundreds 6 times, and. the 2 thousands 6 
times, consequent]/ 6 times the number £864. 

MULTIPLICATION BY A NUMBER CONStSTlNG OF 

MAIfY FIGURES* 

51. fFhen ike fnubnJier is e^resied by inwrdj^gumi 
the tame operation which has already been expbunedy is 
performed eucceedvdy toiih each of Us figures, eotnmene- 
ing always at the righi4 Thus, aO the figures of the 
muUiplicmd are first muUipUed^ by the umt Jkfure ^ the 
rnuUtplier, then by the figure in the plaet of tens, and 
this second product is written under ihe first $ but as the 
product of units multipUed by tens is tens, (44) the JML 
figure of ike second product is written under U^ ptace if 
tens in the first, m order to express Us true vutee. 

The third product, which is obtained by muUipiying by 
hundreds, is placed in Wte manner under the second, but 
advanced oneitace towards the l^, beaatse the product of 
units by hundreds is hundreds. The same rule is follow* 
ed for all other figures in the muUMier* 

After multiplication it ptrformeS by all the figures in 
the multiplier, the several products are added together, and 
their sum is the whok product* 

EXAMPLE^ 

It is required to multiply 6548f 

by 695d 



5S3896 
327435 
589383 
S9S92a 

455658546 prodircf« 
We first multtplv 65487 by 8, the unit figure of the 
inultiplier, and write suceessiTeVy under the line which 
was drawn below the multiiiFlier, 523896, the figures of 
the product found by the rule dven for the first caae (50). 
The number 65487 is multiplied in like manner by 5, 
the second figure of the multiplier; and the product 
327435 is written under the first product, but having its 
first figure 5 under the tens of the first product. 
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Maltiplying 65487 by the third fi^re 9, the product, 
589S83 IS written under the preceding, but having its 
first figure 3 put in the place of hundreds, because 9, the 
multiplying; figure, has tiie value of hundreds. 

Finallj 65487 is multiplied by 6 the last figure of the 
multiplier, and 392922, the product, is written under the 
preceding product, but with its first figure in the place of 
thousands ; because ti^e multiplying figure expresses 
thousands. These several pr^ucts are Sten added to* 
^ther, and 455658546 is tne product of 65487 multt* 
plied bj6958, or the value of 65487 taken 6958 times* 
because the number 65487 was taken 8 times by the first 
operation, 50 times by the second, 900 times by the thiniU 
and 6000 times by the fourth. 

EXAMPLES FOR PRACTICE* 

1. Multiply 847483567 by 768. 

Ans. 574387379456. 
.2. Multiirfy 264648436 by 3639604. 

^ ' Ans. 963ei5506£59344. 
3. Wliat will 587 Vrkins of butter come to at 7 dol- 
lars per firkin ? Ans. 4T71 dollars. 

4* What will be the worth of 924 tons of potash, if 
1 ton sell for 95 dollars ? . Ans. 87780 dollars. 1 

5. There is an orchard containing 9 rows of trees, and 
there are 57 trees in each row ; how many trees are 
there in the orchard ^ Ans. 513. 

6. A man bought 9 pieces of broadcloth, each piece 
containing 47 yards, at 6 dollars a yard ; and 25 barrels 
f if flour at 7 dollars a bi^rrel ; what did he give for the 
whole ? Aus. 2713 dolls. 

52. Hlien the muUiptkand or thi multiplier or bothf. 
nre Urmhyded by ciphers ^^ ifie opercUion may be abridgea 
by neglecting the ciphers in the mtdiiplictUion, but placing 
ml (f than qftertmrds ai ihe fight (jfthefiroducU 
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EXAMPLE. 

It is proposed to multiply 6500 

bj S50 



325 
1^5 



2275000 

TKw operation is performed b^ neglecting the ciphers, 
multiplying 65 by 35, and placing at the ri^t of theit 
product as many ciphers as were contained in both the 
lactors. 

The multiplicand, 6500, truly represents the value of 
65 hundreds ; therefore when 65 is multinlied, the pro- 
duct is understood to be hundreds. In liKe manner, the 
multiplier, 650, denotes 35 tens ; when multiplication is 
>made by 35, the product will be understood to be tens ; 
the whole product will then have the value of tens of 
hundreds, that is, of thousands ; three ciphers therefore 
tnust be added to the right. This reasoning applies to 
all cases, in which one, or both factors are terminated bj 
ciphers. 

S3. IVhm ciphers ure found between the figures of the 
multiplier, we may dispense with uniting them in thepro^ 
duct, and pass to the next figure. But the product, which 
arises from multMication by this next figure, must be ad* 
danced towards the left one place more than the number of 
ciphers in the multiplier, thai is, two places if there is ont 
cipher ; three if there are two ; and so on. 

If - - - 4205£ be multiplied 
by - - - 3006 

2523H 
126156 



* 126408312 is die (iroduct. 

In this operation, after having multiplied by 6, an& 
written down the product 252312, we next multiply by 3, 
because multiplication by a cipher gives only ciphers for 
Ithe product ; but the product 126156 must be written i% 
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such a manner as to express thousands ; its first figure 
on the right will therefore be removed three places to- 
wards the left, that is, one place more than the number 
of ciphers interposed between the figuies of the mul- 
tij Her. 

ICXAMPLE5 POR PRACTICE IN THE TWO LAST CASES* 
/ 

1. Multiply 35012 by 100. Ans. 3501200. 

g. Multiply 638427 by 500» Ans. '319213500. 

S. Multiply 2107900 by 70. Ans. 147553000. 

4. Multiply 9120400 by 90. Ans. 820836000. 

5. Multiply 7854 by 350. Ans. 27489000. 

6. Multiply 62500 by 520. Ans. 32500000. 

•» 

MULTIPLICATION OF DECIMAL PARTS. 

.64. The same rule is observed for the multiplication 

I <Iecimal parts as for whole numbers. In the opera- 

v^iin the separatrix is neglected, but in the product as 

many figures are pointed oft* on the rights* as there are 

decimal places in both the factors. 

It is proposed to multiply 54,23 

by 8,3 

16269 
43384 



450,109 

We multiply 5433 ,by 83 and the product is 450109, 
but as there are two decimal places in the multiplicand 
and one in the multiplier, three figures are separated 
upon the right of the product, which becomes 450,109, 
such as it should be. 

The reason for this rule is easily understood by ob- 
serving, that if the multiplier were 83, the product in 
decimals would be hundredths, because the multiplicand 
54,23 would have been repeated 83 times, the decimals 
of which are hundredths. But as the multiplier is 8, 3, 
that is, (21, J ten times smaller than 83, the product must 
contain units ten times smaller than hu7ulredths ; tlie 
last figure in the product must then be thousandths* 
And* there must be three decimal figures in the product, 

D 
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because there are as many in the multiplicand and mut- 
tiplier. The same reasoning applies to all multiplica- 
, tioas of decimals. 

; EXAMPLE II- 

t If - - - 0,12 are to be multiplied, 

bj - - - 0,3 

0,036 is the answer. 
We first multiply IS by 3, which gives 36 for the pro- 
4luct. The rule directs to point oflF three figures for de- 
cimals , but there are only two in the product. By ap- 
plying the reasoning of the preceding case, this embar- 
rassment is easily removed, for it requires the interposi- 
tion of a cipher between 36 and the separatrix. Because 
if 0,12 is multiplied by 3, the product is evidently 0,36 ; 
but since we multiply by 0,3, that isi by a number ten 
times smaller than 3, the product must be ten timet 
smaller than 0,36, or it will be thousands ; and this value 
19 expressed by writing it (28) 0,036. 

iEXAMPLES FOR PRIOTIOE IN THE MUtTIPLICATJON Of 

DECIMALS. 

1. Multiply 223,86 by 2,500. Ans. 559,65000. 

2. Multiply 35,640 by 26,18. Ans. 933,05520. 
5. Multiply 8,4960 by 2,618. Ans. 22,2425280* 
4. Multiply 0,5236 by 0,2808. Ans. 0,14702688. 

: 5. Multiply 0,11785 by 0,27* ' Ans. 0,0318195. 

55, As the ordinary use of decimals is to facilitate 
calculation, by substituting instead of an exact computa* 
tion a sufficient and ready approximation ; a rule is here 
given for abridgin|> the operation when the product is re- 
quired only to a certain degr-ee of exactness. 
' For example, if 45,625957 is to be multiplied by 

' 28;635, and the decimal part of the product is required 

only to thousandths of an unit ; the numbers are written 
i ^s below ; that is, after having reversed the order of the 

figures in one of the factors, we write it under the other, 
and make its unit figure correspond to the decimal figure 
in the rauitipiicand, which is removed two places towards 
the right from the fi^re, which has the value of that to 
which we intend to limit the product. Multiplication is 
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then performed, 6j neglecting, in the multiplicand, all 
the figures to the right of that b^ which we multiply ; 
and the products found by multiplying by the several 
figures or the multiplier, are written yettically under 
each other. These products are then adiled together 
and two figures suppressed on the right ; but the last of 
the remaining figures is augmented by unity, when the 
two suppressed figures exceed 50. The separatrix w 
then put in the place required by the kind of decimals 
proposed.- 

EXAHPIE. 

We wish to multiply 46,6259bT 

by 28,635 
but do not require the decimal part of the product near- 
er than to thousandths of an unit. 
The numbers are written in- this manner. 

45,625957 
5368^ . 

91251914 

36500760 

27^7554^ 

136875 

22810 



130649913 
Product 1306,499 

If multiplication had been made in the ordinary man- 
ner, the product would be 1306,499278695, which cor- 
i-esponds with the preceding up to thethii-d decimal, as 
was required. 

When there are not decimal places enough in the mul- 
tiplicand to allow the unit figure in the muitipiier to cor- 
]'CBfM>nd to the figure Which the rule requires*, ciphers 
may be put to supply the deficiency. 



S^ OF MULTIPLICATION. 



50. We propose .tp*show some uses to which multipli- 
cation may be applied, by furnishilig such examples as 
will direct the learner in solving questions of a similar 
nature. 
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In general, mulUplieation i$ u^shd for findmg the totat 
vaUue of mam unita^ when the value of each separate tmU 
%8 known, ^r example, how much will 5842 acres of 
land come to, at 54 oollars an acre P 54 dollars must 
be multiplied by 5842, or (44) 5842 dollars by 54 ; and 
S 15468 aollara will be the whole price demanded. 



7%« following are the Tables of Units r^erred to in 

the preceding examples. 

SqUARB MEASVEE* 

144 square inches make 1 square foot. 

9 square feet 1 square yard* 

SOi square yards Or > 1 square rod, perch^ 
Srsj square feet J or pole. 

40 square rods 1 rood. 

4 roods 1 acre* 

FEDERAL U0KEY« 

10 mills (m.) make 1 cent, marked c. 
10 cents 1 dime, d. 

10 dimes 1 dollar^ dol.orS* 

10 dollars 1 eagle, E. 

The denominations in these Tables will be subsequent* 
ly recurred to. 

Example 2, How much will 5954 cubic feet of water 
weigh, 72 pounds being the weight of one foot ? 72 
pounds must be multiplied by 5954, or 5954 by 72 ; and 
428688 pounds will be the weight of 5954 6ubic feet, 

IN CUBIC OR SOLID MEASURE, 

1728 solid. inches make I solid foot, 

128 solid feet 1 cord of wood. 

40 solid feetofround timber or > ^ ton or load, 
50 solid feet of hewn timber 5 



) 
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IN AVOIRDUPOIS WEIGHT, ^ 

l6^rams (dr.) make 1 ounce, marked oz. 
16 ounces 1 pound, * lb. 

28 pounds 1 quarter, qr. 

4 quarters 1 hundred weight, cwt. 

20 cwt. 1 ton, T. 

By this weight are weighed all heavy goods, except 
gol(}, silver, corn, bread, and liquors, which are weighed 
bj ""roy weight. 

67. MuUipUcaiion may be used for reducing units of 
one a f nomination into units of a lower denomination.'^ 
For example ; dollars may be reduced to dimes, cents, 
&c.; and tons fo pounds, ounces, &c. by multiplying 
the units of the higher denomination by the number of ih$ 
next lower which expresses an unit in this higher denom- 
motion, and adding to the product the units, if there be 
any, of the same name. Thus, if the number of pence 
in 8 pounds, 17 shiilinvs and 7 pence is required ; we 
seek in the following Table for the. number which ex- 
presses the shillings in a pound, and find that it is SO. 

ENGLISH MONEY.. 



4 farthings make 1 penny. 
\2 pence 1 snilling. 
SO shillings 1 pound. 


£ denotes pounds. 
s shillings^ 
d pence, 
q quarters or farthings. 


The numbers are then written in the following man- 


ner.. 

£ 8 d 


8 17 7 


20 


177 9 




1^ 



2131 d 
And the operation is commenced by multiplying £S by 
20 (52,) v'hich gives 160s. for the product, to which add 
D 2 
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the irs. in the sura, and the T^ole number of shillingji 
becomes 177; which is multiplied by 12, because 12 
pence make 1 shilling, and the product is 2124 pence, to 
which add the 7 pence in the sum, and 2131 is the whole 
number of pence contained in £8 17s. 7 A. 



I 

MEASURE OF TIME. 

i 

60 seconds (s. or '') make 1 minute, marked m. or ^ .« 

60 minates 1 hour, h. or **. 

24 hours 1 day, d. 

7 days 1 week, w. 

4 weeks 1 month, m. 

12 months* 1 day 6 hours, ^ 

or 365 days and 6 1 1 Julian year, Y. 
hours, J 

If the number of minutes in a common yiear of 365 
days, 5 hours, 48 minutes, is reqtiired ; these numbers 
are written in this manner, D. h. m. 

I S65 5 48 

I 24 

\ 

I 1465 

i 730 



%7^^ 
60 



525948 
Because 24 hours make 1 day, 24h. are multiplied by 
365 and the product is 8760h., to which the 5h. are add- 
*. ed, and 8765, the product, is multiplied by 60 (52,) be- 
«ause the hour contains 60 minutes, and 525900 m. is 
the product, to which add 48m. and 525948 will be the 
number of minutes contained in the common year. 



TROT WEIGHT. 



24 grains (grs.) make 1 penny weight, marked dwt. 
90 dwt. 1 ounce, oz. 

12 oz. 1 pound, }^. 

By this weight are sold gold^ silver^ corn, bread, aiul 
jiquors. 
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apothecaries' weight* 

£0 grains (gr.) make 1 scruple, mairked 
S scruples. 1 dram, 

8 drams 1 ounce, 

12 ounces . 1 pound, 



sc. 

dr. or 5; 
oz. or X, 



Apothecaries compound their medicines by this weight, 
but buy and sell their drugs by Avoirdupois Weight. 





PRT MEASURE* 




Q pints (pts.) 


make 1 quart, marked 


qts. 


d quarts 


1 pottle 


pot. 


2 pottles 


1 gallon. 


gal. 


2 gallons 


1 peck, 
1 bushel. 


bu. 


4 p^cks ^ 


2 bushels 


1 strike. 


str. 


8 bushels 


1 quarter. 


qr. 


5 quarters 


1 wey or load* 


wey 


4 bushels 


1 coom. 


CO. 


2 cooms 


1 quartet or seam 


• 


6 seams . 


1 wey. 




1^ weys 


1 last. 


L. 



Note. The diameter of a bushel measure is 18i in- 
ches, and its depth 8 inches. One gallon dry measure 
contains 268^ cubic inches. By this measure, salt, ore; 
corn, and other dry goods are measured. 
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ALB AND BEER MEASURE. 



2 pints (pts.) make 

4 quarts 

8 gallons 

9 gallons 
2 firkins 

2 kilderkins 

3 kilderkins 
3 barrels 



1 quart, marked qts. 

1 gallon, gal. 

1 firkin of Ale, fir. 

1 firkin of Beer, fir. 

1 kilderkin, kil. 

1 barrei, bar. 

\ hogshead, hbd. 

I butt, butt. 



The ale gallon cgntains. 282 cubic inches. 
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WIWE KBA^RE. 

S pints (pts.) make 1 quart, marked qts. 

4 quarts 1 gallon, gal. 

42 gallons 1 tierce, tier. 

63 gallons . 1 boghead, hhd. 

84 gallons 1 puncheon, pun. 

£ hogsheads 1 pipe or butt, p. or b. 

. £ pipes 1 tun, T. 

18 gallons | rundlet, run. 

31^ gallons 1 barrel, bar. 

Bj this measure are measured brandy, spirits,, cider, 
vinegar, and oii.^ £31 cubic inches make a gallon. 



CLOTH MEASURE•^ 

£} inches (in.) make 1 nail, maiked na- 

4 nails 1 quarter, qrs. 

4 quarters 1 yard, yds. 

5 quiM'ters 1 ell Flemish, ell Fh 

5 quarters 1 ell English, ell Bug. 

6 quarters I ell French, ell Fr. 



LONG MEASURE. 

3 barley corns make 1 inch, marked in.- 
12 inches 1 foot, ft. 



3 feet 1 yard, yd. 

lath.? 
or toise, to. J 



6 feet 



fathom, lath. 



5i yards 1 pole, pol. 

40 poles 1 liirlong, fur. 

8 furlongs I mile, mis. 

3 miles 1 league, L. 

60 geographical miles, or > - , , deg.. 

69i- stotute miles, j ^ "^^^^^ ^^^^* or ^, 

360°, the circumference oi the earth, 
^Iso, 4 inches make 1 hand. 

.5 feet 1 ^ometrical ^pace^' 

6 points 1 line. 

1£ lines 1 inch. 
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LINEAR 


MEASURE. 




12 points 
12 lines 


make 


1 line, marked 


1. 


* 


1 inch. 


in. 


12 inches 




1 foot. 


ft 


6 feet 


. 


- toise, 
or fathom> 


tor. 
fa. 



3i& 



Bj following a method similar to those already g^ven» 
the different denominations of these several weights and 
measures may be reduced to their lowest terms. If it 
were required to find how many grains there are in 2lh 
4oz. 17 dwt. 5 grs. Troy, we should proceed thus; 

^ oz« dwt. grs. 
2 4 17 6 
12 



24 
4 

28 
20 

560 
17 

577 
24 



230e 
1154 

13848 
5 



13853 Ans- 



It may be well to observe that to double, triple, quad- 
ruple, &c. signify the same as to multiply by S:, 5, 4, &c. 
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QUESTIONS FOR PRACTICE*. 

FEDERAL MONEY. 

}. In 40 dollars how many dimes ? Ans. 400- 

£. In 50 dollars how manj cents ? Ans. 5000. 

3. In 70 dollars how manj mills i. Ans. 70000- 

SKO£tSH MONET. 

4. In 3694 shillings, how many pence? 

Ans. 44328.. 

5. How many farthings in 69217 pence P 

Ans. 276868. 

6. How many farthings in 6942 pounds P 

Ans. 6664320. 

TROY WEIGHT*. 

7. How many grains, in 47lb. 10 oz. of gold P 

Ans. 275520. 

8. How many grains in 181b. 5oz. 9dwt. 21gr. P 

Ans. 106317. 
'9. What is the value of a silver cup weighing 9oz. 
4 dwt. 16 gps. at 3 mills- per grain P Ans. S13,29,6. 



AVOIRDUPOIS WEIGHT. 

r 
I 



K). In S9cwt. 2qr.^ Hlb. 8oz. 4drs. how many drams ? 

Ans. 1156260. 

11. In 8 tons how many ounces P Ans. 286720. 

12. How many pounds are in 30 hogsheads of sugar, 
each weighing 9^ cwt. Ans. 31920. 



1X>NG MEASURE. 



13. How many rods in a mile P Ans. 320. 

14. How many yards from Boston to Salem, the dis- 
tance being 18 miles P Ans. 31680. 

15. How many barleycorns will reach round the globe r 

Ans. 4105728000. 
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CLOTH iCEASUAX. 

16. In 84 yards, how many nails ? Ans. 1S44. 

17. :' iw many yards of Holland in 58 pieces, eack 
coKcaiiiing 36 Ells Flemish ? Ans. 1566. 

18. At 42 cents a nailj what cost IS ells Fl. 6 qrs. of 
broaddoth? Ans. 8ro,56. 

TIME* 

19. iTOw many hours in 40 years? Ans. 350400. 

20. How many days are there from the 20th of April 
to the 16th of December following ? Ans. 240. 

21. How many minutes from the birth of our Saviour 
to the year 1818 ? Ans. 955540800, 

LAND OR SqUARE MEASURE. 

22. In 44 acres, how many perches ? Ans, 7D40. 

23. In 49 acres, 2 rods, 18 poles, how many poles? 

Ans. 7938. 

24. In 34 acres, how many roods and rods? 

Ana S^^^ roods. 
-^°*- 1 5440 rods. 

WINE MEASURE. 

-25. How many gallons and pints in 5 tuns of wine ? 

Ans 5 1260 gals. 
^°*- 1 10080 pts. 

26. How many pints in 5 pipes of wine? 

Ans. 5040. 

27. In 3 hogsheads, how many gills ? Ans. 6048. 

APOTHEOAv^£s' WEIGHT. 

28. In 311b. 2i 65 how many drams? 

Ans. 2998. 

29. In 9ft 8? 15 2sc. 19grs. how many grains ? 

Ans. 55799. 

30. In 14tb how mahy grains ? Ans. 80640. 



3$ ELKICSNTS OF 

DRY MEASURE* 

51. In 30 chaldrons of coaU how many bushels^ r 

Ai^s. 960*j 

32. In 24 bushels, how many pints P Ans. 1556.^ 

33. At 3 cents a*^uart, what^will 5 bus. 2 pks. > 3 qts* 
of salt come to P Ans» ^S^STi, 

SOLID UE^aURE. 

34 In 1^2 tons of vound timber, how many cubic m^ 
cjies ? Ans. 829440.-. 

c"). In 12 tons of hewn j;imber^ how ipany cubic in* 
chei>? Ans. I0S6800. 

36. How many solid inches in a cord of wood ? 

Ans. 221184. 

37. What will 587 firkins of butter ipouiB to at 7 dol- 
lars per firkin P' Ans* 4109 dollars. 

3^J* A man^had a farm on which he raised 360 bushels 
of wheat ; and another on which he raised 6 times as | 
much ; what quantity did he raise on both of them P 

Alls. 2520 bushels. 
36. A man had an estate which he divided among 9 
sonp as follows, viz*4o the first eight, he gave 333 dollars 
each ; to the ninth he gave as much wanting 1000 dol* 
lars as to the other eight ; what was the value of the es- . 
tate, and also of the ninth son's share P 

Ans 5'^^^8'dollars value of the estate, 
^ 1664 dollars ninth son*s share. 

40. A farmer sheared 364 sheep, six years successive- 
ly ; each sheep yielded 3 pounds of wool per year. How 
much wool had he yearly ; anil how much in sis years ? 

1 6o52 pounds m 6 years* 

41. Sold 342 tons of iron, at 142 dollars per ton ; what 
was the price of the whole ? Ans. 48564 dollars. 

42. In the W^st Indies 742 thousand of boa«rd9 were 
sold at 62 dollars per thousand ; what did they come to ? 

Ans. 46004 dolkrs.*. 

43. What will 6422 quintals of fish come to at 6 del- ' 
lars per quirita'. r Ans. 3S532 dollars*- 
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44. A merchant at the expiration of the ten jears he 
liad been in trade, foond himself worth 13000 pounds. 
His books showed that for the last three years lie bad 
cleared 875 pounds a year ; the three preceding, 586 
povods a year ; and for the time previous to that» **364 
pounds a year. Wi^ what sum aid he commence bust- 
ims ? Ans. £7\W. 

45* Tlve bridge^ which Trajan constructed over the 
Danube^ is said to have had its arches supported by twenty 
yters. The piers were 60 feet thick, and placed 1 70 feet 
distant from eacli other. How wide was the Danube at 
that place ?^and how much did the length of the bridge 
exceed Aat of Weetminster bridge, which. is ISOO feet 
long ? Ans. 4770 feet wide, aimI 3^70 feeilonger tlian 
Westminster bri4ge. 

46. If a man can travels miles an an hour, how far 
would he travel ia 8 days, when the days are 9 hours 
long ? Ans- 504 miles. 

47. If 10 men can do a piece of work in 7 days, how 
4nany days will it take one man to do it i Ans* 70 days. 

Note* Multijplication by 10, 100, 1000, &c. is per- 
formed by annexing 1, 2, 3^ &c. ciphers to the multipli- 
cand. See (44) and {5S^ 

48. If 100 men receive 8 dollars apiece, bow many 
dollars do they all receive i ^ Ans. 800 dollars. 

49* Wbftt w<iuid an ox weighing 873 pounds, come to 
t 10 cents a pound i A^s. 287>30 cle. 

SIMPLE DIVISION, 

59. TThe dtmsion (forte number by ofioAer conmU ih 
fimiing how often thejint qf two numbeta tontains the 
second* 

The number to bd divided is called &6 iifsidmd; the 
number by which division is performed, is called 
flie iHviior / and that which expresses the number of 
tifnea the dividend contains the divisor, ilk called the 
quotient. 

It is not always the object of division to know how of- 
len one of two proposed numbers contains the other) b«t 
G 
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the operation in all cases, is performed as if that were 

the end in view. Hence it follows, that if the divisor be 
multiplied by the quotient, their product vnll be the di- 
vidend ; because tne divisor is taken as many times ^ as 
it is contained in the dividend. And this is a general 
principle, whether the quotient be a whole number or a 
fraction. • 

The kind of units contained in the quotient is not de- 
termined by those of the dividend or the divisor ; because 
the dividend and the divisor remaining the same, the 
quotient will always be numerically the same, although 
the nature of its units may be very dUfereut, according 
to the nature of the question which occasions the divis- 
ion. For example, if it is required to know how often 
^8 contains- J^4, the cjjaotient will be an abstract numtter 
which expresses 2 times. But if it is demanded how 
many rods of wall may be bdilt for £% at the price of '£4 
for a rod, the auotient will be 2 rods, which is a con- 
crete number tnat has no relation either to the units in 
the dividend or the divisor. 

Hence it is evident, that the question, which gives rise 
to the division, can alone determine the nature of the 
units in the quotient 

DIVISION 07 A NUMBER qOMPOSED OF SEVERAL TIGURES, 
BY A NUTtfBER EXPRESSED BY ONE TIGURE. 

60. llie Operation about to be described, supposes the 
learner to be already acquainted with the method of find- 
ing how often a number, expressed by one or two figures, 
contains an other expressea by one figure. This knowl- 
edge is aoQuIred when the products ^numbers express- 
ed by one ngure are known by memory. The Table giv- 
en in article (48) is used for this purpose. For example, 
if it is required to know how many tunes 74 contains 9, 
the divisor 9 is sought in the upper line, and directly un- 
der it, the dividend or number nearest to it, which in this 
case is 72 ; then the number 8 standing opposite in the 
fir^t column' is the number of times, or tne quotient 
sought> 

We will now explain the method of dividing a nutober 
composed of several figures. 
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Place tht divisor at the right of the. dividend and draw 
a line between them ; draw a line also under the divisor , he- 
ioto which write the figures of the quotient when they art 
found. 

Thke the first figure upon the left of the dividend, or the 
two first figftres, if the first does not contain the divisor. 
Seek how yten the first , or the two first figures, contain 
the divisor, and write the number of time^ underneath. 
Multiply the divisor by this quotient figure, and cany the 
product under the part of the dividend which has been em- 
jjloyed. Si/btract this product from the part of the divid* 
end, to which it corresponds f and to the remainder, bring 
dbum the ^xt figure of the principal dividend. Perform 
the same iteration upon this secmid particd dividend, wftich 
vias performed upon the first ; place the quotient, to the right 
cf the quotient figure cdready found, multiply the divisor 
by the quotient, write cmd subtract the product as before. 
m like manner bring doum to the side of the remainder of 
this division the figure in the dividend follotmng the one 
already brought down, and continue thus to the last inclu- 
sively* 

This rule is explained bj the following example. 
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Divide %7C9 by f* . The numbers are thus written ; 

7 divisor. 



dividend 8769 
7 

17 
14 


li52f quotient 


36 
3j 


19 
14 


» 



5 



The operation should be commenced at the left of the 
dividend by saying, in 8 thousand how many times 7 ^ 
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but we simply say, in 8 how many times 7 ? It is con^ 
tained once. This 1 is naturally one thousand, but the 
flgures which are to come after, will give to it its true 
tflue ; 1 i» therefore written under the divisor. We 
4ien multiply 7 the divisor by 1 the quotient, and carry the 
product 7, under 8 die part of the dividend to be divid- 
ed ; after subtraction, 1 is found for the remainder. 

The remainder I is the part of 8 which has not been 
divided, and it has the valii^ of 10 when compared with 
7 the figure that follows it; the figure 7 is therefore 
brought down by the side of 1, and the operation con* 
tinued by saying, in 17 how many times 7t It is con- 
tained twice. The quotient figure 2 is theu written to 
the right of 1, the first quotient figure. As in the pre- 
teding operation, the divisor 7 is then multiplied by 2, 
the last quotient figure ;, the product 14 is then carried 
under 17 the partiS dividend, and after subtraction from 
it, there remains 3 for the part which cannot be divided. 
By the side of the remainder S, 6 the next figure in the 
dividend is brought down, and the operation con- 
tinued by saying, m 36 how many timet 7? It is con- 
tained 5 times ; and 5 is written in the quotient. , The 
divisor 7 is then multiplied by 5, and 35 the product is 
subtracted from 36 the new partial dividend, and 1 re- 
maint*. By the side of 1, 9 the last fi^re in the divi- 
dend is brou^t down, and we say in 19 how many 
times 7 P It is contained twice ; and 2 is written in the 
quotient. The divisor is then multiplied by this last 

Suotient figure, and the product 14 subtracted from 19 
le partial dividend, ana 5 remains. Hence it appears 
that 8769 contains 7» the number of times denoted by 
the quotient, or 1 ^£ times with 5 remainder. 

It will suffice for the present to observe, that. the re- 
iriainder is written in tne quotient over a line, under 
which the divisor is written, and pronounced /h^e sevenihi. 
An explanation will be given hereafter of this kind of 
numbers* 

61. If in course of the operation may partiai dividend 
does not contain the divisor, a cipher is written in the quo • 
Umt; and omitting multiplication, another figure ia 
brought dovm by the side of the partial dividend^ and the- 
dhnsian eonOnued^ 
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EXAMPLE. 

Divide 14464 by 8. 

14464 
8 1808 

64 
64 

0064 
64 



00 
tn thiis case the two first figures of the dividend are 
taken, because the first does not contain the divisoh 
In 14, 8 is contained once, an4 1 is written in the quo- 
tient. 8 18 then multiplied by 1, and the product 8 sub- 
tracted from 14, and 6 is the remainder. By the side of 
6, 4 the' next figure in the dividend' is brought down ; 
and the operation continued by saying, in 64 how many 
times 8 ? It is contained 8 times ; and 8 is written iii 
the quotient. After multiplication; the product 64 is 
subtracted from 64, and remains ; by the side of which, 
6 the fourth "figure in the divideud is brought down. But 
as 6.does not contain 8, is written in' the quotietift, ami 
by the side of 6, the last figure 4 of the dividend is 
brought down t w,e then say, in 64 how many times 8 ? 
It is contained 8 time^. Atter having written 8 in the 
quotient 'and subtracted 64, t&e product by multiplica* 
tion, nothing remains. And as there is no remainderi we 
conclude that 14464 contains 8, 1808 times.^ 

EXAMPLES FOR PRACTICE.^ 



1'. Divide 463^3 by 9. 
a. Divide 1430400 by 7. 
S. Divide 8965462 by 6, 
4. Divide 3728675 by 8. 



Quotient; Reniv 
Ans^. 5147. 

204342, and 6. 

1494243, 4. 

466084, 3. 



, 5. Divide 3656 dollars equally among 8 men. 

Aris. 457 dolls, to eacJi. 
6. How mttch beef at 8 cents per poQihl can be bought 
Ibr 8142? Ans. 14 fts. 
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DIVISION BY A NUMBER COMPOSED OF SEVi:RAL 

FIGUKE8. 

62. When the divisor contains many figures, the ope- 
ration is conducted in the following manner. 

Take tqton the left of the dividend ob many figures as 
are necessary to contain the divisor. Then, instead of 
seeking, as before, how often this part of the dividend con* 
tains the entire divisor, seek how many times the first 
figure of the divisor is contained in Uie first figure oj the 
^dividend, or in the two first figures, if the first does not 
contain it, and place this quotient under the divisor as m 
.the former case. 

Multiply suceessiveh, according to the rule in article 
'(50,) all the figures of the divisor by the quotient ^gure^ 
and pktce the product under the corresponding figures of 
the partial dividend. Subtract it tlierefrom, and by tlte 
side of the remainder bring down tlie next figure of the 
dividend, to continue the operation in the same manner. 

Any emHarrassment in the application of this rule will 
be removed bj the following examples. 



EXAMPLE i. 

Divide/5S47 bj 53. 



7584r 
53 

223 
212 

114 

106 



53 



1421 II 



87 
53 



34 



In commencing the operation, only the two first fig- 
ures of the dmdend are taken, because they contain the 
diyisorj. andiiistead of saying in 75 how many times 
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53, we seek how often the 7 im^ of 75 contain the 5 
tens of 53, that is, how often 7 contains 5. It is con- 
tained onoe ; and 1 is written in the quotient, 53 is then 
multiplied by 1 and the product ^2^ written under 75. 
After subtraction there remains 22, by the side of which, 
3, the. next figure in the dividend is brought down, and 
the operation continued bj sayirjg, in 22 how many times 
5? (instead of saying iji 2!23 how many times 53.) It is 
contained 4 times ; and 4 is written in the quotient. The 
two figures of the divisor are then multiplied successive- 
ly b^ 4, and the product 212 is placed under 223, the 
partial dividend. After subtracticm there is 11 for re- 
mainder; by the side of which, 4 the next figure of the 
dividend is brought down ; we then say, as before, in 1 1 
how many times 4 ? It is contained twice, and 2 is writ- 
ten ill the quotient. We then multiply 53 by 2 and write 
106, the product, under X 14 the partial dividend. After 
subtraction there remains 8, by the side of which, the 
last figure 7 in the dividend is brought down ; 87 is then 
divided as in the preceding manner, and 1 found for the 
quotient and 34 for remainder, which is written in the 
quotient as directed in article (60.) 

63. When the operation is performed with exactness, 
we seek the number of times each partial dividend contains 
the divisor, but as this process often becomes tedious, it 
is sufficient, as has been seen, to seek how often the high- 
est part of the dividend contains the highest part of the 
. divisor. The quotient thus found is not always the true 
one ; because, by taking parts, a near approximation only 
can be made. But this estimated value does not dilier 
widely from the truth, and the ensuing moltiplication 
serves to correct any error in the quotient. Thus, if the 
partial dividend really contain the divisor three timea; 
but on making trial in the manner directed, if it is supl 
])osed to l?e contained 4 times ; when the quotient is mul- 
tiplied by 4, the product obtained will be greater thaa 
the dividend. And this multiplication detects the error, 
for the divisor has been taken more times than it is real- 
ly contained in the dividend, consequently subtraction 
cannot be made. The quotient therefore must be dimin- 
ished by one, two, three, &c. units, until the product can 
ber subtracted. On the contrary, if the divisor assumed 
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on trial be too small, the remainder after subtraction will 
be f!:reater than the divisor ; which proTcs that the divis- 
or i8 contained again in the dividend ; and consequ^pt* 
\j, that the quotient is too small. 

A little practice will teach the learner how to augment 
«r diminish the quotient assumed on the first trial. 

EXAMPLE II. 

Brride 1 89492 by S75, 



18940£ 
1875 


375 


1092 
1875 





117 

This operation is commenced bj taking the four first 
figures of the dividend, because the three first do not 
contain the divisor. We then sa j, in 1 8 onl j, how ma- 
ny times 3 ? It is in fact contained 6 times ; but the di- 
v»or multiplied by 6 would give a product greater than 
1894 <he dividend ; then 5 only is written in the quotient. 
We then multiply 375 by 5, and after subtracting the 
product from 1894, there is 19 for remainder. By the- 
side of 19, the next figure 9 of the dividend is brought 
doMrn ; but aa 19;9 does not contain 375, is put in the- 

3uotient, and by the side of 199, the lifext figure 2 in the 
ivid^nd is brought down, and 1992 is the next partial 
dividend ; of which M'e take the two first figures only and 
sty, in 19 how m%iy times 3 ? It is contained* 6 times ;.- 
but for the s^me reason as* before, 5 only is written in* 
the quotient. After operating as before^ 117 is found for 
remainder. 

64. Aii observation may be here made, that will pre- 
vent many useless trials, which the learner is liable to 
make when the second fi^re of the divisor is considera- 
bly greater than the first'. * In this case, instead of seek- 
ing how often the first figure of the divisor is contained 
in the corresponding part. of the dividend, it is better to^ 
seek how often the JlrMt figure augmented by unity ^ is con- 
taiaed in the corresponding part of the diVid<sn<L Tili?* 
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m 

triaT YfUlpre a qoatient nearer approximated to triitb 
than the first* 

EXAMPLE III# 

Divide 1832 bj £68. 

£88 
188S 

1728 



mi 



104 



Tn tins exam|)le» instead of sajing in 18 fiow man^ 
fimes Sy we say in 18 how many times 3, because 288 is 
a number much nearer to 300 than to 200. And 6^ 
fbOnd by this operation, is the true quotient ; but if the 
other method had beeo followed, 9 would have been the 
qaotient, and three useless trials must* have been made. 

BXAMPLES TOR PRAOTICX* 

!• Divide 2150596750 by 125. Ans- 17204774, 

2. nivide 49561776 by 5137* ^ Ans. 9648* 

3. The price of a pair of shoes is 2 dollars. How 
nany pair may be had for 56 dollars ? Ans. 28. 

4. Fifty-four apples are to be divided equally between 
two bovs. H6w many must each boy have ? Ans. 27. 

5. iJivide 1050603615 by 3215. Ans. 3^561. 

6. Divide 4917968967 by 2359. Ans. 2084768i|f|. 

7. Divide 1474 dollars equally among 25 men, 30 
women* 17 boys« and 97 girls ; aftef taking out 75 dol- 
ars for the payment of a lesacy. Ans. 814^. 

8. If 45 norses were sola in the West Indies for 9900 
dollars. What was the average price of each ? 

Ans. S220. 

9. If a fanner, who has a plantation' of 520 acres, buy 
an adjoining one of 375 acres^ and divide the whole intO' 
fire equal portions ; how many acres will there be in 
each portion P Ans. 179. 

METHOD or ABRIDGING DIVISION. 

65. In order to render division more easy to be un^ 
derstood, the learner has been required to write nnder 
each partial dividend^ the product found o& multiplying. 



46 ^ ELEMENTS OF • 

the dWisor by the quotient. But the eperation mat be v 
80 abridged by subtracting the product of each figure of' 
the divisor immediately <uter its multiplication, that we 
may dispense with writing these prodlicts. . The following 
example will serve to explain this manner of subtracting 
which is used when the aivisor consists of many figures. 



EXAMPLE. 

Divide 756984 bj 932. 

756984 
1138 
2064 



932 

812|fS 



200 

In this operation we take the four first figures of the , 
dividend, which are necessary to contain th^ divisor, and 
find that 75 contains 9, 8 times ;. 8 is then written in the 
quotient. But rnstead of carrying the product of 932 
by 9i under the dividend 7569*, we first mtrftipfy 2 by 8, 
whfbh giv^ 16 ; but as 16 cannot be trken from 9, ten 
is borrowed from the nest figure 6, which joined t6 9 
gives 19, from which taking 16, there ren»ains 3 which 
IS wintten underneath. 

In keeping account of the ten which was borrowecV 
the figure 6 is not considered as diminished by the unity, 
which was taken from it, but the ten is retained to be 
added as an unit to the following product. Thus, con- 
tinutng the uperatio:t, we say 8 tmies 3 are 24, and 1 
which was retained make 25 ; but as 9S cannot be taken 
from 6, we borrow from 5, the next figure in the divi- 
dend, two tens, which joined to 6 make 26 ; from which 
taking 25, there remains 1, which is written under 6 ; in 
this manner account has been kept of the firat ten by 
which 6 was diminished; because an additioual ten 
has been snbtracteii. Account is kept in the same 
manner of the two tensi, which were bonowed. The 
opera! ion is ihen continued by saying, 8 times 9 ftiake 
7'2, and 2 .which v/ere borro^ved, make 74, which taken 
from 75, there remains 1. 

By the side (»f the remainderll3, the figure 8 of the 
dividend is bmught down, and the operation continued 
by saying, in II how mauy^timea9r Once; U^aonce2 
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18 3, which taken from 8, there remains 6 ; once 3 makes 
S, which taken from 3, remains ; once 9 is 9, which 
taken from 11, there remains 2. The figure 4 is then 
brought down by the side of 206, the remainder, and we 
say, in 20 how many times 9 ?; It is contained twice. 
We then say 2 times 2 make 4, which taken from 4, 
remains ; 2 times 3 make 6, which taken from 6, re- 
mains ; finally 9 times 2 make 18, which taken from 20, 
there remains 2. 

66. It may happen in the course of these partial di- 
visions, that the dividend contains the divisor more than 
9 times ; but a higlier number than 9 must not be placed 
in thequotient; ^rif 10 might be used as a quotient, it 
is a proof that the quotient found by the preceding opera- 
tion was faUe, since the ten found in the actual quotient 
should havt pertained to the former one. 

&r. If the dividend and the divisor are followed by ci- 
phers, an equal number may be j^moved from each. 
Thus, if 8000ii» to be divided by 400, we need only di- 
vide 80 by 4; for it is evidet^ithat 80 hundreds do not 
contain 4 hundreds oftener tiian 80 units contain 4 units. 
When only the divisor contains ciphers, as many figures 
may be cut ofi* from the dividend as there are ciphers in 
the divisor, and the operation performed as in the last 
case; but the figures cut off from the dividend must be 
added.with the^ remainder, to which the whole divisor 
is affixed to express the true quotient* 

Examples for practicr. 

1. Divide 1345680000 by 120000. Ans- 11214 

2. Divide 16173 by 320. Ans. 238^^. 
S. Divide 867894 by 300. Ans. 2892|Jf 
4. Divide ld46S420 by 1600. Ans. 9664. 

rem. 1020. 

THE DIVISlbN OF DECIMAL PARTS. 

. 69. In order to avoid sunerfluous distinctions, the op- 
eration for the division of decimals is reduced to this 
single rule. 

Put after that of ik^ two proposed numbers, which con- 
tains the fewest aecimal places, a number of ciphers sujfi' 
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cient to make the number ofdecitnals equal in each. Tfttt 
does not chmige the value of the mimner (S0«) Suppres* 
the aeparatrix in l)oth, and perform the operation 09 for 
whole numbers^ There wilt be no dumge to bt modi im 
the quotiuU thus found* 



EXAMPLS. 

Divide 12,52 bj 4,3- 
These numbers are written 12,52 



Or rather 



12,52 



4,5 



4,ao 



by making the decimal places equal in &e dividend aid 
divisor, 

Bj suppressing the separatrra, we have 1252 to be 
divided by 430 ; and performing the operatiun« 



1252 
892 



450 



2|?f 



find 2 for quotient, and S92 lor remainder, that is, the 
quotient is 2 and i|J. 

But as the use of decimals is to avoid that of ordinary 
fractions, instead of writing the remainder 392 under the 
form of a fraction as has been done, the operation is con*- 
tiuued u& in the foilowing example. 



K3CAMPLE. 

430 

1252 
5920 
500 
700 
S700 
120 



2,911^ 



After the quotient is found in whcte numbers, which in 
this case is 2, a cipher is put bj the side of the remain* 
der 392, which thus receives a value ten times greater 
than the true on^ ; division is titan con tiaued by 430,and 
d wiiich is the resulty is put in the quotient, and its true 
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^lue shown bj placing the separatrix betweca It anil the 
whole number 2. After multiplication and subtraction, a 
cipher is put by the side of 50 the remainder, which has 
the same effect as If two ciphers had been placed at first 
Ibj the side of the dividend; and by placing 1, the last 
quotient, after 9, the true value is given to it; for it then 
expresses hundredths. ' *' 

The operation may be continued in tills manner as W 
as is thought necessary. By limiting thp quotient to two 
decimal figures, its value is found in hundredths of an 
unit ; by extend iag it to three figures, tlie value is found 
in thousandths of an unit ; and so oh. For an unit more 
hv less coifld n6t be applied to the quotient vv^ithout Ten- 
dering it too large or too small. 

^il remamdera after division may be thus reduced to 
'decimals. 

We will tiow explatn the reason vvhy the suppression 
of the separatrix in the dividend and the divisor does 
B^ chiui^e the viilue of the quotient, when the number 
of decimals is the game iifieach. In the last example, 
the dividend 1:2>5^, and the divisor 4,30 are in fact 125 i 
hundredths and 431> hundredths, because the whole num- 
-bers have the valie of hundreds of hundredths (II*) 
But it is evidont, that ISSS'hundredths do not otherwise 
contain 430 hundredths, than 1^52 units contain 430 
units ; therefore the consideration of the separatrix is 
useless when the number of decimals is equal in th^ 
dividend and the divisor. 



EXAMPLES IN THE DIVISION OF DECIMALS* 

1. Divide 19,25 by 38,5. Quotient. ,5. 

S. Divide ,1606 by ,44. 3,6,5. 

;.> D.vide ,1606 by 4,4. ,0365. 

4.- Divide , 1 606 by 44i. ,00365. 

5. Divide 9, by ,9- 10,. 

6. Divide ,9 by 9. ,1. 

7. Divide ::34,705e5 by 64,25. ^fi5^, 

8. Divide im\9, by 0,75.. l3,.'^4 and rem. 

69, fflier% the quotient of division is required only to d 



.50 ELEMENTS OF 

certain degree of exctctness^ the operaiton may be abridg" 
ed by the foUotving method. 

Suppress upon the right of the dividend as many fig- 
ures as there are figures in the divisor, less one, and per -- 
form the operation in the ordinary maimer. If there is 
no remainder, put in the quotient as many ciphers as there 
tvere figures suppressed in the dividend. , JnU if there is a re^ 
mainder, continue to divide, not by the same divisor as bC' 
fore,for that is impossible, but by the same divisor after hav- 
hig suppressed the last figure on the rights Jifter this di' 
vision, divide the new remainder by the preceding divisor ^ 
having suppressed the last figure on the right. Con^ 
timte thus to divide, by suppressing, on each division, a 
figure upon the right of the divisor. 

EXAMPLE. 

If the quotient of 8789236487 divided by 64423, U 
required in whole numbers only, suppress the four last 
figures to the ri^ht of the dividend, and divide 8789^ 
b^ the proposed divisor 64423. 

B7S923 I 64423 



234693 



136430 



4 1424.. 6442 
2772.. 644 
196. .64 
4. .6 

We find, at first, 13 for quotient, and 414^ ier re- 
mainder ; then divide 41424, by the divisor 6442, havings 
suppressed 3, its last figure, and find 6 for quotient. 
This quotient is then written by the side of 13, the first 
quotient. The remainder 2722 is then divided by 644, 
after suppressing the last figure to the right of the first 
divisor ; and the quotient 4 written by the side of 1S6 
the principal quotient. The remainder 196 is then di- 
vided by 64, after suppressing another figure in the di- 
visor ; the quotient is 3, and remainder, 4. Finally, 
we divide by 6 and have for remainder. The quo- 
tient then of 8789236487 divided by 64423, is 136430, 
without decimals. The exact quotient however i& 

1364304IH 



' 
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The new divisor need not be written each time as in 
the last example; it is sufficient to separate, in each 
successive division^ a figure at the right in the first di- 
visor. 

ro. If the remainder of the first division is smaller 
than the divisor after its last figure is suppressed, a ci- 
pher must be put in the quotient ; and if it is still small-, 
er, after another of the remaining figures is suppressed 
In the divisor, a cipher must again be put in the quotient ;^ 
and so on. 

71. If, after commencing the operation by suppressing 
at the right of the dividend as many figures as the rule 
requires, the remaining figures do not coniain tlie di- 
visor ; we must continue to suppress figures on the right 
of the divisor till it can be contained in the dividend. 

72. The operatioa will be performed with greater ex- 
actness, if, after suppressing a figure in the divisor, the 
last of the remaining figur|||.i& augmented by unity, when 
the figure supinressed is equal to or greater than 5. la 
like manner tm last of the figures remaining in the divi-4 
dend should be augmented by unity, when the figures, 
suppressed agreeably ||i the direction of the rule, surpass 
5,50, or 500, accorcfine as there are 1,2,3, &c. 

73. From the preot^aing observations it is easy .to learn 
how the quotient may be obtained to a much greater ex- 
actness. If, for example, the quotient is demanded to 
ten thoQsamitlis of an unit/ or to the fourth place of de- 
cimals; the operation requires as many ciphers to'beput 
after the dividend as there are decimals required in the 
quotient, Division is then nerforitied according to the 
preceding method. And wlien the quotient shall have 
been foUdd as for whole numbers, as many figures are 
separated at the right, as there are decimals desired. 

£XAMI^L£. 

If the quotient of 69*27 divided- by 4532, is required 
to the fourth place of decimals, four ciphers are put after 
6927 ', and the question is to- find the quotient, in whole 
numbers, of 69270000 divided bj^ 45S2, that is, accord- 
in» to the preceding rule, to divide 69270 by 4§32, as 
foUo^s. 
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69270 



453t 



15285- 
1^90 . • 453 
384.. 45 
£4..d 

Tlie quotient sought is 1,5285, to the fourth place oC 
decimals. 

If there are decimals in the dividend,, in the divisfor, 
or in both ; they may be reduced* to the condition of 
wliole numbers by following, the direction given in arti- 
cle (68 ;) the operation is then performed as in the last 
example. 

By observing the direction in article (71,] any given, 
fraction may be readily reduced bv this metnod to deci- 
mals. For example, if it be required to reduce ^lij to. 
decimals, and to have the value to th¥ third place of de- 
cimals ; 4:253000 must be divjgaby^TS ; which (69) 
is performed by dividing 25S^j|W7te^L(71) by divid- 
ing 4253 by 968, according toHPI |BSq|nethod.- The 
Quotient thus found is 439 ; hence,. 0,439 is the value^ to 
the third place of decimals, of | |4|. 

74. It way neverthelesi hapffjp^that the quotient 
found by these rules wi41 not be e^^£ 1, 2, or 3, units 
in the last figure. And although thi^HSe rarely occurs, it 
may not be improper to observe, that er^r may be pre- 
vented by separating; at the commencement of the opera- 
tion, on the right of the dividend, only two figures less 
than tliere are in the divisor,, and then proceeding as be- 
fore. When the quotient is found, the last figure in it 
is suppressed.; and to the last remaining figure an unit 
is added, when the suppressed figure is greater than 5. 

EXAMPLES FOR PRACTICE. 

1. Reduce |- to % decimal whose value shall be found 
ip three figures. Ans. ,375. 

9. Required the value of Jf to two places of decl|f 
Hi^is. Ans. ,88. 

3. Required the value of ^U to the fifth place,of de- 
cimals- ^ Ans. ,00689. 

4.. Reduce 5 to decimal?* Ans. ,75.. 
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PROOF OF MULTIPLICATION AND DIVISION. 

75. The means of proving these two operations majr 
be derived from the definition which has been given of 
them. 

In multiplication, the multiplicand is taken as many 
times as there are units in the multiplier. Hence, if we 
seek how many times the product contains the multipU- 
eand, that is* (59) if we divide the product bj ^^e multi- 
plicand, the quotient wijl be the multiplier. And as the 
TnultipHer and multiplicand may Ke taken reciprocally 
for each other, if the product of a muttiplication be dt" 
vided by- one of Us factors^ the qitotierU unit be the other 
factor. 

For example, having found' in article (50,) that 2864 
multiplied by 6, gives 17184 for product, we divide 
-. 17184 by 2864 and thequotient is the multiplier, 6. 

In like manner, as the quotient in division expresses 
how many times the dividend contains the divisor ; if 
the divisor be taken as many times as there are units in 
the <}aotient, that is^ if the divisor be multiplied by the 
quotient, th^ product will be the dividend, if the division 
.was perfortned without a remainder. But if there is a 
remainder it must be added' to the product.. 

r For example; having found as in article (63,) that 

189192 divided by SZ5, gives 505 for quotient and 117 
for remainder ; if we multiply ii75 by 505 and add 117 
to tho product, the dividend^ 189492, will be reproduc- 
ed. 

TJim MidtipUcation (md Diviaion reciprocally prove 
each other.. 

f But these operations may be verified by a more ready 

method « which will now be explained. The preceding 

I , reflections, however, should not be neglected, as they 

' will be useful, on many occasions. • 
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PROOF BY 9* 



. . Let us suppose, that having multiplied' 65498 by 
454 and found 29756092 for the product/ we wish to 
know if .this product is exact. • 

The figures of the multiplicand 6, 5, 4, 9, 8, arctadd- 
F 2- 
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«d together in the same manner as simple unit&» and 
their sum divided by 9. After division, 5 is found for i 

l^mainder. 

In like manner, the figiires 4, 5, 4, of the multiplier, 
are added together, and their sum divided bj 9, Aftei: 
division, 4 is found for remainder. 

The remainders, 5 of the multiplicand, and 4 of the mul - j 
iiplier, are then multiplied together, and the product 20 
divided by 9., After this division, 2 is found for re- 1 
mainder. \ 

If the product to be verified is eicaet, on adding it» j 
figures 2, 9, f, 3, 6, 0, 9, 2, and dividing their sum by 9^ I 
S will be found ifor remainder ; which is the case. 

As Division is an abridged method of performing Sub- 
traction, this rale^'may be considered to be fbunded on this 
principle, that, /o have the remumder after subtracting aU 
the nines contained in a given number, we need only seek 
the remainder cfter suppressing all the nines contained in 
4Ae sum of its figures added as simple units* 

Tiius, if all the nines are subtracted from a number ex- 
riressed by a single figure followed by many ctpkers, the 
remainder will be expressed by the same figure. If frona 
400; or 5000^ or 60000, &c. all the nines are subtracted^, 
the remainder will be 4, or 5^or 6, &c. 

- Then the remainder, which results from suppressing J 
$X\ the nines in such a number &s 65498 (which is the 
same number as 60000, plus 5iOO, plus 400, plus 90, 
-yltts &), will be the^ same as that given by 6, plus 5, pluft 
4, plus 9, plus 8 ; that is, the same as that given by addl- 
ing all tb^e figures as simple units. 

I^et us now explain the application of this proof to 
multiplication. 

Since 65498 is composed of a certain number of nines 
and Ae remainder 5, and- as the multiplier 4(fl4 is also a 
composed of a certain number of nines ajid the remainder 
4 ; in order that the total product may be divisible by 9, 
the product ot 4 by ?, or £0 only is requisite ; or, in 
casting out the nines, only 2 is wanting to render the total' 
product divisible by ^., Theh there should b^ the same^ 
fluantity^ remaining from the product, as in the product of 
tiie two remainders after, casting out the nines they coa-~ 
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The same proof may also be made by the figure S. 

Division maybe easily proved by observing what has^ 
been said in article (70.) After subtracting from the di- 
vidend the remainder given by division, the result may 
be considered as a product, of which the divisor and quo- 
tient are the factors ; consequently, proof by 9 may be 
applied in the same manner as in the preceding case.. 

USES OF THE FRECEDING RULE.. 

T7. Division is aot only useful for findin*^ how often one- 
number contains another, but also tor8eparatin«; rt niiinber 
iuto equal parts. The half, third, fourth, fifth, twen- 
tieth, thirtieth, &c. part of a number may be taken by di-^ 
viding the number by 2, 3, 4, 5,JS0, 30, &f!, < t separating ■ 
the number into 2, 3, 4,, 5^ 2D, 3D, &c. equal pat is, to 
take one of those parts. 

Division is also used for changing units of a certain, 
kind into those of a higher denomination retaining the- 
same value; for exarople> to reduce pence to shilTings^^ 
and shillings to pounds*. It maybe remarked, that when 
pence are to be converted into shillings, the pence must- 
be divide4 by the nuinbei' which expresses the number of 
pence in a shilling, and the quotient will be the shiiiinss 
m the given^peacc Thus, ta reduce 5864 pence to shii- 
ling8» we divide 586^ by 12^ and 488, the quotient, is 
tlie number of shillings in 5864 pence... The t*emainder 8^. 
is pence. To reduce 488 shillings to pounds, we divide* 
4S8 by 20» because 20 shillings make 1 pound, and th& 
quotient S4 is pounds ;. and- the remai»der S is.sh^ling^.. 
bo the total value of 5864 pence, expressed in pounas^, 
shillings, and pence, is i^24 Ss. Sd.. 

The priQcipie explained in the preceding example 
may be summed up in this general rule. Divide the loW' 
er denotnimdian oy the nur^er which expresses an unit of 
the next higher, and the quotie^U ivill be bf ihc Jngher tfe- 
nomination. Divide this quotient by the mivtvber expre^tS' 
ing an unit of. the next higher denomination; ana thus 
continue to the taut.. Tlte last quotient and the several re- 
makiderjs toill be equi^almi to the number to be reduced- - 
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SIJEMENTS or 
EXAMPLES FOR PRACTICE. 



ENGLISH MONET.' 

In 46716 pence how many pounds ? 

Ans. M%6 139. 8d. 
X . n 9752 pence, how many pounds r 

. Ans. £40 12?, Sd. 

3. ^1 48960 farthings, Kow many pence, three-pence?^ 
and sixpences ? An«. 12240 pence, 4080 three- 
pences, and 2040 six-pences. 

rED£RAL MONET. 

4. In 54000 mills, how many cents ? Ans. 5400. 

5. In 340000 cents, how many dollars ? Ans..3400. 

6. In 9500000 mills, hx)W many cents, dimes, and dol- 
lars ? Ans. ,950000 cents, 95000 dimes, and 

9500 dollars. 

The following examples in the reduction of weights, 
measures, &c. furnish a proof to corresponding eicamples* 
in article {57.) This proof is founded on the gene1%l- 
principle, that multiplication and division, reciprocally 
prove each other. 

TKOT weight;. 

7. In 13853 grains, how many pounds, &c. ? 

1S853 must be divided by 24, the quotient of that di- 
vision by 20, and the quotient thence arising by 12.—- 
The operation is as follows. . 



13853 
120 

-. 185 
168 

173 
1j68 



^1 
24 



57T 
40 

177 
160 



divt; 
20 

28 
24 

4 oz. 



oz. 
12 

2 lbs. 



5gr. 



17 dwt. 



The reftult* or answer, is 2tbL 4oz. 17dwt. 5gr.. 



8. Ifow many pounds in 106317 grains ? 

Ans. 181b 5o2i. 9dwt. 21grs. 

9. If a silver cup weighing 9uz, 4dwt. iGgrs. be sold- 
fer £13, 29cts. t>m. ; what Ia it per grain ? 

Ans. 3 mill». 

AVOIRBUPOIS WSIGHT. 

.0. In 113^60 draai»« how roany hundred weight ?. 

Ans. 39cwt. 2qr. I4lb. 8oz. 4drs.. 
1 K In 286r20 oimces, how many tons? Ans. 8; 
ly.. In 31920 pounds of sugar, now many hogsheads. 
ai*e ti;t.M p, each hogshead weighing 9^ cwt. P Ans. $0* 

LONO MEASVRS.. 

13. In 320 rods, how many miles? Ans. 1. 

14. The distance from Boatoa to Salem is 31680^ 
yards, how many miles is it?^ Ans. 18. 

1 J. In 41Po7 2,8000 barley corns, how many degrees ? 

• Ans. 3fiO. .- 



Arxs. 36a* 



eLOTM MEASURE'. 



iB. In 1344 nails, how many yards? Ans. 84. 

17. In 1566 yards of Holland, how many pieces, eack 
containinj^ 36 ells Flemish ? Ans. 58. 

' .18. If 13 ells Fl. 3 qrs. cost 870,56, what was it per 
nau ? • Ains. 42 centa* 

TIME.. . 

19. In 350400 horns,. how many years? Ans. 40. 

20. In 240 days, how many weeks ? 

^ Ans. 34 weeks and 2 days. 

£1. Since the birth of our Saviour there have beett< 
955540SC0 minutes; what year is it? ' Ans. 1818. 

lAND OR SQUARE MEASURE.. 

22. In 7046 rods, how many acres ? Ans. 44. 

23. In 7938 perches, how many acres? a. r. per. 

Ans. 49 2 18- 

24. In 136 roods, how many acrea? Ans. 34*. 
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WINE MEASURE* 



Q5. In 1260 g;allons of lyine, how many tuns ? Ans* 5- 
'^6. In 5040 pints of win^, how many pipes? Ans.5. 
'•". In 6048 gilU, how many hogsheads r Ans. 3. 



apothecaries' weight* 



2£. In : f^ drams, how matiy pounds L 

Ans.'lJt 25 65. 
29. In 55799. grains, how many pmtnds ? 

Ans. 9tb 8§ 13 Ssc. 19grs. 
^0. la 80640 grains, how many pounds ? Ans. Hf^. 

DRY. measure. 

31. In 960 bushels of coal, how many chaldrons ? 

\ . Ans. 30. 

52. In 1536 piiitSj how many bushels? Ans. 24. 
83. If 5bu8h. 2pks. 3qts. of salt cost ^,S7, what 
was that per quart ? ^ Anl 3 cBnU. 

* 

solid M£AfiURE# 

^ 34. In d29440 cubic inches,- hotf maiiy tons of round 
timber ? Ans. 12. 

S3^ In 1036800 cubic inches, how' many tons of hewn 
"feiibei*? Ans. 12. 

36. In £21184 solid inches, H^w many cords of wood 

Ans. 1 

37. A farm of 375 acres is %t for gl H5 5 how much 
does it pay per acre ? Ans. a ddlars. 

38. A certain number of men were concerned in the 
payment of 18950 dollars, and each man paid 25 dollars, 
whi^t was the number of men ? Ans. 758. 

.a59. W hat number must be multiplied by 13, that th^, 
product may be 871 ? * Ans. 67. 

40. Supposing a man's income to be 9.555 dollars a 
y€ar ; how milch is that per day, there beftig 365 days in 
a ^'ear? Ana. 7 dollars, 

41. A brigade of horse consisting of 384 men, is to be 
formed into a column having 32 men in front; how many 
ranks will there be? Ans. 12. 
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42. A prize of 48726 dollars is owned by 270 men ; 
what is each man's share ? Ans. 180|-|^ dollars. 

43. How many times is 8 contained in 6,848 ? 

Ans. ,856. 

44. How many times 3 is 12,873 ? Ans. 4,291. 

45. 86,436 is how many times 9 ? Ans. 9,644. 

46. 1,740 is how many times 6? Ans. ,290. 

47. 18,345 is how many times 5? Ans. 3,669. 

48. 3,102 is how many times 94 ? Ans. ,53; 

49. A field of 27 acres prodiuced ^75 bushels of wheat ; 
what was that per acre ? Ans. 25 bushels. 

50. If 7412 eggs be packed in 34 casks, how many 
were in each cask? Ans, 218. 

51. An^army of 15000 men plundered a city and took 
£825000 dollars ; what was each man's share ? 

Ans. ^175 dollars. 

52. If an estate of 36582 dollars is divided amons 13 
sons, how much does each s«n receive ? Ans. S^^814. 

53. I would plant 2072 trees in 14 rows, twenty-five 
feet asunder ; how long mu^t the grove be P 

Ans. 3675 feet. 

54. Sixty men at a feast, which lasted 3 days, spent 
240 dollars per day; how muoli.did each man spend per 
day^ and how mucn in the whole<? 

Ans. g4 per day, $12 in all. 

55. Divide 151200 lbs. of beef equally among an ar- 
ray consisting of 27 regiments, each regiment cl 7 com- 
*^i<tnies, and each company 100 men; and what allowaoc^ 
will each man receive ? Ans. 81bs* 

• 

REDUCTION OF CURRENCY. 

The coins of the United States, as established by the law 
regulating the mint, are three of gold, six of silver, and 
two of copper. The gold coins are the Eagle, the half* 
Eagle, and quarter Eagle. Forgold, the standard is elev* 
eii parts fine, and one alloy. - The alloy is a mixture of 
silver and copper. In the Ea^le, the weight of fine gold 
is 247,5 grains ; and of standanl gold, 270 grains. The 
stiver coins are dollars, half-dollars, quarter-dollars, 
double dimes, dimes, and half^imes. The s&ndard for 
silver coins is 1465 parts fine, to 179 parts alloy. Tfie 



60 ELfiMfiKTS Of 

alloy is entirely copper. The weight of fine silver in flife 
doHar is 371,25 grains ; and of standard silver, 416 grains, 
I'he veeight of the cent is 208 grains. All coins inferior 
to the eagle, and doUar, contain a quantity of pure metatl 
and alloy proportional to their denominations. The rela- 
tive value of gold to silver is established by law in the 
proportion of 15 to 1. When gold or silver is finer or 
coarser than the standard, the variation is estimated by 
earalB and grains of a carat in gold ; and by penny weights 
fn silver. The carat is "no fixed quantity, but one twenty- 
fourth part frf any quantity. The carat is divided by 
goldsmiths and at the mint into four equal parts called 
grains of a carat. 

As the divisions in "federal money, are decimal; all 
rules for thfe treatment of decimals are applicable t«them. 
But as the currencies of the several States have difFiTebt 
values compared to the Federal coin, some rules are ne- 
cessary for reducing them to a par with each other. For 
example, the value of the dollar ih New fingland and 
. Virginia is 6 shillings; in Ts^W-York aftd Norfh-Caroli- 
tia it is 8 shillings; in New Jersey, Pennsylvania, Dela- 
ware and Maryland, it is 7 shillings 6 pence ; in South- 
'^arolina and uedrgia it is 4 shillings 8 pence ; the value 
of the shilling varies accordingly » The Spanish and 
American dollar is 4 shiHings 6 pence sterling. Now if 
it be required to change New -England and Virginia cur- 
rency to Federal Money ; since the dollar is six-twen- 
tteths, or three-t^nthsi of a pOiind, it is evident, that if 
three ciphers' are annexed to the pounds, and the sum 
divided by 3, the quotient will be dollars. 

The following rules are focmded on the consideration 
of the relative values of dollars, cents, &c. to pounds, 
shillings, &c. 

•iO HBDUOE NEW-=KNGLAND AKD VIRGINIA OUHHEKGY TO 

FEDERAL M0N]&T. 

If the sum consist of pounds only, annex to it three 
ciphers and divide by 3 ; the quotient will be the answer 
in cents. Wlien pounds and shillings are given, annex to 
the pounds half the number of shillings when thfy are an 
'even number, and two ciphers ; but if the numlwr be o Id, 
ahnex hajf the even number, then 5 for the odd number, 
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^Z <^ cipher $ divide this sum by 3 and the qtwtient 
wHi b€ cents. When pounds, shillings ^ pence, and farth- 
ings are in the given sum, annex for the shillings as 
•already directed, arid to these add tlu farthings contained 
in the pence and farthings, observing to augment theit 
number by unity when tJieu exceed 12, and by 2 when they 
exceed 36 ; and divide as b^orci 

EXAMPLES. 

1. Reduce ^£34 16s. 4d. 2fa. to Federal moneji 

iThe operatioh is as follows. 

31000 pounds with 3 ciphera annexed. 
8 naif the even number of shillings^ 



34800 half the shillings and two ciphers. 

19 the farthings in the pencfe and farthings augJ 
tiiented by unity-. 



«4819 



3 divisor* 



11606^ cents quotient. 

2. Reduce £47i to Federal money. Ans. gl570. 
S. Reduce £37 to dollars and cents. Ans. g 1 23,33 J. 

4. Reduce £64 16s. to dollars and cents. 

Ans. 82i6,00ct8; 

5. Reduce dBl 17s. to dollars. . Ans. 86,1G|. 
, 6. Reduce £39i lis. 9d. 2qrs. t^ dollars. 

819n,9€|cts. 

^ T6 REDUCE FEDERAL M<5WEY t6 NEW-ENGLAND ANO 

VIRGINIA CURRENCY. 

Jflien the sum is irt doUars ordy, multiply b^ 3, and 
double the product of the first figure for shUiings $ tJie re- 
maining part of iheprodtict wui be pounds, fVhen cents 
* are in the given su,u, fnidtiply the whole by 3, and cut off 
three figures to the right hand as a retnainder ; or if cents 
and mills are in the sum, cut off four figures fir a re- 
fncdnder; multiply the remainder by 20, and cut o^ as 
before. Proceed in the same manner with the severed 
parts of the pound; and the parts on the left are the an- 
9^et in ii« severed denominations i 

6 
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EXAMPLES. 

1. Reduce 473 dollars to New-England currencj 
The following is the method of operation. 

473 
3 






£\A\ 9 

£ 



dSHl 18 shillings. 
2. Reduce 8429 21cts. 5mills to N. Eng. curreacj- 
The operation is conducted thus. 

429215 
3 



^£128,7645 
«. 15,2900 



d. 3,4800 
4 



qr. 1,9200 

Ans. J128 15s. 3d. lqr» 

3. How many pounds, &c. in 579 dollars? 

Ans. £173 14s* 

4. Reduce S609 88cts. 3mills to New-England cur- 
rency. Ans. igl82 19s. 3d. 2qrs« 

To cliange New-York and North Carolina currency to 
^deral money, the dollar being 8 shillings. 

Prepare the sum as for New-England currency, and 
divide by 4^ and the quotient is the answer in cents. 

EXAMPLES. 

1. Change ^6461 to Federal money. 



461000 



4 



Ans. 81152,50cts. 
2. Change de419 10s. 8d. 2qrs. to Federal money. 

Ans. S1048,83J cents. 



r 



To chtmge Tederal money to New- Fork and North Caro- 
lina currency. 
As the value of the dollar is equal to four tentlis of 
the pound, proceed in the same manner as for New- 
England currency, only using 4 as a multiplier, instead' 

^ 3» EXAMPLES. 

1. Change S1048 83|cts. to New- York currency. 

1048,S3J 
4 



M19,5S5 
20 

s. io,roo 

12 



d. 8,400 
4 



qr, 1,600 
Alls. ^6419 10s. 8d. iqr. 
2. Change £1684 to New- York and North Carolina 
currency. Ans* £673 12s. 

To change New-Jersey, Pennsylvania, Delaware, and 
Maryland currency to Federal money, the dollar being 
7s. 6d. 

As the value of a dollar is three-eighths of a pound, 
when only pounds are in the given sum, multiply it by 8 
and divide by 3 for dollars, if there are shillings, &c. 
increase the sum in pence-by one-ninth of the whole suth 
for cents. 

1. Change £480 19s. 9d. to Federal money. 
£480 19s. 9d. 
£0 

9619 
12 



H54S7(9 
128g64 The quotient after dividing by 9, or one 
ninth of the whole suin. 



128^63 J 
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£. ChaDge £471 to Federal monej. Ans.. St255. 

To change Federal monev to New-Jersef/, Pennsyhaniap 
Delaware, ana Marylqifid currency. 

When the sum is in dollars, tnultiplj it bj 5 and d}.- 
vide by 8 for pouttds. If there are dollars and cents, 
multiply the sum by 90, and the product is pe&ce» after 
rejecting two figures on the right. 

XXAMPLSS* 

1. Change %\9,%9. 631cts. to Pennsylvania cUrrencj. 
1282634 
90 



115437,00 



1^ 
— - 20^ 

9619 9d 

[ mm 19i. 9d. Ans. - 

2. Change £1256 to PeuQsylvania currency i 

Ans. £A7U 

7b change Canada and Nova Scotia ntrrency to Federal 
vioney, the dollar being 5 skUHngs. 

As the value of a dollar is equal to »ne-fourth of a 
pound, when the sum is in pounds, multiply it by 4, for 
dollars. When there are smTlings, &c« reduce tne given 
sum to pence, annex two ciphers and divide by 60, for 

cents. 

EXAMPLKS. 

1. Change £5QS 128. 6d. Canada currency to Federal 
money. 20 

10572 
12 

60 



1268700 I 



211450 Ans. S2114,50cts. 



9^ Change £36 Canada currency to Federal money. 

Ans« S144» 
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I'o cu-n^e Federal money to Canada and Nova Scotia. 

currency. 
utv\:](- the gum in dollars bj 4^ for pounds. If dol- 
hrsan.i cents are in the given sum, multiplj it by 6a, 
the product, after rejecting twa figiires on tiie right, will 
be pence. 

EXAMPLE?.. 

1. Change 8t44 to Canada currency. Ans. ^6136. 

2. Change gail4»50cts* taNova Scotia currency. 

I. Ans. £528 12s. 6d. 

To ckang^^undd sterimg to Federal money. 

Reduce the pounds to pence, to^ the sifm annex two. 
ciphers, and divide it by 54 ; the answer will be cents.. 

BXAMPLES.^ 

I 1. Reduce M5 sterling to Federal money. 

Ans. Sin,llcts. and rem^ 
2. Reduce £4^7 1 8a. sterling to Federal money. 

Ans. Sl49«>,22cts. 

v Gtneral rule for changing the currency of each State to 
^ , Federal money. 

Divide the given sum, reduced to shillings, six-penccs,. 
or pence, by the number of shillings, sixpences or pence, 
L m a dollar, a» it passes in each State. 

EXAMPLES. 

1. Reduce £65 15s. New- England, or Virginia cur- 
j rency, to Federal money, tine dollar being 6s. 

Ans. g^l2,50cts. 

2. Reduce ^112 15s. New-YorL currency to Federal 
k Jsaoney. j^j^^ $282,00. 

FRACTIONS. 

rs. /\ actions, considered arithmeticcdlyy are numbers, 
which ^'Pin-esent quantities smaller than unity., 

A o^.'ioct idea of Fractious may be formed by consid* 
ering the quantity, which waa first taken for unity, to be 
divided inia a certain number of parts smaller than that 
«nity ; for instance, the unit called a dollar, to be divid- 
ed into an hundred equal parts called c^uts.. 
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One or inore of these parts, or subdivistons of the prin- 
cipal unit, form what is called a fraction of the unit.— 
Tne same name is also given to the numbers^ which re- 
present these parts. 

79. A fraction can be expressed in nnmbers by two 
methods, both of which are in use. The first consists in 
representing as whole numbers, the parts of the unit 
which contain the quantity considered ; a particular 
name being then ^iveu to those parts. Thus, to express 
7 parts of tlie 20 into which we consider the pound to be 
divided, we employ th^ figure 7, but call it 7 slrillings, 
and write 7s. This method is employed in expressing; 
the parts of unity instead of complex numbers, of which 
we shall speak hereafter. 

80. But as a particular sign is required for every di- 
vision of the unit, we avoid a multiplicity of signs, by 
expressing tlie fraction by two numbers placed one below 
tlie other and separated by a line. Thus, to express the 
7 parts in question, wewTite,^; or, in general, that 
number is first written which expresses how often the 
quantity considered contains parts of the unit ; and be- 
low this, tbe number, which expresses the- naBiber of 
parts into which the unit id supposed* to be divided. 

81*. In reading a fraction', the upper number, which is 
called the numerator^ is pronounced first ; then the lower 
number, which is Galled the denominator* But to the 
name of the last we add the termination et/is, or <As.— 
Thus, in reading ^^, we call it seven twentieths* In read- 
ing the fraction ^, we ^ four fifths. By the expression 
four fifths, we mean four parts of the five, into which 
the unit is supposed to be divided. 

82. The numerator,, therefore, expresses ihe parts of 
the unit, which are contained in the given quantity; and 
the denominator teaches the value of those parts, by 
showinj^ how many of -them compose the unit. This part 
af tlie traction, is called the denominator, because it gives 
a name to the whole fraction, and causes in the fractions 
^ and f , for instance, the parts of the first to be called 
fifths, and. the parts of the second to be called sevenths. 

83.. The numerator and the denominator are also call- 
td, by a common name, the two terms of the fraction*. 
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.WHOLE NUMBISRS CONSIDEUED UNDER THE FORM OF A 

I R ACTION. 

84* The operations, which are peirorme<l npon frac- 
ttoa«, often lead to fractional results, in whicli the nu- 
merator is equal to, or greater th;ni llie denominator ; 
for example, to huch results as J, ^J, &g. 

SucK fractional expressions as are equivalent to a 
uhole number, or to whole numbers joined to fractions, 
are calleil improper fr actions. Hence |r, |, and *| are im- 
proper fractions, because thej answer respectively to 1 , 
j|„ and 2;. while J \^2l proper fraction, beinjr below unity. 

85. To extract the whole number or numbers found in 
m\ improper fraction^ divide the numerator by the de- 
nominator and the quotient tmil be the answer sought ; 
and if there be a remainder, set it above the denominator, 
and, tet it follow the quotient as a separate expression, 
Ihus, f is equal to I ; and f is equal to 1-J. This last 
is called a mixed number, becaus« formed of an entirfe 
number and a fraction^. 

86. The multiplications ami divisions, which are call- 
etl for in ca^es of whijle numbers accompanied with frac- 
tions, re^'iiiis, that the whole value should be expressed 
in liic form of an improper fraction. 

This is aceomplislied by muUiplyina^ the tvhoie number 
by the denominator of the fraction, which we wish to form, 
and making the result the numerator of this denominator. 
For example, when 5 is to be brought into fifths, we mul- 
tiply 5 by 5, and place the result, which is 25, above the 
multiplier, and Y will be the fraction required. If a 
mixed number be iu question, as 5^ ; then to S5 obta,ined 
in the manner just directed, add 2, taken from the nu- 
merator of the accompanying fraction, and we have ^ 
for the fraction sought.. 

EXAMPLES FOR ERACTICE UKDER ARTICLES 85 AND 86. 

1. Reduce y to its equivalent whole or mixed num? 
her. Ans. 3|. 

2. Reduce *|* to a whole or mixed number. Ans 2r|.- 

3. Reduce *f|' to a whole or mixed number. 

Ans. 514/^. 
4>. Reduce 5f to an iinproper fraction. 

Afts. 5x8+3=V-' 
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5. Reduce ISS^^y to an improper fraction. Ans. ^|4' 

6. Reduce 27| to an improper fractidn. Ans. *^*. 

7. Reduce 51 4^*5. to an iniproper fraction. Ans. Hj-^ 

Changes made i» the terms of a fractioic without 

altering its value. 

87. It is evident, that the ^eater number of part» 
unity h supposed to be divided into> the greater must 
be the number of those parts to compose a given quanti*- 
tj. Thus divide the dollar into two parts, and take one,, 
you have ^ of a dollar. If you divide it into twice as 
many, that is, 4 parts, you must take two of them or |=^ 
to express the same quantity. 

88. Then the denominator of a fraction may be dou- 
bled , tripled, (quadrupled &c. without changing the val- 
ue of the fraction; if, at the same time, its numerator 
Is doubled, tripled, quadrupled, &c. 

Hence, the value of a fraction is not changed whrn^ 
both of its terms are 7nultiplied by the same number^ 

Thus the value of | is the same as that of | ; and ^ is. 
the same as f , |, |, &c. 

89. It is evident from similar reasoning, that if the- 
unit be divided into only a small number of parts, there 
will be a less number of pants required to form a 
given quantity. Consequently, the denominator of a 
traction may be remlered 2, 3, 4, ,&c. times smaller,, 
without changing its value;, if, at th^'same time, the nu- 
merator be rendered 2, 3, 4, &c. times smaller. And in. 
general, the value of a fraction cannot be changed by di- 
viding both of its ternu by the same number; 

To perceive more clearly the tr4ith of these two propo- 
sitions, we need only recoUect the definition, which has^ 
been given of the numerator a-nd denominator of a frac- 
tion. And it may be remarked^ that to- multiply or di- 
vide the twa terms of a fraction by the same number^ is 
the same thing as to multiply or divide the fraction ;. 
since its value is not changed by these ope;*ations, as has^ 
already been seen. 

The two principles just established form the basis* o£' 
tb^ following reductions, which are of important use.- 
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JRYDUCTION OF FRACTIONS TO THE SAME DENOMINATOR* 

90. lat. To reduce two fractions io the name denom- 
motor, muliiply the two terms of the first fraction^ each 
by the denominator of the second ; and both term^s of the 
second, sach by the denominaior of the firsts 

For example, to reduce the two fractions |, |, to the 
same denominator, we multiply £, and S, which are the 
two terms of the first fraction, each by 4, the denomina- 
tor of the second, and have ^^, which (88) has the same 
value as f • 

We likewise multiply 3 and 4, the two terms of the 
second fraction, each by 3, the denominator of tl^ first, 
and have -y^, which is of the same value as J* The tw^ 
fractions | and j are now changed into -^ and t^, which 
respectively have the same value as the first ; and they 
have the same denominator* 

Hence it may be seen, that each of the new fractions 
will always have the same denominator ; because in each 
operation the new denominator is formed by the mnlti' 
plication of the two first denominators. 

91. 2d. When more than turn fractions tsre in the given 
sum, they may be reduced to a common denominator, bv 
muUiplytng the two terms of each by the pi oduct, which 
restdtsTrom the mtdiiplicatton of the denominators of the 
other fractions. 

For example, to reduce these fractions |, |, |, f , to the 
same denominator, we multiply ^ and 3, the two term» 
of the first fractions, by the product of 4, 5, 7, the de- 
nominators of the other fractions. This product is found 
by saying, 4 times 5 make 90, and 7 times SO are 140. We 
tden multiply 2 and 3, each by 140, and have ||^, which 
is of the same value as -f (88). 

We multiply, in like manner, 3 and 4, the two term» 
of the second fraction, each by the product of 3, 5, 7y 
which gives |^f , a fraction, which has the same value 

Passing to the third fraction, we multiply 4 and 5, its- 
two terms, eacii by 84, the product of the three dcnomi-^ 
Xiators 3, 4, and 7, and have ||| instead of |. 

At the fourth fraction, we multiply 5 and 7, each by 
^, tha product of 3, 4, 5, the denominators of the three 
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first fractions, and have |§^ instead of 4* ^^^ ^^^"^* 
fractions f, |, |, 4 are now changed into ||g, ||J, |5J, 
11^, less simpU than the first, but by reason of their 
common denominator more susceptible of the operations 
•f addition and subtraction. 

It may be remarked, that the denominator of each 
new fraction being fonned of the product of all the fir^ 
denominators, must be the same for each fraction. 

The rules contained in the. two last articles are useful 
in performing such examples as the following. 

EXAMPLES. 

i. Reduce |, |, and ^, to a cotnmon denominator. 

^^\' Trff» TS* t<f 

'^. Reduce J, |, |, and {, to a common denominator. 

Ana 12 1« 20 tl 

o. lioduce |, 4> T> ^^^ /t» to a common denominator. 

Ana *- 2 8 27 l«. 

4. kcduce i. T, A, and ij to a common denominator. 

An<a 1* -2 7 j2 25 
, Ana. :5j, -^Tf, :t^, -^-jr. 

Although* the value of a fraction is not changed wiien 
both -of ks teyms are multiplied or divided- by the same 
€[uantity, it may be observed ; 

1st. 77ial if the numerator is muhipiied, or the denomi- 
nator divided by atiy number^ the fraction is multiplied 
by that ntimbtr. For example, if the fraction ^^ is to be 
multiplied by 4, we may either multiply its numerator 
Uy 4, which gives ■} J, or divide its denominator by 4, whidi 
«ive8 >. For the two results are, the same f because, by 
dividing the two terms of tlije first result by 4, which 
does not change its vai4ie (88), we obtaia f, the second 
result. 

2d. ^ the nttrrierator be divided, 0^ the denoinmator 
multiplied by any number, the fraction is divided by thai 
number. For example, to divide the fraction f^, we 
can, as in the last case, either multiply its denominator 
by 4, which gives -*-, or divide its nnmeratur by 4, which 
gives -2j. For (heVvvo ro8ults -^ and j\ arc the same; 
because, if -,?y, the tirst result, is divided by 4, which 
does not change its value, (89) the tirist resjult -^2^, will 
be obtained. 
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*:bi>U€tion or fractions to their most simple ex- 



pression. 



«nmhP^„rfi*'"" '' TP^fi^-J by expressing, in a smaller 
number of figures, the value of its two terras. This 
simplification takes place when the numerator and de- 
BomiDator are divisible by the same number. TheU- 

duoZrin f '''f ?P'''^ ^'' "P"'"^*'*'" (89)' ^^W-^h i« con- 
ducted in the following manner. 

93. Divide the numevator and denormnator, each Jn, 9 
4ind repeal the division till it cannot be performed without 
a rematnder Ti^i dirnde both the teJL^by S,mti S 
.T%o' f ^'5?^. j«^^r « femmnder. Continue the saZ 
opevaltonby dimding both terms of the f, action avcces- 
uvely by the numbers, 5, 7, 11. 13. ir. &c. ; that is by 
numbers which have no divisor bttt themselves. These 
anmbers are called priine numbers. 

The only difficulty in these operations is to know when 
the terms of the fraction are divisible by 2 3 5 Rlc 
But tlie foUowing observations maybe usefal in removing 

94. Every number terminated by a figure which ex. 

pressesaneven number of units, will be divisible bv 2 

Any number, the sum of whose figures added to<^ether 

as simple unns, make 3 or a multlole of 3. that t<. an 

exact number of times 3, will be divisible by S 'fot 

example, 54231 is divisible by 3, because the sum of ita 

figures 5^,2,3, 1, is 15, which is 5 times 3 The 

same prorferty belongs to the number 9, or to a multiple 

ot P. Ihe reason ol this rule is founded on a princinle 

«milar to that demonstrated in article (73). ' 

Every number, terminated by 5, or a cipher, is divisU 
«» by 5. «"isi 

Similar rules might be found for 7, and the numbers 
following. But as they require a long operation, it is 
better to use division. 

K }u i? '■':"l"'"i to reduce the fraction |f|«. We divide 
both the terms by 2, because the last figure in each term 

o """/u^" "".^i'^'''/,^'^ ''"^^ i^' '^^e divide again bv 
2 and have ,^<!i^. ^\e next divide by 3, accoraine to 
the rule given above, and have iff. We divide aeain 
*7^j?".". "av£//r. We now attempt to divi«le bvr; 
the division succeeds, and we have ^'j- 



The reason why we have directed, that division should 
be attempted only bj the prime numbers 2, 3, 5, 7, &c.r 
is, that having exhausted the division by 2, for instance^ 
it would be useless to attempt it by 4, because 4 is k 
multiple of 2. 

95* But the readiest method for reducing a fraction to 
its most simple expression, is to tlivide both its terms by 
their greatest common divisor. The rule for finding thie 
greatest common divisor is as follows. 

Divide the greater of the two terms by the less, and 
if there i$ no remainder, the less term is the greatest 
common divisor. 

But if there be a remainder^ di'oide the less term by it | 
-if the division is exacts the first remainder is the great' 
est common divisor m 

If the second ditif4mi leave o remainder, divide the 
first remainder % the second ; and continue thus to di- 
vide the preceding remainder by the /«st, until there is 
071 exact division. Then the last divisor will be the 
greatest common divisor of the two terms of the fraction* 

When the last divisor is unity, it is a proof tlxat the ^ 
fraction cannot be reduced. *# ] 

For illustrating this rule take thi) fraction |||-|, We 
divide 90J24 by 3760 and have 2 for quotient and 1504 
for remainder ; then 3760 by 1504 and 2 is the quotient 
and 752 the remainder The first remainder 1504 is *; 
then divided by the second remainder 752 ; t'-e civisioa 
is exact- We conclude therefore, that 752, j.^* the great- 
est common divisor of the fraction |-J|?. Ou dividing 
both terms by it, the operation gwes f^y the simplesVfix* 
pression of tlie fractioji. ''<^ 

As 752 divides 1504, it ought a!so to divide S766| 
r\vhich is composed of twice 1504 added to 752. And ' 
as 9024 is composed of twice S760 added to 1504, it ' 
ought to be divisible by 752. 

It is also plain, that 752 is the greatest common divis- 
or, which 3760 and 9024 can have ; Jbecause there cati 
be no divisor common t6 9024 and 3760, which is not 
common to 3760 and 1504 ; and to these last there can 
be no common divisor, which is not common to 1504 and 
•752. And to the last there can be no greater divisor M 
thaii 75^^ ^ 



ARITHMKTIC. '^'3 

EXAHPLES FOR PRACTICE. 

1. Reduce t44 to its simplest expression. Ans. |. 

^. Reduce j*» to its simplest expression. Ans. ^^^ 

8. Reduce i|| to its simplest expression. Ans. |. 

4. R€^du€e/||l to its simplest expression. Ans. Jf . 

5. Reduce ||» to its simplest expression. Ans. -j\, 

6. Reduce 5^84 to its simplest expk^ftsion. Ans. j. 

7. Reduce i344 to its simplest expression. Ans. ^. 
-S. Reduce 6896800 as mirch as possible. 

2 2 93T&* 
Different ways of considering a FRXenoN akd the 

CONSEqUENCES WHICH FOLLOW. 

9t>. The idea we have given of, a fraction is, that the 
xlenominator shows the number of parts of which the unit 
is cotriposed ; and the numerator, the number of parts 
Sn the quantity, which thre fraction expresses. 

9r. The numerator of a fraction may also be consid- 
•ere*V as a dividend^ And the detiominator as a divisor. 
Hence the reason why ^e remainders^ of division were 
'put under the form given them in article (60). 

98. From thes6 considerations it follows, 1st. that a 
>'hole number may be put under the form of a fi'action, 
'by making the whole number the niimerator, and giving 
to it unity for a denominator. Thus 8 or | are the same 
tiling ; and so are 5 or f , 10 or ^, &c. 

• 99. 2d. Any fraction may be changed into decimals 
by considering the numerator as the remainder of a di- 
vision in which the d'^noriiinator was divisor, and operat- 
ing according to the direction given in (f^age 5^)— observ- 
ing to put a cipher in place of uili'ts in the quotient. 
Thus, W2 find tuat 0,6 is the deciiiial expression for |, 
0,555 for f , 0,84 for -^ ; and so on. 

On this principle is founded a rule for reducing com- 
plex numbers to decimals. For example, if it is required 
to reduce 3 fathoms, 5 fefet, 8 inches, 7 lines, to the de- 
"cimal of the fathom expressed in half-lines^ we observe, 
^kit the fathom contains 864 lines, and coufteqtieotly 

R 
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irS8 ha]f-line8 ; therefore, in order to express the deci- 
mal value in half-lines, we must continue the operation 
to the fourth place of decimals. The 5ft* Sin. 71. ar« 
now reduced to lines; and we have 823 lines or |l| of 
a fathom* After reducinfr this fraction to decimals in 
the manner directed^ wc have CK9525 ; and consequently 
S,9525fa. lor the proposed number. The following rule^ 
however, is in more common use. ' 

«* To reduce <i number from n lower denominaiion to 
the decimcd of a higher^ we^first change ii^ or suppose it 
to be changed^ into a fraction having 10, oit^some multi-- 
pie of 10, for its denominator^ and divide the numerator 
by as many as make one of this higher derHymination^ and 
toe quotient is the required decimal; which, together with 
the whole number of this denomination, may again be con- 
verted into a fraction, having 10 or a mitmpte of 10 for 
its denominator, and thus by division be reduced to a stiU 
higher name, and so a». 



EXAMPLES FOR PRACTICE. 

1. Reduce 19s. 3d. 3qr. to the decimal of a pound. 
Ttie operation is as follows* * 



4 
30 



3,00 
3,75000 
19,312500 

0,965625 



In this example, 3, the number of farthings, is consid- 
ered as jqtqt. which are reduced to hundredths of a pen- 
ny by dividing by 4, the figure on the left, and the quo- 
tient 75 is placed as a decimal on the right of the pence ; 
we then take this sum, considered as -fvl^- or -fff?^* 
that is, annex as many ciphers as are necessary, and di- 
vide it by 1 2, which brings it into decimals of a shilling. 
Lastly, the shillings, and parts of a shilling, I9,3i25s. 

considered as *f o o^oVoV®' ^^ reduced to decimals of 
a pound by dividing by 20> which gives the result above 
found. 
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a. Btduce ITpls^ 1ft. 6in. to the decimal of a mile. 

6 

1.5 
17,0^ 



16,5 



0»005315dl and rem. 



T. Kedace 9s. to the decimal Qf a pound. Ans. ,45^ 
f 4. K .duce 198« 5d. £qr. to the decioiai of a poiMad. 

I' ^' ♦ * Ans. ,972916. 

' d.Jtr^uce lOox. 18dwt. I6gr» to the decimal of a 

|>otiiul M ' oy. Ans. »91 1 1 1 1, &c. 

' 6. ki dace Sqrs. 14f^i to the decimal of a cwt. 
I Ao8. ,625, &c> 

7* Reduce 17yd, 1ft. 6in. to the decimal of a mile. 
j Ans. ,00994318, &c. 

^ 8. Reduce Sqrs. Snis. to the decimal of a .yard. 

Ans. ,875. 
9. Reduce Igal. of wine to tlie decimal of a hogshead. 

Ans. ,015873. 
^ 10. Reduce Sbus. Ipk. to the decimal of a quarter, 

r Ans. ,40625. 

11. Reduce lOw. Sd. to the decimal of a yean 

Ans. ,1972602, &c. 

K 

f . OPERATIONS OF ARXTHMETtO UPOK FRACTIONS. 

100. The same operations are performed upon frao- 
\ tions as upon whole numbers. Addition and Subtrac- 

'tioB often require a prepaiittorj operation ; MultlpUca^ 
tioQ and Division require very little preparation, 
i 

ADDITION OF FRACTIONS. 

101. If the frtKiions have the same denominator ^ add 
aU the numeratora, and (^ix to their sum the common de- 
nominator. Thus, to add f, ^, and ^, we add together 
S, 3, and 5, the jiumeiators» ,and Ij^ave \f, which i6 re- 
duced to 14, (65.) 

102. If tJu fractions have, not the same denofninnfor, 
they must he reduced to a common denominator by follow- 
ing the rule given in articles (90) anil (91 .) Then add 
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ed to m, <85.). 



SXAjtfLES FOR PRACTICE. 

1. Add |, 1^ I, ^ and i| together. Ans. 4^. 

S. Add I, i, 79 ^, and f togetber. Aus. i^. 

3. Add |, f^ 4, |, and -^ together. Ans. 3^-^. 

4. Add .'^l, 6j, and 4i together. Ahs. ±7^. 
3. Add 1|, -j^V^ and 9^ together. Ang. l^^'^. 
tf. Add 1^^5, 6f |, and 7i together. Ans. 16^^. 

SUBTRACTION OF FRA:CTK)XS. 

103. J^ the ti/H) proposed fractions have the' same de- 
nominator, the numerator of one is subtracted from the 
numerator of the other, and to the remainder the comrnon 
Senommator is affixsA. If it is required to subtract | ffom 
ft the remaiuder will' be -I* which is reduced to \y (93.) 

1^04. If we. wish to subtract 4| from 9|» as | cannot 
be takeB from |» we borrow 1 from 9, which reduced to 
mgiiti!>s and added to f , make \^, from which taking ^, 
there will remain f. Then taking 4 from thje 8 which, 
remains after 1 was borrowed, we nave in alt 4 J, or 4|. . 

105.' If the fractions have not the same denominator^ 
they must be reduced to a common denoftiinator, (90) and 
(91.) Subtraction is then performed as in the precedtng 
case* Thus, to take \ from |, these fractions are chang- 
ed to -^ and ff ; dien subtracting 8 from 9 there remains 

EXAMPLES FOR PRACTtOE. 

From 
Take 
Kem. 
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T^L'P 13 4 9 7 fil4 47 gl 

As it has been seen {&8) and (89), that the value of a 
fraction is not changed by multiplying or dividinii; Wh 
of .its terms by the same number; we arc naturally led 
to examine what effect is produced when the same quan- 
tify is added to, or subtracted from, botli terms of .the 
fraction, Let^ be a given fraction ; by adding 3 to eadi 
of its terms, the fraction becomes -j*^, or ^. But this 
last fraction is greater than the first, as nuiy be proved 
by observing, that the fractions ^ and ^ are e(|uivalent to 
^ and /^ ; for, ^ the numerator or denomtnatar of a 
reunion is multiptied or divided by the same number, the 
Vidue of^ the fraction is not changed. But, -f^ is greater 
than -^x* the frnction \ is then greater than the fraction 
4, For, a fraction is augmented or dirmnisfhed^ by (xug- 
mmting or diminishing its denominator, the numerator 
remaining the same* Hence it is plain, that by adding the 
^ame number, 3, to both terms of the fraction f, (equivOr 
lent to f^) it is augmented and becomes ^ ^ ^. 

This is a general property. For, as the value of a^ 
fraction is not changed , by adding tl^ numerator and de- 
nominator, each to itself; botb terms of the*fractioii 
may be doubled without altering its valu«. But, the de- 
nominator b^ng always greater than the numerator, ia 
order that the value of the fraction may remain the same* 
a greater number must bti, added to the denominaior than 
to the numerator. Consequently, by adding the same 
number to both terms, we add too little to the denomin- 
ator ; the denominator then is td^^^smallvandthe fraction 
too large, according to what has bei^n said above. Hence 
it is plain, ihat a fraction is augmented by adding the 
same number to both its terms. And reciprocally, a 
fraction is diminished when the same number is subtract' 
edfrom both its terms. The multiplication and divisions 
of one fraction by another ia deduced fronv the grecedr- 
tug principles. 



MULTIPLICATION OF FRACTIONS^. 

!05. Th multiply a fraction by a fraction^ the numen^ 
tor of one must be muliipHed by the numeratop of the 
other, and the denonnnator by the denofmnator. For ex- 
ample, to multiply f by f, we multiply 2 by 4» which 
gives 8 for the numerator ; multiplying, in like maimer, 
3 by 5, we hare 15 for the denominator, and conse- 
quently j\ for the product. 

The reason for this rule will be more plain if we re- 
collect, that in the multiplication of one number by anoth- 
ier, the multiplicand is taken aa many times as there are 
units in the multiplier. Then, to multiply* | by ^, is ta 
take 4 times the fifth part of |. But in multiplying the 
denominator 3 by 5, we change the thirds to fifteenths^ 
that is, into parts five times smaller. And in multiply- 
ing the numerator 2 by 4, we take these new parts four 
times ; hence we take four times the fifth part of %. 
Therefore f is multiplied by ^, 

107. If whole numbers are to be multiplied by a frac- 
tion, or a fraction by whole numbers, the whole numbem 
are written as a fraction, by giving them unity for a de-i- 
nominator. Thus, if 9 is to be multiplied by ^, the o^p-- 
eration becomes- to. multiply ^ by -71 which, according to 
the rule already given, produces ^^. This product is re- 
duced to 5^. Hence, when a whole number is multiplied 
iy a frofilony or a fraction by a whole rmmber, the oner* 
ution is reduced to multiplying the numerator of the JroB^ 
tion by the whole nwnber^ 

108. ^ whole numbers are joined to fractions, befote- 
muliiplication, the whole numbers mu^t be reduced, each 
to the kind of fraction which accompanies it. For exam- 
ple, if 12| is to be multiplied by 9^, we change (86) 
the multiplicand into ^'^, and the multiplier into \?; and 
multiply V ^y V according to the rule in article (106), 
Avhich gives 2|y, or 122 J J. 

r-XAMPLES FOR PBACTlCC. 

i^ Multiply I by J. Aiis. ^\. 

ultjply|by|. Ans. It- 
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3. MalHply 4| by 4. Ans. ^g. 

4. Multiply 48| by 13f Ans. 672^3^. 

5. Multiply I c»f 7 by |. Ans. i|. 

6. Mnltiply ,*. by /^. Ans. ^^^ 

7. Multiply |g by 40, Ans. §'. 

8. Multiply ^ by H- Ans. |i». 



DIVISION OF PR ACTIONS. ' 

109. In dividing one fraction by another, ike terms of 
the fraction tvhick is the divisor must be inverted ; tie 
fraetidh which is the dividend is then mvUipUed by the 
function thus inverted. 

For Exanvple. To divide ^hy |, the fraction § is invert- 
ed and becomes | ; we then multiply | by .?, according 
to the rule in article (106,) and have jj or 1^ for the 
quotient of ^ divided bj f. 

The reason of this rule may be seen by obs( rvinc^, that 
to divide | by f is to seek how many timj^s J contiilns f. 
But it is evident, since the diviscir is 2 thirrls, that it will 
be contained in the dividend three times a^ l [ten as I'l/jc 
are £ whole numbers in it. It is theh n*'.'er:j ir-^ i\i\-t to 
divide by 2, and afterwards to nuiUiply jdv o ; anr! ijiis 
operation consists in takin^^ three titn^s the hilt of the 
dividend, or to multiply l^ | wiiich is the divisor in- 
verted* * . . 

110. If a fraction is to- be 'divided' by a whole number, 
or a whole number by a fraction, the whole»numberrnust 
be written as a fraction by giving to it unity for a denom- 
inator. Thus if 12 is to be divided by f, the operation 
becomes, to divide ^ by f, and this, according to the 
role, is to multiply ^-^ by ^, M^iich ^ves ^ ^^ ^^' ^^ 
like manner, if the fraction* | is to be divided by 5, the 
operation becomes to divide ^ by ^, that is, to multiply 
i by J, which, gives ^3^. Hence, when a fract'on is to be 
divided by a whole number, the operation requires the dc' 
nominator to be multiplied by the wlwle number. 

111. If whole numbers are joined to fractions, the 
whole numbers must be reduced, each to the kind of 
Auction which acctimpanies it. For Example^ if 5 41 ia 
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to be divicfef! by 12| we change the dividend into *J^, 
and the divisor into ^'. Tiie operation then is to divide. 
»-;3 by 38, that is, (109,) ta multiply ^y by ^%, which 



EXAMPLES FOR PRACTICE. 



1. 


Divide 4 by |. 


Ans. 4» 


s. 


Divide 3| by 9|. 


. Ads. f. 


3. 


Divide 5 by ^j. • 


Ans. 7t> 


4. 


Divide ^ by 4i. 


Ans. f. 


s: 


Divide { by 4. 


Ans. .^. 


6. 


Divide 3^ by 91. 


Ans. fj. 


7. 


Divide 9i by f of 7. 


Abs. S^^f. 


8. 


Divide J by ^. 


Ans. |. 



APPLICATION OF THE PRECEDING ReLES.. 

11^. After what ha« been said in article (96) it \s easy 
io see how the value of a fraction* can be found. For 
example, if the value of |. ef a pound is required ; since 
■^ of one pound is the same as the seventh of 5 pounds 
. (96,) we reduce the 5 pounds to shillings (57,) and di- * j 
vide lOG shillings which is the result, by 7, which gives J 
14 shillings for the quotient and 2 shfllirigs for rcmainr- 
der« The 2 shillings are reduced to pence, and we d-i- ^ 
vide 24 pence by 7, and have 3 pence f . Thus the 4 of 
a pound, are 14s. 3^d. { 

If the 4 of 24 pounds are required, we can, as in the i 
last case, take the 4 of one pound, and multiply 24 by 
that result ; but it is more convenient to multiply, at 
firsts ^ by 24 pounds, which gives (107) *|<* of a pound. | 
After estimating the value of this fraction, we find £17^ I 
2s. lOfd. for the answer. 

The principle explained in this article iaay})e express^- 
ed in the following^ rule for finding the» 
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VALUE, OF A FRACTION I» THE KNOWN PARTS OF IHE 

INTEGER. 

Multiply tli£ numeraior by- the number in the lower ^ 
which expresses an unit (^ the next higher denomination, 
md divide the product by the denon^inator. If there is a 
remainder, multiply it by Hie number in ihe*ou}er^ which 
exprei^es an unit m the next higher deno^i^uUion ; di- 
vider as before^ and continue this operaliorp (fs fat as is 
necessary* Tfie several quotients placed h% their order 
will be the answer^ 

/^ SpCAMPLBft FOR PRAQTICE. 

1. What i$ tine valae of | of a pound sterling ? 

Ans. 78. 6(1* 

ft. What is the value of | of a pound Troy ? 

Ans* roa. 4dwt,. 

5. What is the value of 4^ of a pound Avoirdupois ? 

Ans. 9oz. 2|dr* 
4. What is the vriue of J of a cwt. ? 

-• ' ' Ans. Sqrs. Sib* lOoz* 12|dr8* 

5- What is the value of r^ of a mite ? 

Ans. Ifur. I6pls. Sjds. 1ft. 9^Vn* 

6. What is the value of 4 of an ell English? 

Ans. 2qrs. S-(nls« 

7. What is the value of | of a tun of wine ? 

Ans. Shhds. Slgal* 2qts*. 
ft. What is the value of J^ of a day ? 

Ans. lak. 5^' 2S"^.. 

' 113. As decimal fractions have no denominator ex- 
pressed, their value is more easily determined. If it is 
rcanited, what is the value of 0,532 of a fathom ; asjthe 
fatnom is 6feet> we multiply 0,532 by 6,. which gives 
3,l92feet ; that is, 3ft. and 0,192 of a foot. Multiply- 
ing the last fraction by 12, to find the value in incnes, 
we have 2,304 incites, or 2 inches and 6,304 of an inch* 
Multiplying this last ffacticm by 12, to reduce it to lines« 
we have 3,648 lines, or 31. and 9,648 of a line. Hence^ 
the value 0,532 of a fathom is 3ft. 2in. 3l. and 0,648 ot 
a line. 

This principle is expressed in the following rulCi. 
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TO RBDUCE A DECIMAL FROM A HIGHEH Xa A LOWElb 

DENOMINATIOX, 

** ^fidtzpty it by so marfy, as one makes of this lower, 
and tho8€ figures which renwm on the kfl of the comma^ 
when the proper ntimber is separated for aecinuds, wiil 
constitute the whole nxmhet of this de)%omin^ion, the de- 
cimal part of which may be still further reduced^ if there 
be lower denominations, by multiplying it by the nvmber- 
0hich makes one of the next denomination i and so on%^ 

EXAMPLES FOR PRACTICE. 

If. Wba^ 19 the- valt3€ of ,625 of a sbiUingi Ans. TJs. 
2k What ia the value of ,37623 of a pound ? 

An«. fa. 6id. 

3. What 18 the value of ,S3229l6.of a pound P 

An». 16s. 7id. 

4. What k the value of ,6725 of a cwt. ? 

. Ans. 2qrs.- I9lb. 5oz.. 

5. What is the valUe of ,67 of a league ? 

Ans* 2mls. 3pi3. 1yd. 3ln. Ibc. 

6. What is the value of ,61 of a tun df wine? 

An?, ahhd:. 27gal. ^qtv Ipt^- 
T. What is the value of ,461 of a chaldron of cT>al9 ? 

Ans. I6bu. 2pks. 
1. Whajt ia the valjae 9t ,4$S5r of a month ? 

Aps.. lw...4d. 23h,,59' 56". ^ 

il4. Tn d'ctermTtiihg the*valoc of fractions we are tiat* 
uraHj led to speak of fractions ot fractions-, which are % 
series of fractions separated by the particle of For ex- 
ample, 4 of i ; I of } of |, &c. are fractions effractions. 
7%ese compound fractions are reduced to single fractions^ 
by mtdiiplying iM the numerators together for a new nu- 
merator, and ail the denominators for a new denominator. 
1 htts, the fi-action f of i is re<luced to j^, or j. * The 
fraction | of f ot |: is reduced to f | or ^^ 

If the value, of J of 5-| is required, we change the 
whole number 5 into eighths, ana the question becomes 
to find the vatuc of the cotnpound fraction J of %'> whicK 

ii U9 or 4 1 
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^IfiCAMPLES FOR PRAOTIOE. 

1 . Reduce | of j of | of -f^ to a single fraction. 

Ans* •^. 

2. Reduce 4 of ^ of 4 to & mngle fraction. 

Ans. f. 
S. Reduce } of | of | of -^^ to A stBgle fraction 



I. I 



Ans. ^'^. 
4. Reduce 77 of -^ of ^ of 10 to a i»iiigle fraction. 

' ' Ans I ^ ^0 

This rule is also used for reducing fractions of one de- 
nomination to those of another, retaining the same vaU 
lie. For Example, if it is required to reduce f of a pen- 
ny to the fraction of a pound ; we - make a compound 
fraction of it, and write | of i^^ of ^V* ^^^^^ becomes 
1/415' or ^^. 



5. Reduce ^ of a fartliiug to the fraction of a pound. 



Ans. * 



Ans. *'> 



4>. Reduce £^^ to the fraction of a pennj. 

Ans. 3 
7. Reduce | of a dwt. to the fraction of a pound Troj, 

B. Aeduce f of a pound Avoirdupois to the fraction of 
n cwt. Ans. y}^ 

The follo^ng example emlwfate* matyr ^ the rfales, 
which have been established concerning fractions. 

If it is required to construf^t a vessel whose length is 
14Uf feet, and to have the sum of the spaces between 
the port-holes 108|feet including the distance between 
the first port- hole and the stem, and also the distance 
. between the last portrhole and the stern post. To know 
if 19 port-holes can be pierced in each side of the ves* 
sel, we subtract lOSj from 140f fe^t (103 and foIlowing)> 
and there remains d 1 }^ feet for the port-holed. We then 
divide 31 \i by 12 (86) and (110), and have ^f^ for the quo- 
tient. This quotient reduced to feet gives 2 feet and »*^ 
of a foot; which, reduced to inches and linesygives Tin- 
diea 11 lines* .Each port-h^ethen 4nay occupy the 
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space of £ feet^ 7 inches, and 1 1 lines'; which is £be 
proper measure for a vessel whose lon^th is 140f feeU 

hisceliAneovs examples. 

1* Reduce 4| to n mixed tiumber. 

Aqs. 4-/^ 
^. Reduce ^J4^ to a mixed mimbeiv 

Ans. 10||% 

3. Reduce ^^^ to a mixed uuBiber, 

A OS. 4^^. j 

4. Reduce ^Aooe^oji to a mixed number. ! 

Alls. 740|^V 

5. How many 7ths are tbere in 1 r Uow^ 
many are there in 3 ? And bow many in 13 ? 

Ans, l=f 3=Vj an<J 18«V- 
€• In ISj^ how many iJths? 

Ans. 13,\-^o^«. 

7. Reduce 7^ to an improper fraction. 

Ans. ^*. 

8. Reduce 4?37fi to an in^proper fraction. 

-Ans. ^;f 
&• Reduce 63^^ to an improper fraction. i 

A»#.^i||i|*. ^ 

10. How much is 5 times f^? Aus. fe^^. 
il. How much is 7 times /^^ -^^®* H^it* 

12. How much is 17 times ^^? 

An*-2^|f 

13. How mdcb is f titiaes ^^g^ ? - 

A lis m M. VTtfV* 

14. How much is 35 times ^^ ? 

Ans. 7«^j. 
15v Multiply ^^ by S38* Ans. 1^. 
i6. Multiply ^^j by 1003» 

Ans. l^HJf. 
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17. Multiply ^««03 by 3060. ^^^^ 
48. Multiply , mi^ by 607. 

i ^ 1893700 '^ 757629 * 

.rxiis. •^1893 700* 

19. If you divide 1 dollar equally amoug S3 
persons, what do you give to each ? If you di- 
vide 83, what docs each receive ? 87 ? 8 18 ? 
834 ? 887 ? 253 dollars ? 

Aus. ^.dol. /, dot, &c. 1^=1 J^, 

•t==;3i| dols. '3^^ ^11 dols. 
SO. How many pence in | of a shilling ? 

Ans. 9d. 

54. How many farthings in | of a penny ? 

Ans. Sfqrs. 
S9. What is the value of | of a shiltiogi in 
pence and farthings ? 

Ans, 77pence— 7d. 4qr,*=384?|rs. 
«3. Find the value of 4 of ^€1, in shillings, 
pence, and farthings ? Ans. 14s. 3d. Ifqrs. 

&4. What is the value of 4 of a day, in hours, 
minutes, and seconds ? 

Ans. 18h.43»iin. Si^sec 
Sd. What is the value of | of lib, Avoirdu- 
p<Ns? Anst 6oz. 

86. What is ,V of Icwt. ? 

Ans, Iqr. 41b. 15.^oz. 
gy. What is /^ of Ihhd. of wine ? 

Ans. 17galls. 2qts. 
S8. What is ;^ of a yard ? Ans. Sqrs. l^nls, 
»»• What is ^ of a dollar ? 

Ans. 80, 17,8j|. 

80. What is ^ of £1? Ans. 7s. 6d. 3^rs. 

81. What is f^ of a day ? Ans. Idhours. 

55, What is $5 of a yard ? Ans. S^qrs. 

I 
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S3. What b If of a bashel ? 

Ans. Ipk. ff^qts. 

34. Wbat is f^ of Ihhd. of brandy ? 

Ans. SSgals. 3|f|qts. 

35. If l^of a barrel of flour were to be di- 
vided equally among 3 men^ trbat wonld each 
receive ? Ans. | of a barrel. 

36. Wbat is I of I? Ans. |. 
87. Wbat is S of I? Ans. ^. 
38. During a storm, a master of a vessel was 

obliged to throw overboard ^ of the whole car* 
g9. Wbat loss most a man sustain who owned 
^ of the cargo ? Ans. ^% or ^. 

89. A man owned ^ of the capital in a cot* 
ton manufactory, and sold -f^ of his share. What 
part of the whole capital did he sell ? And 
what part did he still own ? Ans. he sold ^. 
At first, he owned ^ of the whole. ^='^ and 
^«^; of these he sold ^, consequently, had 
^^ left. Ue therefore sold ^, and had ^ left 

40. Divide ^ by 6. Ans. ^ 
Divide 44 by ^. Ans. ^^ 

41. What part of « is 7|? Ans. ||. 
4a. What part of 19 is 14J? Ans. 4^. 

43. Divide 1S|| by |. Ans. ^fj* 

44. A lady being a«iked her age, said that 
li^r hnsband was 87f yeai^s old, and she was 
not so old as her husband by 8^ years. What 
was her age ? Ans. 28^ years. 

45. Add together |, f, and |. Ans. 1^. 

46. Add together 137|> S6^, and 2434. 

Ans. 407|» 

47. Subtract 38^ from 53^ Ans. 14JJJ. 

48. Subtract S8I^ from 813||. 

* Ans. 5S8 |~g-«-j|-|- ♦ 
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id; Reduce -^^ to its lowest terms. Ans. ,V 
60. Reduce tJJ'i^ to its lowest termsi^-^ ^ 

.* T28TT* 

51. Beduce ^^, ^^^^ aod ^l^ to their least com* 
mon denomiaator. Afis* ^^9 -if^f -ira* 

52* Two meu hired a pasture for Si dollars. 
One kept his horse in it 51 weeks^ and the 
other 7f weeks; what ought each to pay? 
e|«V=-33. andTf-V'V- 33+46«79. The 
first ought to pay H, and the second || of 21 dol- 
lars. Ans. »8fJ«8,77iJ|, and 8t2^*18,224|. 

93. A man fatting in trade is able to pay on- 
ly i| of a pound on a pound. Uow much caa 
he pay on £17 !*«. Ans. t5^I§*^13 7s. 8d. ; 
for jei7 15s. «je 17^1 =« J^*^* ; now if 41 be mul- 
tiplied by «£«, we have ^l»iij. 

64. At 84 a yard, what part of a yard of 
cloth can be bought for ff of a dollar ? 

Ans. y; of a yard. 

09« If 3 sheep are worth S3f bushels of 
trheat, how many bushels is 1 sheep worth ? 
And how many bushels are 50 sheep worth at< 
, lliat rate ? Ans. 7|bu. 390bu. 

"^ :^9. If 9 acres 1 rood pi*oduce 1S6 bushels of 
I ^ what part of a rood will produce 1 bushel ? 
. . .id how many acres will produce dOO bushels ? 

Ans. ^^5 of a rood; aod ^^jX500«»^||o«136i^j 
iouds~84 acres^ 0^1, roods. 

57. If it take 1 1| yard of cloth to make a 
coat^ how much will it take to it^ake 8 coats^ 
aud how much to make 24 coats ? 

Ans. 14^ds. 43yds. 

38. There is a pole standing', so that 4 of it 
is in the vvater^ | as much ^a tae mud as in the 



9& ELEMENTS OF 

water, and 7| feet of it alcove the water. What* 
is the whole length of the pole ? The fractions 
I and I are more convenient than 4 and ^. Thei*e 
is ^ of it In the mud ; and in the n)ud and wa- 
ter botlj, 41 of it ; therefore 7i i« |i of the whole 
pole. Ans. 12^ft.=-12ft, 3|in. 

In articles (90) and (91) rules were given for reducing 
fractions to a conimoD denominator; .but the denonain- 
ator thus found is not always the smallest possible com- 
mon denominator. For example, if it is proposed to re- 
duce tlie fractions -^-^ and | to the same denominator, we 
need oal j multiply the terms of the first bj 2, a/id of the 
second by S, anJ they will have 24 for a conunon denom- 
inator, which is less than 96 given by the general rule* 
In this example, the reason why. 24 will serve for the 
common denominator, is easily perceiTed ; lor if the op&* 
ration be performed in the usual manner, and the fractious 
reduced to their simplest expressions* 24 will be the 
smallest possible common denominator. But whep there 
is a large number of fractions in the question, it is impos- 
sible to discover immediatel y the smallest possible com - 
► mon denominator. TFe ivill therefore give a general 
method for finding the smallest common denominator, 
when many fractions are in the given question' It may> 
however, be first observed, that no changes can be made 
in a fraction without changing its value, ej^cept by di- • 
Tision or multiplication. We shall employ no operations 
but these. Ine first is useful in reducing the given 
fractions to their simplest expression ; the second is thea 
used for finding the smallest common denominator* To 
explain the method we design to pursue^ let the fractions 
iff^ 3W' ^^^ TTCf ^ considered. In order to reduce 
these fractions to their most simple expression, we de^ 
compose the numerators and aepominators into their 
prime factors ; and then consider what factors are com- 
inon^taJjoth terms, and suppress tlieni. The fractions 
thijs'decoraposed are : 

2 by 7 
2 by a by 3 by 3 
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2 by k by 2 by S 



2 by 2 by 2^ by S by 3 by 7 
3 by 5 



S by 3 by 5 by 11 

On suppressing all the prime factors, which are com- 
mon to both terms, the fractions are reduced to 

7 5 1 



• • 



» 



2 by 3 by 5 2 by 3 by 7 2 by 11 

As the denominators of these fractions are the simplest 
possil^e, it is plain, ther cannot have a smaller common 
denominator than 2310, a number formed by the pro- 
duct of the prime fectors 2, 3, 5, 7, 11, which are the 
differences between the denominators. 

Thus, the denomtnatfM* 11 being contained in one of 

these fractions, we cannot give to this fraction a denom.- 

inator common to the others*, unless both its terms arc 

multiplied by the same number* The common denomin^^ 

ator will then necessarily contain the factor 11; and as 

the same may be said of the factoi-s 2, 3, 5, 7, it follows^ 

that the common denominator necessarily contains each 

of the factors 2, 3, 5, 7, 11. It cannot then be smaller 

ih«i their product 2310. Having thus obtained, 2310, 

the smallest eommon denominator, we next reduce the 

7 5 1 

fractions ---:^^-— , -------- -_ — ^^ to this com- 

2 by 3 by 5' 2 by 3 by 7' 2 by lU 
mon denominator, by multiplying both terms of each of 
these fractions by the prodiict of the prime factors, which 
w%re wanting in the denominator of each ta complete the 
smallest common denominator 2310. They then become 
■ T . byrbyW or 639 
2 by 3 by 5. by 7 by 11 2310 ' 

g * ^5byl\ ^, 275 

2 by 3 by 7 . by 5 by li ^Bid 

1 ^ > bySbySby r • ^ ^^5 

2 by 11 .• by3by5byr . ^gj-^- 

12 
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The proposed fractions ^^ -^^-^ -^ ^ have now be- 
come bv redaciDg them to their smallest common divisor, 

539 275 106 

Inio^ 2310' 2310* The common- denominator 2310 is 

also much smaller than 665S800, which would have been 
obtained by following the rule in article (91.) 

If we generalize the reasoning which has conducted to 
this reisuTt^ the following general rule may be deduced. 

10 REDUCE MANY FRACTIONS TO THEIR SMALLEST POS- 
SIBLE COMMON DENOMINATOR. 

1. JReduce the proposed fractions to their most simple 
expressions, by decomposing their terms into their prime 

factors, and suppressing those factor's which are common 
to both terms* 

2. Take, among the prime factors, which compose the 
denominators of the fractions thus reduced, those which 
are different ^ the product of these last factors wUl be the 
smallest possible common denominator. 

It may be well to observe that, if one of the prime 
factors is many times factor in any denominator ; U will 
be as many times factor in the common denominator, a* 
,it is in the denominator, in which it is found- the greatest 
number of times. The reason for this is the same as has 
already been given. 

115. When in the course of a calculation, we are con- 
ducted to a fraction whose numerator and denominator 
are considerably large, and have no comi^on factor ; in 
order to form a more exact idea of it, we seek the ap- 
proximate values of this fraction, expressed in more sim- 
ple numbers. If, for instance, we have the fractional 
number y^^, the whole number, which is l,is first sought, 
and the resulting fraction is }^. Now, to form a more 
simple idea of this fraction, we seek to compare a part 
of it- with unity, that only one term may be considered. 
For this purpose, both terms of the fraction are divided 
by 216, and 1 is found for the quotient of the numerator, 
and 4| 3y for that of the denominator^ This latet quo- 
tient, contained between 4 and ^5, shows that the value 
of ^ fraction f|f is between i and j. By staying tlie 
operation at this point, we perceive, that the second ap- 
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Sro3;imate value of the fraction \\^^ is I and i, or jf. 
lut this value is too great, because the true value will 
be equal to 1 plus 1 divided by 4 and ^\. It is there- 
fore written thus : ^ ^S • To form an exact idea of the 

•expression 4^-^^, we must consider it as indicating the 
quotient of the whole number 1 divided by the whole 
number 4 accompanied by the fraction ,\^. If both 
terms of ^^g are divided by 23, the quotient will be 

9^, neglecting the -^^^ which accompany the whole num- 
ber 9, we shall have only i instead of ^^g; consequently^ 

4} will be the third approximate value of y^', which is 
too small ; because 9 being less than the true quotient of 
216 divided by 23, the fraction -J will be greater than 
that, which ought to accompany 4. Consequently, the 
divisor 4-^ will be greater than the exact divisor 43^1^; 

and the quotient 4| will be smaller than the true quo- 
tient. By reducing the whole number 4 and the fraction 
accompanving it, and performing the division according 
to the direction given in articles (86) and (109), we obtain 
•ff ; and have 1 and ^\y or |^, for the third approximate 
value of y^^* The exact expression of this value being 

4X-» if we divide the two terms of ^ by 9, we shall 
have 1-J 



4-i— . 
9ji 

2 I ; neglecting the fraction |, there will re- 
nain 1_i 

9.1 , because the fraction i being greater than 

il whose place it occupies, will form, when joined to 9, 
a denominator too large. The fraction joined to 4 will 
then be too small ; and the last denominator being too 
smalU will make the last fi-action too great. 
• By reducing 94 to a fraction, we have y ; ^^ will 

then be -jV, and the approximate value will become 
4 ^ I but 4f^ gives ||. By adding unity to this frac* 
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tioQ it becomes tf|, or |} for the fourth approximate 
value of \^. R^fittoiing the expression, 1 Ji — 

9I1L 

2 f, we 

dlviile the two terms of the last fraction 4 hj 5, and ob* 

1 
tain l''*Tand 1-1- 

^-*- ; neglecting the fraction |, there 

remains 1. } . 
4-JL 
9J^ 
2_L ; it maj be seen, as ab^ve, that this 

Talue is smaller than the true value. 

The fraction £| becomes reduced to ^ ; and as the 



preceding 9J gives -^j, the next preceding becomes 

4^, equal to ^^V* '^^^ ^^^ approximate value is then 

WA or Til- 
Lastly, the two terms of the fraction -I, which wa» 

neglected above, are divided by 4, and 1 J is the quo- 
tient. By suppressing the fraction i, we obtain the new 
value 1.JL. 

9-i- 
2-1- 



~ , greater than the true value. By re* 
ducing aR these denominators success tvelv to ftfraction» 
we shall find, that the simple fraction, which represents 
ihem, is ^ or |$|. When the fraction i is restored to 
the side ot the last denominator, we form the ezgression 
1-1- 
4-0- 
9-II 
g-l_ 



1-L- 
"'^Tt which being reduced as tiie preceding rt- 
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produces tlie fractional number ^y. By operating in 

the same manner upon any other fraction, we maj obtain 

a sertea of approximate values, alternately less and 

greater than the true value ; if as in the preceding case 

the numerator exceeds the denominator : or greater and 

leas, if the denominator is greater than the numerator. 

The developements for the fraction "^^-^ are called 

continued fractions, which may be definecl ; Fractions 

wJwse denominafor is composed of a whole ntmiber and a 

fraction, which fraction has also a wJwle number and a 

fraction for its dtnominator / and so on» 

Note. The method explained in the preceding article 
serves for the summation of the continued fraction in 
.**tic!e (261) of Legendre's Geometry, used in the Cam- 
uiid^e Course of Mathematics. 



COMPLEX NUMBERS- 

116. The rules already explained might serve for cal- 
culating complex numbers ; it may, however, be proper 
to consider them in a more particular manner, as the di- 
vision, which they make of tiie principal unit, often facil- 
itates their calculation. 



ADDITION OP COMPLEX NUxMBERS. 

1 1 r. In this operation, the proposed numbers are writ-- 
ten under each other in such a manner, thai all the parts 
of the same nmne are in the same vertical column, A line 
ts th^ drawn under the whole t ond the addition com- 
menced unth the parts of the lowest -kind. If their sum 
does not compose an unit of the next higher denomination^ 
this sum. is written under the units of its own Hn^^Jmt 
if it contain parts enough to compose one, or more umtif — 
of the next higher denomination, we write vjhat remains 
over an exact number of units of this second sort, and re- 
tain these units to be added with those of their own kind 
in the next column. Proceed in the same manner through 
the several denoininations in the sum* 
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EXAMPLE. 

It is proposed to add j8227 t4s. BJ# 

^49 18 5 

184 11 11 

17 10 7 



£2976 I5d. 7d. sunt. 
The sum of the pence is 31, but t£ pence make ft 
shiliiQg; therefore 31 peace cuntaia 2 sliillinxs and 7 
penc€» We write 7 tinder the column of pence and re- 
tain 3 to be added with the shillings. Th« units in the 
first column of shillings are 13, to which add the 2 which 
were retained from the pence and we have 15, of which 
we write a only under ti^e shillings, and retain fiie tea 
to be added to the tens ii\ the second column of shillings* 
The amount of this coluinti with tlie 1 added to it is 5 $ 
and as S tens of shillinfis make a pound, we take' the 
half of 5 which is S, witn 1 for remainder. The remain** 
der is written under the column of tens in the shillings, 
and the 2 carried to be added witk the pounds in tntr 
ttsual manner* 

£ s. d. £ 8. d. £ 8. d. 

17 13 4 17S 12 6 456 12 6^ 

13 10 2 280 10 4 S2e 12 

10 ir 3 362 8 3 400 10 1{ 

gar 484 13 10 45 6 2^ 

3 8 4 40 18 tl 1000 18 3i 



8 8 



1344 3 10 £223 19 0} 



54 6 4 wuft. 

TROT WEiattT* 

fb oz. ib 02:. dwt. ib oz. dwt. gr^ 

3r 11 93 11 18 \7 9 11 15 

62 6 1 82 2 

72 10 14 4 12 12 8 16 

13 4 72 11 3 9 4 



1 



9' 
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AVOIRDUPOIS WEIGHT. 

T. cwt. qrs; T. cwt. qrs. ife. cwt. qr. ffe. oz. dr. 
40 11 3 3 19 3 27 8 3 12 15 8 

15 10 2 2 12 1 12 12 2 9 4 

16 01 10 502 82103 
9 12 3 2 10 9 1 26 8 ^ 



^ 



«• 



LONG MEASURE. 

L. Mi. Fur. L» ML Fur. pU. jd. ft. in. Iin, 

7 27 8 2 716 2299 

6 14 SO 2 7 10 110 

12 1 24 1 4 9 10 1 3 7 

14 3 50 12 4 



j*i 



LAND MEASURS. 



A. R. pis. A. R. pis, yd. ft. 

75 3 2 150 3 59 6 6 

24 e !^65 2 11 10 4 

98 1 204 1 12 3 

75 3 6 326 20 



wm 



\ 



i EXAMPLES TOR PRACTICE. 

1. Ihueht an English Reader for 5s. 7^d. ; a Testa* 
ment lor os. 6id. ; an English Grammar for 3s. 9d. ; and 
a Slate for 2s. 4d. What did the whde come to ? 

Ans. 18s. 3d. 

2. If a merchant buy cloth to the amount of ^310 7s. 
6d. ; linen to the amount of £S7 5s. ; and groceries to 
the amount of J6209 15s. 4^. What sum must he pay 
for the whole ? Ans. de557 7s. lOid. 

3. Bought of a silversmith dishes weighing 16th- lOoz. 
i3dwt.; plates weighing S5^. lOoz. lldwt. ; table 
spoons, 6tb« lloz. ; and tea spoons, 2{h- Boz. What 
was the weight of the whole ? Ans. 62|b* 4pz. 4dwt. 



SB ILEMENTS 6^ 

4. A grocer bonght 4 hogsheads of sugar, which weigh- 
ed as folIow8,-^No. !, 8cwt. Iqr. SOJfe. ; No. 2, 9c wt. 
Sqrs. life.; No. 3, 12cwt. 2qrs. lOJfc. 5 No. 4, 12cwt 
2 qrs. What did the whole weigh ? 

Ans. 43cwt. 2qrs. 

5. A man travelled in one day Srmiles, Sfurlongs ; in 
another, 32nii. 7fur. 33rods ; m another, 19mi. 7fur. 
16rods ; in another, 12ini. 5fur. How far did he travel 
iu all P Ans. 92mi. 6fur. 9rods. 

6. There are four pieces of linen,; the first contains 
27jd8. 2qr8. ; the second, 41yds. Sqrs. ; the third, 
36jd8. lar. ; the fourth, SSyds. Sqrs. How manj arc 
there in the four pieces ? Ans. 139 yards. 

7. Sold two casks of cider, one of which contain^ 
31 gallons, 3 quarts ; and the other, 36 gallons, 2 quarts, 
1 pint. How much was there in the two ? 

Ans. 6Sgall. Iqt. Ipt. 
The method of proving the addition of eomplex ntim* 
bers, is founded on the same principles as that for simple 
numbers, and is performed in the same manner ; bat we 
must observe in passing from a higher to a lower denom- 
ination, that the rate of decrease is not by ten, but by 
such a nuiDber of the lower as expresses an unit in the 
next higher denomination. 

SUBTRACTION OP COMPLEX NUMBERS. 

118. ff^ rite the proposed numbers as in addition^ and 
begin subtraction wim th£ units of the lowest kind. If 
the lower can he sukiracted from^the upper nu^nber^ write 
the remainder underneath. But if it cannot be subtrackd^ 
borrow an unit from the next higher denomination $ r^t 
duce^ and add it to the kin4 of units from which yau tub- 
tract* Perform the same operation upon the several e/c- 
nominations, and when you hate borrowed, diminish the 
number from which you borrow by an unit $ and tariti 
each remainder under the number from which it is taken, 

EXAMPLE* 

From dei43 17s. 6d. 
Take £75 12s. 9d. 



^68 4s, 9d. rem. 



AAiiiiiiime4 M 

Not being able to ^ke 9d«« from 6d., we borrow Is. 
which is 1^. and add 12 to 6, which make, 18; from 
which taking 9, there regains 9. We then take 12s. 
not from 178. but from 15 which remain after 1 was bor- 
rowed, and 4 remains, finally, we subtract ^75 from 
i(143 and iC68 remain. 

^ EXAMPLE U. 

From if 163 Os. 5(1. 
T«ke ' fi%^ 18s. 9d. . 

jCrs Is. 8d. nan. 

4b we cannot take 9d. from 5d., and as there are no 
shillings from which we can borrow,^ we borrow 1 pound 
from 163 pounds, but suppose that 19, of the 20 shillings 
thus borrowed, are left in 4he place of the cipher ; we 
thea operate as before. 

TROT WEIGflT. 

- &• oz. . lb* ^^* dwt. ' }fe. bz. dwt. gfc. * 
From 48 2 15 5 2 45 9 3 

Take 10 1 12 2 15 6 18 17 



Rem. 



<^ml0m»mmmm» rmatmmmmmmm>^>^^^'^» 
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T. cwt.qr. T.cwt.qr.ft. * twt.<ir.fg.oz.dr; 

fronk 45 11 3 52 12 3 15 17 0. 

Take 15 10 d 24 10 26 10 S 4* 3 2 

Kem* ^ 



LOKO MSASt7]t£4 

L» Mi. Piir% L. IM^i. ¥ur. lit ^ds. ft* in. rds* 

troiti M \ r 56 1 19 6 2 10 9 

Take 18^ 2 4 10 4 7 SO 3 2 7 4 



mfmmm^ 
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GLOTH MEASUftE. 



yds.qrs.na. E.E.qr8. na. E.Fl. qrs. na. 
From 71 3 1 42 2 51 2 £ 
Take 14 £ S 19 2 3 4i £ 1 



Rem. 



-»«i- 
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A. 


R. 


pis. 


A. 


R. 


pis. 


yds. 


ft 


From 


96 


S 


36 


195 


£ 


£ 


25 


2 


Take 


S5 


2 


39 


30 


3 


1 


14 


7 



Rem. 



TIME. 



Y. mo. 


W. 


D. H. 


D. 


H. 


mill. 


sec 


From 75 3 


32 


6 £0 


36 


14 


30 


25 


Take £5 4 


12 


4 ££ 


15 


12 


25 


32 



Reu). 



.«~^* 



i*i^ 



EICAMPLES FOR PRAOTICE. 



1. If a merchant buy a quantity of tobacco for £1500 
16s., and afterwards sell it for :6 1595 19s. 9d. ; how 
much will he gain, by the transaction ? . 

Ans. 95 3s. 9d. 
£. A silversmith had 26Ib. 9oz^ lOdwt. of silver, and 
sold 1815* l6dwt. lOgrs. How much had he left? 

Ans. SJfe. 8oz. 13dwt. 14grs. 
' 3. A grocer has 13cwt. 2qr. i61ti. of sugar. If he sell 
9c wt. 2qr. 7tb»» how much will remain unsold ? 

Ans. 4cwt. 9ife. 

4. There is a quantity of spice, which, with the box 
that contains.it, weighs 34^^. lOoz. Idr. ; the box itself 
weighs 101^. lOoz. J&dr. What is the weight of the 
spice? Ans. £Bife* 15oz. 15dr. 

5. A certain rope is 365yTl8. 1ft. 6in. long^ If 84yds. 
2ft. 4in. be cut oft*'^fi*om it, how long will be the remain- 
der ? - - Ang. £80yds.-2ft. £in. 
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6. Bought H5rdd« 3qrs. of cloth, and sold 95jds. 
Sqrs« 3na. of it ; how much was left ? 

Ans. 50jds. Ina. 

7. A farmer had 460A. 3R. of land ; and gave his son 
150A* SR. £5pls. How much had he remaining P 

Ans. 299 A. 39R. 15pls. 

8. Out of a granary which contained 500 bushels of 
wheat, there was taken 374ba8h. 2pks. 7qts. What 
quantity remained ? Atis. 125bu. Ipk. Iqt. 

9. Cnarles was bound an apprenti«*e for 7 years, and 
has served 2 years and 5 months* How long has he still 
to serve ? Ans. 4years, Tmo. 

The subtraction of complex numbers, like simple sub- 
traction, is proved by adaing the difference to the less 
number, which, if the operation has been correctly per- 
formed, will reproduce the greater number. 



MULTIPLICATION OF COiMPLEX ^NUMBERS. 

119. The mtdiipliccUion of complex numbers may be 
red'jccd, in general, to the multtplication of a fraction by 
a fraction, . The rule for this multiplication has been 
given in article (106.) For example, if it is required 
what 54 fathoms and 3 feet of work come to at £42, 1 7s. 
8d. for a fathom ; we can I'educe ^42, Ifs. 8d. the mul- 
tiplicand to pence (57), which gives 10292 pence. And 
as the penny is the 240th part of a pound, the multipli- 
cand may be represented by *f |^* of a pound. In like 
manner, the multiplier 54F. St't. maybe reduced to feet, 
which gives S27ft. And as the foot is the sixth part of 
the fathom, we can have ^|^ of a fathom, for the multi- 
ptter. The question then becomes to multiplv '|f§* of 
a nound by ^f'^, which gives (106) ^\\W* of the pound, 
which (112) has th« value £237, 2s. lOd. 

This method of calculation m^y be applied to all kinds 
of complex numbers. 

120. A number, which is contained in another an ex- 
act number of times, is called an aliquot part of that 
other number. Thus, 3 is an aliquot part of 1^ ; 2, 4, 
knd 6 are also aliquot parts of the same number. 
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Let u8 recolieet, that multiplicatioTi C(RisisU in taking^ 
the multiplicand a certain Buinber of tiroes. Fpr^^m*: 
pie, ia multipA J bj 8|, is to take the multiplicaQd 8 times 
mi theB to take the j'of it. :.^Biit vre cab tdie^ tbese |, 
either by taking at first the fomrth p^rt of the. i»ultipii-f 
cand ami writing it Ihrce times, or by taking at first the 
half, and- afterwards the half cf thia half» Thus, to mul- 
tiply 84 by 8}, we write JiL4 .: 

8J \ 




735 product. 

After multiplying 84 bj 8, we ha^e 6T2 for the pro- 
duct. Then to take | of 84, we first take the hidf,. wmckt 
is 4S, and for the remaining fourth, we take the half of 
4£, which is £1 ; and adding these several products, have 
375 for the total product. 

121. To apply this reasoning to complex numbers, we 
may remark, that the different hinds of units bdow the 
pripcipal tmiif are fractions of each other and of that, 
umt. Consequentljr, to multiply with facility by these 
kinds of numbers, it is necessary to decompose them 
into aliquot parts of the principal unit, in sucn manner, 
that the aliquot parts may be conveniently employed,-— 
Of to decompose them into aliquot parts of each other. 
And if this decomfjosition doea not furnish such aliquot 
parts as are convenient to use in calculation, they must 
be supplied by false products. The following examples 
will explain this method of operation. 

EXAMPLE I. 

It is required to know how much *54 fathoms 3ft. of 
work would cost at £72 for t}ie fathom ?' 
It is necessary to multiply £7^ 
^ . by -54F. 5 ft. ' 

•je««8 Or. od. 

360 



36 « 



£S9t4 Osi Od.' 
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We multiply, at first, according to the common rules,^ 
JB72 hr 54. Then to roultiplj by 3ft. ivhich. are (he half 
of a iatiioni, and consequently ought to ^ cost half th^ 
price of it, we take the half oi £72, and adding it to the 
tqtal product, hare £3924. 

BXAMPLS II. 

If we have £7^ 

To be multiplied bj 54F. 5ft. 



£288 Os. Od. 
360 • 

36 

24 



£3948 08. Od. 
We first multiply 7S- pounds by 54. Th€n instead of 
multiplying by {, because 5 feet ihake | of a fathom, we 
decompose 5 feet into 3ft. and 2ft., of which, the first is 
half, and the second | of a fathom. We first take ^ of 
£72, and then ^ of the same quantity, and have, by ad- 
ding the several prdducts, S948 pounds for the total 
product. 

EXAMRLB III. 

When we have £73 

To be uittltiplied.by 5F. 4ft. 8ifi« . 

£360 08, Od. 
- 36 . 

12 
4 
4 



£416 Os. Od. 
After having muftiplied' by 5F. we multiply by 4ft. ; and 
for this purpose, decompose the number 4 into 3ft. and 
1ft. $ for 3ft. we take half of £72, which is £36, and for 
1ft., we observe, that it is ^ of 3ft.» conseauently, w« 
take \ of ^36, which is CVk. Then, to multipljr by;, % 
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foot, and which, consequentlj, will each givfe the ^ of 12 
I pounds. After uniting these separate products, we have 

^416, Os. Od. for the total product. 
f 122. If the multiplicand is also a complex number, the 

\ operation is conducted as will be explained in the folfow- 

I ing example. 

EXAMPLE IV. . 

If we have £72 6s. 6d. 

To multiply bj 27F. 4ft. Sin. 



/r504 Os. 


Od, 


144 




6 15 





1 7 





13 


6 


36 3v 


3 


12 1 


1 


4 


4J 


4 


^ 



.-C2009 Os. 6fd. 
We first multiply 72 pounds by 27. Then to multiply 
Gs. by 2f , we decompose the 6s. into 5s. and Is. The 
5s. making a fourth part of the pound, ought, being mul- 
tiplied by 27, to give 27 times tne fourth of a pound, or 
the fourth of 27 pounds. We then take the fourtli of 
£i,T, which is £6 15, To multiply by Is. we observe^ 
that Is. is the fifth part of 5s. .which have been already 
multiplied ; we therefore take the fifth part of £6 15s., 
which is ^1 7s. 

Of the 6 pence we observe, that thev are the half of a 
shilling; con8e(]uently, \9e take the half of ^1 7s. the 
product for 1 shilling. Thus the whole multiplicand ha» 
been mi^tiplied by £7. 

To multiply by 4 feet, we take, (as in the preceding 
example,) for the 4 feet, first the half, ^36 3s, 3d. of 
the multiplicand ; and for 1 foot> the third of what 3 feet 
gave. 

Lastly, to multiply by 8 inches, we take for 4, twice» 
that is, we twice write the third of what was given as a 
product for 1 foot ; and adding these several parts, we 
l.avc 2009 pounds, Os. 6|d. for the total product. 
' 123. In the preceding examples, .the aliquot parts of 



/ 
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the multiplicand have been easily found ; but in cases 
where the parts are more complicated, the process is con- 
ducted as m the following example. 

EXAMPLE V. 

At the price £S4 lOs. 2d. a Toise or fathom, 
what ousrht 17T. or F. to cost ? 



^238 
34 
8 


Os. 
10 


Od. 


. 





• • 

17 

2 


10 



^586 12s. lOd* 
After having multiplied £S4 by 17, and then 10s. by 17, 
taking half of 17 for the product, we multiply the 2 pence 
which are the sixth part of a shilling, and consequently, 
the sixth part of the tenth part, or (1 14) -^-^ part of 10 shil- 
lings; but instead of taking the ^^ part ot £S 10s. it will 
be more convenient to make a false product, and take at 
first the tenth of what 10s. have given, that w the tenth 
part of ^68 10s.; this tenth, which is ^0 178,, is a product 
for 1 shilling. But as we require the product for only i 
of a shillings the false product is crossed out, and we 
write the sixth underneath. 

EXAMPLE VI. 

For £34 10s. 2d. how much work should be done at the 
price of del for 17 Fathoms .^ 

It is neces^ry to multiply 17 Fathoms by ^^34 10s. 2d. 
that is, to take 17 Fathoms as many times as 1 pound ia 
contained in ^34 10s. id. 

17F. 
jC 34 10s. 2d. 



68F. Oft. 
51 
8 3 


Oin. 01. 


Opts. 


• • 
5 




1 2 

10.' 2 


• • 



586F.3ft. lOin. 2l. 4|pts< 



> 



•"% 
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We fir«t ftmltiply 17F. by S4; theft to nmltrplj 17 
fathoms by 10 shilHngs. we take the half of 17 fathoms, 
because 10 shillings are the half of a pound, and have 8 
fathoms and 3 feet. To multiplj by 2 pence, we seek, 
for greater facility in the operation, what the product is 
for 1 shilling, by taking the tenth of what 10 shilliugs 
have given. This tentti is fathoms, 5 feet, 1 iftcb, 2 
lines, 4 points and -f^ or | of a point r but as^ should ' 
make no part of the prodwct, ii^e cross it .-but; taking, 
however, the sixth part of it for the product of ^ pence. 
This siifh part, which is fathoms, feet, 10 inches, 2 
lines, 4 points and |^ or |, is written underneath. Qn 
adding these separate parts^ the total product is 586F. 
STt. lOin. 21. 4^pts. . 

• l^XAMPLts FOR PRACTIOE. 

1. What will 7 barrels of flour come taat^2 168. 6d/ 
per barrel ? Ana. ^19 15«, 6d. 

&^ What will 6 pounds of teaxome to at 5«. 5d. per 
pound? Ans. ^1 lis. 6d* 

3** What ia the weidit of 6 barrels of aiigar, each 
wejghtf^ Icwt* Sqrs. 20tb.? Ans. llcwt. 2qrs. 8Ib. 

4. What is the weight of 6 chests of tea, each weigh* 
ing 3cwt. Sqrs. 9ib.? Ans. 21cwt. l<}r. 261b. 

5. If 8EI.E. 3<|rsr Sna. of broadcloth will make a«uii 
of clothes ; bow much of the s&nu) cloth will make 12 
similar suits? Ana. 105 El. Eng. 

^6. How far will a maninurel in 7 days, if he go 31mi« ' 
^Ipls* 6ft. 6in. each day ? 

Ana. 217mi. 5fur. IQpls. 2ft. 6in. 

7. In 9 fields containing 14 acres, 1 rood, and 25 rods, 
how many acres ? Ans. 1S9A. 2R. 25rods. 

8. In 6 parcels of wood» each containing 5 cords, 96 
feet, how many cords ? ^ Ans. 34|cords. 

9. How much brandy in 9 casks of 41galls. dqts. Ipt* 
each ? ... Ans. 376eaUs. 3qts. Ipt. 

10. If 1 pound ot sugar cost Is* Id^ what will 4lbs 
cost ? / Ans. 4s. 4d. 

11. If 1 yard of mit^Iin co&t 9s. ^|d. what is the price 
of 7 yards ? ' Ans. £S 5s. 9id. 

12. What wilt 9cwt. gf floor amount to at £1 lis. 
Sd. per cwt ? A&»» £U 28* 9d« 



13. Sold 10 torn of iuij, at iC8 12tt% 6id. • toA, what 
is the amount ? Ans. ^86 58. 5d. 

14. How nitich will 66 acres of land come to at ii7 
9s. 6d. an acre ? Ana. ^493 Ta- - 

i5. What wiii 3:2 pounds of cheese cost at 39. lid. a 
poffndP Ans. ^6 5s. 4d. 

1€. Bouffht 63 gallons of wine at 58# 4d. per gallon ; 
what was the amount ? Ans.i&16 16s. ^ 

ir. What is the value of 336 jArds of linen at Ss. 5d« 
per vard ? _ _ . Aps.' ^40 128. . 

18. How mu^ will ^40 l^ushels of wheat come to at 
148. 6d. per bushel ? . Ans. ^174. 

19. Ifonepoundof sugar cost Is. Ijd. what will 109 
pounds come to P Ans^ iC6 Ss. 7id. 

20* What wiN 400 pounds of lead come to at did.per 
pound? Ans« aW 3s. 4d. 

21. How much will 1500 gallons of oil amount to at 
6s. 2d. per gallon ? Ans. iC46^ 10s. 

22. A goldsmith bought 1 1 in^s of silver^ each weigh- 
ing A%* loz. 15dwt> SSgrs. What is the weight of the 
whole r Ans. 451^ 7oz. 15dwt. 2^rs. . 

- 23» A grocer bought 5 hogsheads of sugar, weighing 
each 12cwt. Iqr. 2f|^. How much did the whole weigh r 

Ans. 6cwt. Iqr. 23j[b' 

24. Sold 10 pieces of cloth measuring each ITjds. 3qrs«, 
2Da. How manj jards were there in aiip* 

Ans. 178jds. Sqrs. 

25. There are 5 bags of apples» each of which con- 
tains'2 bushels, 3 pecu. How many bushels are there 
io the whole? Ans. Idbush. Spks. • 



DIVISION OF A COMPLEX NUMBER BY A SIMPLE 

• NUMBER. 

124. Whm (he dividend only tV comphx, and the imits^ 
fjf the dividend ami divisor are different, we first divide 
the principal units of the dividend according to the com* 
mon rule. The remttinder of this division is then reduced 
(57) to units of the next lower denomination ; and to their 
sum ate added the units of the same name in the dividend. 
We divide this ntiv dividend as brfgre, nnfi if there is a 
retaainder, reduce it to tmits of the third Idnd, and to their 
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9vm add those of the same name in the dividend* AfUt 
dividing ae btfore, therenunndet is reduced to the next 
lower kind of unite / and this process continued as long 
as inferior denominations are found in the dividend* 

EXAMPLE. 

We have ^4783 3s. 9d. given for the purchase of %T 
acres of ground. What is the price per acre ? 



^4783 38. 9d. 
433 
85 



87 



£54 19s. rd. 



iross. 

833 
50 

609d. 
000 



.< 



It is necessary to divide ^4783 3s. Sd. by 87, dom* 
mencing with the pounds. 

The quotient of ^4783 divided by 87 in the usual 
manner, is 64 pounds, with £85 for remainder. Tliese, 
redoced to shillings {57), give with the 3s. of the divi- 
dend, 1703s.; which, clivided by 87, give 19s. for quo- 
tient, and 5Gs. for remainder. This remainder reduced 
to pence, gives, with the 9d. of the dividend, 609d. wImcU 
divided by 87, give 7d. for quotient and no remainder. 

125. But if the dividend and divisor have units of the 
same kind, before performing the division, it is necessary 
to examine whether the quotient ought to be of the same 
kind with them. The condition of the question will de- 
cide this inquiry. 

126. In case where the dividend and divisor being of 
the same kind, the quotient ought to be of the same kind 
with them, division is performed as in the preceding ex- 
ample. For instance, let this question be proposed. If 
£1243 have gained iC7254, how % much has one pound 
gained P The quotient roust evidently contain units of 
the same kind as the dividend and divisor ; it ought, 
therefore, to be pounds. And when £7^54 have been 
divided by 1243, we reduce the remainder to shillings, 



ARITHMlSTIC. 107 

as in the preceding example ; the second -remainder is 
als5 reduced to pence, and we find £5 iGs. 8d. and -/l^ 
of a penny, for the answer to the question. 

127. But when the dividend and divisor being Iff the 
same kind^ the* quotient is required in units of a differ- 
ent kind ; the operation must be commenced (57) by re- 
ducing tlie dividend and the divisor, each to the lowest 
kind in the dividend. (Division is then performed as in 
the preceding case, and we consider the units of the di- 
vidend as if they were of the kind required in the quo- 
tient. For example, if this question be proposed ; now 
much land can be purchased for £7954 Us. 7d., at £72 
an acre ? It is plain, from the nature of the question, 
that the answer must be in acres and parts of an acre. 
We thei-efore reduce 7954 pounds, Us. 7d. to pence, 
and have 1909099 pence. In like manner, 72 pounds 
are reduced to pence, and give 17280 pence. We now 
divide 1 909099, considered as a/:res, by 1 7280 ; and 
have for quotient 110 acres^ 2 roods, 36 rods and 
■L4> 5 6 rtf « -rt^ 



DIVISION OF A COMPLEX NUMBER BY A COMPLEX 

NUMBER. 

128. Pfhen the divisor is also a complex number, it 
must be reduced to the lowest denomination expressed in 
it (57,) in order to multiply the dividend by the number, 
which expresses h6w many parts of the lowest kind in the 
divisor, are necessary to compose the principal unit in 
this divisor* The division is then performed as in the 
preceding case where the divisor was a simple number. 

EXAMPLE. 

* • • • 

If ^854 17s. nd. have been paid for d7F. 5ft. 5in. 
of work, how much did it cost per fathom ? • 

It is necessary to divide ^6854 I7s. lid. by 57F. 5ft* 
5in. For this purpose we reduce 57F. 5ft. 5in. to inch- 
es, which gives 4169 for th^ new divisor; and as 72 
inches make 1 fathom, which is the principal unit of the 
divisor, we multiplj the proposed dividend JE854 17s. 
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lid. by 7^ (121), wiiir,h cives ^61552 lOs. for the new 
divitlen^ly and divide as follows. 



^61552 lOs. 
19862 
3186 



4169 



^14 15s. 3H|jd. 



6.17308. 
2 040 
1195 

14340d. 
1833 



^61552 divided by 4169 give ^^14 for quotient^ and 
3186 for remainder. These ^.3186 rediKed to shillings, 
give, with the 108. of the dividend, 637309., which, di* 
vided by 4169, give 15s« for quotient, and 11958. Cor re- 
mainder. This remainder^ rediiced to pence, gives 14340 
pence, which, divided by 4169, give 3d. for quotient, and 
1833 peace for remainder. The quotient, thertfore, it 
£\4 158. 3i||^d. 

To understand the reason of this rale, we nsttst observe, 
that 57»¥. 5ft. 5in. have the value of 4169 inches ; and 
the inch being the seveiTty second part of the fathom, the 
divisor is ^^^ of a fathom. B«l, to divMe by afraction, 
the fraction which is the divisor (109) must m inverted ; 
the dividend is then multiprlied by the divisor thus inverted^ 
We must, therefore, multiply by rilt> which is the same 
thing as to mtdtiply at (irst by 7d, afid tVa divide bjr 
4169, according to the rule which Imls beei^ given. 

A» division by a complex number bas, as we hare se^^ 
been reduced to division by a simple number, the sans^ 
attention is required to the nature of the units, as in ar-^ 
ticl€s(126} and(137). 

The multiplication and divijsion- of complex namben 
reciprocally ^Te each other, as in simple numbers. 

£Xa.MPLBS FOn PaAGTIOC.^ 

1 . Divide ^S equally among 8 persoA ) What d^ef 
each. receive K A4184 £1* . 
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2. If 21b. 9oz. 5dwt. 12gi*s. of silver be wrought ia^ 
to a dozen spoons, what will each weigh r 

^.. Ans. 2oz. 15dwt. llgrs. 

S. Divide ITcwt. Iqr. of sugar equally among 6 per- 
sons ; what does each receive? 

Ans. Q^'t 3qrs. 14lb. 

4. If lOoEls. Kng. will make 12 aiits of clothes, how 
much does it take for one suit P 

Ans. 8Els. Eng. Sqri 5na. 

5. If a man travel Sirmi. 5fur. 19pol. 12ft. 6in. in 
r dajs, how faf does he go in one day ? 

Ans. Slmi. 31pol. 6ft. 6in. 

6. If 9 fields of equal extent contain l29ac. Sroods. 
25 rods, what is the measure of each ? 

,^:. Ans. 14acr. IR. 25pl. 

r. In 6 emi^l^els of wood there are 34^ cords, how 
much is injflHp^i^^l ? Ans. 5 ^cords, 96ft. 

8. If S^HKcls of wheat cost 828/ 97cts. Sraills, 
What is it ^PSusl.el r' Atis. gl 9cts. 4n!ill8 and rem. 

9. Sold 3 yartls of muslin for ,C3 9s. 6d. ; what was 
the price per yard ? Ans. ^1 3s. 2d. 

10. Paid 178. 6d. for 4 bushels of salt 5 how muck 
was it per bushel ? Ans. 4s. 44d. 

H. if 8 pounJKof sugar are sold for 10s. 6d. what- is 
the price per p^Sd ? Ans. Is. 3|d. 

« 12. Bought lizards of linen for ^3 lis. 8d., what 
was the price per yard? Ans. Ss. ll|d. 

13, Sold 152 yards of cloth for ^221 18s. 6d. ttow 
much was it pen yard. Ans. £l 13s. T^d. 

14, What is the price of a bushel of wheat, "when 42 
Jwjslicls are sold for £17 13s. 6d. Ans. ^s. 5d. 

1 5, Bought two pieces of linen, one of which contain-^ 
r»d 30 yards, and the otlier 25 yards ; the price was 78. 
6 J. per yard^ what was the cost of the two pieces ? 

Ans. ^20 1 2s, 6d, 
10, A farmer has three tracts of land, the first con- 
v:l''S 125 acixjs, 3 roods ; .the second 200 acres, 2 roods. 
\S rods; tiie third 175 acres, 10 rods. He intends to 
divide this laud equally between his two sons; what will 
!>c the share of each soa P Ans. 250acr. 2roods. 14pol. 

17. Three merchant* A, B, and C, own a ship in 
cocnpan V 5 A owtis |, F, |, and C, | ; they have r^eiv- 
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ed for freiglit £228 16s. 8d. It is required to divide it 
Among the owners according to their respective shares ; 
what 18 the share of each ? Ans* A's J^H5 5d» B^s £5T 
4s. £d. C's £^S 128. Id. 

DUOBECIMALS. 

The best system of Numeration, |)erhaps, is that, 
which, Mrithout emplojihj^ i| great number of <:b^racters, 
contains in the scale of its gradations the greatest num- 
bei: of divisors. In this (inspect the duodecimal system 
Reserves the preference, tt two characters had been 
ftdded to the decinml syjstiiim, it would be- much more 
convenient ; as* it would eispress, by means of the divis- 
ions of this system, the third and the fourth part of the 
principal ttok. Xbe advantages of such a m^od of nu- 
meration are apparent in the duodecimal 'divisions of 
linear measure. Thus, the foot i^ divided into twelve ia- 
ekes, the inches, into twelve lines or primes, the primes 
into twelve parts called seconds, these last into twelve 
parts called thirds; and so on. 

Inches are sometimes called primes and marked 4ra» 
n. The divisions smaller than primes are then succes- 
sively marked as follows ; ("), ('"). (""), &c. 
1^ For example, if we wish to express four feet, six primes, 
two seconds, and one third, we write 4f. 6' £" 1'". 

Hie following is the rule for the multiplication of this 
kind of numbers. ^ 

Fhce the several terms of ike multiplier tmder the cot" 
responding denominaiions of the muUipHeand. Midtiplg 
the whole multiplicand, b$girmin^ at the lowest denomm- 
ation in it, by the highest denomination in the multiplier^ 
observing to carry an unit for every l%,jm pas^ipgffom 
a lower to a higher denomination. In like mmmer, mul^ 
tiply the whole multipHoand by the next lower denomina^ 
tnon in the multiplier, and place the result one remove to^ 
ioards the right Perform the same operation vsilh ih^ re* 
mainins denondnations of the mtUt^Her ;^ (xdd the sever*' 
al products thus foxmd, mid they mUl farm the produsi 
refUired. 
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'Moltiplj fif. 4' 
l^ 3 10' 



7 
1 11 ^^ 



8 11' 4" Answer. 
\vt this operation, the 4 inches, or primes, maj be coir- 
sidered in reference ta the denomination of feet, as 4 
twelfths, or -j% ; we therefor^ moltiplj ^ by ^, and have' 
-{| OF 1 for the produet, which added to the product of SL 
by 3 gives Tfeet and primes^ We next mukiply 4' 
or y^ by 10, considered as \%^ the product of which is 
'i%»®^ fl®^ tK or 40", which reduced gives 3' 4"j 
putting aown tne 4" one FenM)V& tawardn 'thy Ttgtff , we 
reserve the 3' to be added" to the product of 2 feet by 
10', or 4f , which product is || of a foot, to which, 3 be- 
ing added, we have ffft. or Ift and 11". Taking the 
sum of these results^ we have 8ft. 11' 4", for thepr^uct 
of gft. 4' by Sft. 10^^^ TbwMircthod of operation may be 
EHeiiffed to cases. In which there area greater number 
of denominations- 



examplUb Foa f%acticb«- 

1. Multiply 4ft. r 8" by 9ft. 6'. 

Ans. 44fi. 0' 10". 

2. Multiply 7ft. 8' 6" by 10ft. 4' 5" 

Afls. 79ft. 11' 0" 6'" 6'". 

3. What is the price of a marble slab, whose length 
is 5ft. 7', and bieadth 1ft. 10V<ktone dollar per fuot r 

Ans. gl0 23cts. 

4. Therfe is a house with three tiei*s of windows, and 
three windows in a tier ; the height of the fi^st tier i»- 
rft. IC, of the second, 6ft. 8', and of the third, 5ft. 4 ; 
and the breadth of each is 3ft. IT; what will the gUzing 
come to at 14d.'per foot ? Ans. ^13 lis. 10^. 

5. How many cubic feet of wood in a load 7ft. 10' 
long, 3ft. 1 1" wide, rfhd 3ft. 6* high ? 

Ans. 107ft. 4' 7' 
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6. The solid contents of a vrall is renuired, Mrbich is 
5Sii. & loDg, 10ft, 3' Wgh, and £ft.- thick'. 

. . . Ahs. 1096ft. 9'. 

A number written in the decimal sjstem may be trans- 
ferred into the duodecimal sjstem, bj observing the fol- 
lowing rule. Divide the proposed number by 12, and 
write the remainder, or cipher if there is no remainder. 
tHvide the Jirst quotient by 12, and ivrite the remainder 
to the teft of the first remainder. Divide the second quo- 
tient by 12, and write the remainder at the left of the se- 
cond remainder ; and so on, And by continuing the op^ 
eration, you will at length write in the duodecimal system', 
the nurtkber first written in the decimal System. 

TTQRMATION OF SQUARE NUMBERS AND THE EXTRAC- 

"i K>N Qi' THEIR ROOTS. 

1£9. Th« product, which results from the multinllca- 
•tion of any number by itself, is called the square oi thai 
number. Thus, 25 is the square of 5, because it is tht 
product of 5 multiplied by 5, 

ISO. The square root of any nutiiber, is that numbef 
which, multiplied by itself, produces that same numbery 
'I hus, 5 is the square root of 25 ; 7 is the square rout of 

49. 

131. A squate ntifnbef is that, which? has been made 
both multiplicand and multiplier; and consequently,, is 
twice a factor of the product- (42) ; heface, this product, 
or square, is also called the second power of that num- 
ber. 

No rule is necessary for squaring a number, but to 
toultiply that number by itself, according to the common 
rules of multiplication. But for extracting the square 
oot of a numl>er, that is, foi: descending from the sqoaro 
to the root, a rule is necessary ; particularly when- the 
humber, or square proposed consists of moi*e than tWo 
figures. 

When the given number is expressed by only one or 
two figures, its root, if a whole number, is expressed by 
some one of the following numbers* 

1,2, 3, 4v 5, 6, 7, 8, 9. 

Of which the squares are 

1,4,9,16,25,36,49,64,81. 



lihn^ the square root of 72, for example, is 8, when 
expressed in whole satnbers ; because 7d being between 
64 and 81, its root is a number contained between 8 and 
9, the roots of those numbers; it is, then, 8 and a frac- 
tion. The value of this fraction cannot be exactly de- 
termined, bat approximations to it may be made continu- 
ally, as will be seen hereafter. 

132. The square root of a number, which is not a per- 
fect square, is called a $urd, irraiionalt or ineommensu* 
rabie number. 

^ 133. We will now consider numbers, which arc ex- 
pressed bjf more than two figures. The method, which 
must be followed for finding thei*oot of a number, is de- 
duced from observations made upon wliat takes place in 
forming the square. For example, to square the num- 
ber 54; 

54 
54 



£16 
270 



2916 
After writing the multiplicand and nmlttplier iti 
the usual manner, we multiply 4 in the multiplicand by 
4 in the multiplier, and the product - ia eyidently the 
9quare of the units. We next multiply 5 in the multi- 
plicand by 4 in the multiplier, which gives the product of 
tens by units. Passing now to the isecond figure of the 
multiplier, we multiply 4 in the multiplicand by 5 in the 
multiplier, which gives (44) a product of tens by units. 
Lastly, we multiply the upper 5 by the lower 5, and the 
product is the square of the tens. Adding these pro- 
ducts, we have for the square, the number 2916, which, 
as has been seen, is composed of the nquare of the tens, 
plus twice the product of the tens by the units, plus the 
square of the units of the number 54. 

134. What has been observed, being an immediate 
consequence of the rules of multiplication, has the same 
application to any other number composed of tens and 
units, as to 54 ; henee, in general, the square of every 
number composed of tens am umts, eorUains these three 

L2 
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parit, which have been meni^amd, namdif, the square of 
the tens of the number, iwiee the product of the tens by the 
lunis, and the square if the tuuts. . 

135. As the square of- the tens is hundreds, (since 10 
times to make 100), it' is plain, that the square of the 
tens cannot make a part of the two last figures of the 
whole sauare. In like manner, the product of double the 
tens multiplied by the units being necessaril v tens, can- 
not make a part of the last figure of the whole sqaare. ' 

1S6. Then, to descend from the square £916 to its 
root, we must' reason in the following manner. ^ »* 



a I 



S916 I 54 
416 

104 



000 . , 

We commence the operation b^r findinj; the tens of 
the root ; but the formationof the square teaches us, that 
there is, in 2916, the square of the lens, and that -thi* 
sqoaire cannpt make 4i.<part of its two last figures; it is 
then contained in 29; and as the square root of 29*can- 
not be more than 5, we 4HNic)ude that the number of ten% 
in the root is 5, ;we therefore place>5 bj the aide of 291 6« 
as in the example. We next square 5 and subtract the 
product 25, from 29 ; there remains 4, bj the side of which 
are brought down 16, the two remaining figures of the 
g}?en number 2916. Nowata find the units of the root, 
.we roust direct our attention to what is contained in the 
remainder 416. It can enlj contain two parts of the 
square, namelj, the double of the tens of the root, mul*- 
tiplied by the units, and the square of the units of the 
same root* < Of these two parts we need onlj use the 
first> to find the units wUdi are sought; because^, ^nce- 
this part is formed of do«Ue the tens multiplied by the 
units, if we divide it by .double the tens, which are 
known, the quotient will be the units (74). , Nothing 
now remains but to find in what |)art of 416, the double 
ef. the tens, multiplied by the units, is contained. But 
we have reararkea aboveithat it cannot make a: part ef 



fte last 6gatt ; itisotb^n cientaiDed ifr 41 . Hetvte, it is ne«- 
c«ssarj to divide 41 by 10, the doubbiDf the ten9 already 
found. We now write under 41, the double of tlie tens 
already found, or 10 ; and performing division, 4 the quo* 
-tient, which results, is the numt>er of units-;, which we 
pfakce to the right of the 5 tens ; hence the root sought is 
54. •• • ^ 

It must be Observed thai, although the qu<) tient thus 
found may be the true root, yet it sometimeb happens 
Aat the quotient found in this manner may be greater 
than the true one; heeause'41 (that is, the part which 
remains after the separation of the last figure,) contains 
not only the double of the tens multiplied by the units, 
but also the tens arising from tne square of the units. 
M^herefore, to preveut^all doubt^ concerning the figure 
in the place of units, the followid^ verification must be 
made. 

After having found 4, the figure of units, and written 
it in the root, we place by the side of it 10, the double 
of the tens, which makes 104;'e3K^h figure of which is 
successively multiplied by the same, number 4, and the 
s«tGeess{¥e fMnoducts are subtracted from the correspond- 
ing parts of 416; as there id no npiaakKler, we concfado 
that 54 is the true root. • . .. 

If there is a rein«inder» the roftt may, nevertheless, be 
the true root in whole numbers; at lea«t, if 'the re- 
mainder is not greater than the double of- the root aug* 
mented by unity* 

The verification, which has been explanned, depends 
upon the formation of the square ; for when 104 is mul^ 
tiplied by'4,'itis plaii>, that we form the square of the 
units and the double of the tenft^mittUiplied by the' units ^ 
that is, the perfect square is eonhpleted. 

137. From tvliat has been smdU m4fy ' be tondudedi 

thai, to €3etraci the square ro0t &fa rmmber easpreased by^ 

fout figmeSf U-U necessary^ (^^ having separated iu)& 

fibres upon the right, to seek ^ square root of the twit 

Jigures, which remain on the left. This root unU be ' 

the tens of the tohoie root sought, and is written by the. 

side of' the given number with a Une between th^n. We 

then subtract from the left hand division, or the two lefi 

hrnidfigHres, the square of the root wMch^has been fomd ; 
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dnd ajier htmng written, the remaindtr under this dimi* 
ion, we bring down to the side of the remainder,ihe turn 
jfig^res which were separated- We next separate the unit 
figure of the division which has been brought down, and 
divide the figures which remain on the /e^, by the double 
^ the tens, which are written undemeatk, JThe quotient 
ts written by the side of the first figure of the root, and 
efterwards oy the side of double the tens which served for 
Vi^ divisor. Lastly,- we multiply by the same ^otient, 
all the figures in this last line, and subtract their produ^ 
from correspofiding figures in the line above, 
> This operation jfi&ybt explaiiied by the folldWiBg €X<- 
•(mnle. • - > 

< - 

. ,. SXAMFfJS.II. 

The squai-c root is required of 7569. 

75*69 I 87 r60t, 
116-9 
167 



060 •^ • 

- W« separate the tw<r figures 69, and seek the square 
root of 75 ; it is 8. We write 8 hj the side of the giv- 
tn sam, drawing a lintf between thenf, and square the 
Humbcr 8 ; from 75 We iubtract 64, the square Of 8, and 
11 remains. By the side of 11, we bring down 69, the 
division which was first separated. In 1169, the last 
figure 9 is sefparated, in order to kiiow the part, ll6i 
t^ich must be divided to find the units. 
' We neit form our divisor by doubUng the 8 tend 
%hich have been founds aod writfe the divisor under i 16 ; 
the quotient of this division is 7, which is written in the 
root by the sid^ of 8, in the place of units. We carrj 
this quotient also by the side of the divisor 16, and flaul- 
tiply 167, which forme tile laist line, by the same quotieat 
f , and subtract the products, as they are found, from 
1169. There is nn remainder, which proves, that 7569 
is a perfect square, and the square of 87. 

138. We may remark, that ohly the part^ which re- 
Biains at the lett after having separated the last figure, 
need be divided by twice the teas ; because, if this part 
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does not contain twipe the tensr #s the separated figure 
will afford no assistance in the following operation, 
must be put. in the root* If on the coutrarj» we $nd 
that twi$:e the tens is contained in this part more than 9 
times, oblj 9 must be placed in the root. .The reason 
for this is. the same as that given for divisioQ in article 
(66.) 

139. After having, well understood jvhat has. been said 
concerning the .square root of numbers expressed in four 
figures, we shall find no difficulty in understanding the 
method, which must be followed when the number of fig- 
ures is larger. Of wlieUever number of figures the root 
in composed, we may atways conceive it to 'be cotttpo^ed of 
two parts, one of -which may be called lens, and the other, 
units. For example, 874 can be considered as represent- 
ing S7 tens and 4 units. Now, when the two first fig* 
; ures of the root have been found by the preceding meth* 
od, the third also may be found by the same rule, by conr 
sidering the two first figures as forming only a singU 
number of tens,, to which the same reasoning is applied, 
to find the third, as was applied to the first, for finding 
i\tc tKjtJoad. In like manner, when we have found the 
<hiee first figures, if a fourth is inquired, the three first 
are considered as forming only a single number of tens^ 
to -which we apply the same reasoning for finding th# 
{Mirth, as to ti^e two first, for finding the third ; and s^ 
on. 

But to proceed with order, the given number is separate 
€d into divisions of two figures each, passing from righ$ 
to Iffi $ the last aivision^ however^ nesd, contain but one 
figure* T-he reason for this preparation is founded on 
the principle that, considering, (the root as composed, of 
^ens and units» according to what has been said in arti* 
cle (135 and following), it is necessary to commence by 
•separating the two last figures upon the right, in order te 
have in the nart which remains «a the left, the square of 
the tens. ^But as this pant is. also composed of mor^ 
tluui two figures^ similar reasoning directs to the separa-t 
tion of two figures a^^^in upon the right ; and so on. 

Tlie following example will explain this operatiout 
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BXAMPLB III. 

The square root is required of 76807696. 

< 

76* 8o' 76* 96)8764 
l£8-0 
167 



1117-6 
1746 



7009-6 
17524 

00000 



^ After having separated the given number into divisions 
«f two figures eacn/Vassin^ from right to left, we seek 
the square root of the division 7^,> wnich is first on the 
left, and find it to be 8 ; 8 is therefore written l>j*the side 
of the given number. We B»stjsq.uare 8^ and subtract 
64, its square, from 76, and have 12 for remahid^, Which 
is written under 76« Bj the side of this remainder wf 
bring down 80, the next division, the last figure of which 
is separated bj a point; and be>ow the part 128, we 
write 16, twice the root found, and then saj, in 128 how 
man^ times 16 ? It is contained 7 times ; and 7 is writ- 
ten in the root, at the right of 8, and also bj the side of 
16, twice the root already found. We then multiply 
167 bj the sam^ number 7, and subtract the product of 
this multiplication from 1280; there remains 111, by 
the side of which we bring down 7^^ the next division, 
which gives 11176. We separated, the last -figure of 
this number, and under 1117, the part which remaiBs to 
the left, write 174, twice the root 87 ; wenlivkle 1117 
by 174, and having fooiid 6 for the quotient, -wrtte dift 
the root and by the side^of 174, twice the root 87; we 
multiply 1746 by the same number 6, and subtraot^ the 
product from 11 176 ; there remains 700, by the side of 
which the division 96 is brought down, aiKl 6^ the last 
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figure of it, separated by a period. Below 7009, which 
remains at the left, we write 1752, twice the root 876 ; 
and dividing 7009 by 1752, find 4 for quotient, which is 
written in the root, and by the side of 1752. We multi- 
ply 17524 by the same number 4, and subtract the pro- 
duct from 70096, and nothing remains; thus* the square 
root of 76807696 is exactly 8764. 

« 

140. When the given number is not a perfect square, 
liiere is a remainder at the end of the operation, and the 
square root which has been found, is the square root of a 
greater square contained in the given number. In this 
case, it is not possible to extract the square root exactly ; 
but approximations may be made to the true root, in such 
manner, that the error, which results in the square, shall 
be less than a given quantity. 

This approximation is conveniently, made by means of 
decimals. To the right of the given "^humber, place twice 
us many ciphers, as mere are decimal figures required in 
the root; perform the- operation in the usual manner, tmd 
^eMards separate b» a comma upon the right of the 
root, half 'ds many figures for decimals as there were 
ciphers joined to the given number^ Ad the product of 
two numbers (54) containing decimals^ ought to contain 
as many decimals as there are in both the factors, the square 
(of which the two factors are equal,) ought to contain 
twice as many decimals as there are in one of the factors, 
tfiat is, twice as many as are required in the root. 



EXAMPLE*. 

... 
The square root of S7567 is required to three places^ 
of decimals. Toe^mress thousandths, or the required 
decimal mot, three ngures are necessary* Six ciphers, 
tha-^a«e,^4iiust be {uaced to the^rigbt of the square. 
87567; hesce, the square root of 87567000000, must be 
dKtractod- 



4 



8-r5-6r-oo-oooa | ^95917: 

47-5 
49 




5420-0 
'590 9 . 

101900 
5918 1 



427190-0 
59182 7 



129111 
\ After perforinin|^4he operation as Inr the preceding ex- 
ample, we find, for the square root to the third place oE 
deciraals, the number S95917. This root is the root of 
875670000CO ; but as t^ie root of 87567,1)00000, or of 
67567, only is required ; we separate half as many 
figures for deciuials in tlie root, as^ ciphers were added 
T^o the square ; which gives 295,917 for the square root 
(jf 87567, to three places of decimals. 
. In like manner, if tlie square root of 2 is required io 
|9ur plac^9 of decimals, we extract the square root of 
^€0000000, which is 14142 ; separating the four figure* 
at the ri^ht bj a. comma, we have 1,4142 for the square 
root of 2, found to four places of de'cimals. 

141. It has been seen in article (106,) that when one 
fraction is to be multiplied, bj another, the numerator 
must be multiplied by tBe numerator, and the denomina- 
tor by the denominator ; consequently, token n fraction 
is fo he 9qfMred, it wUl be neces$ary to sqsfare the nmmer^ 
^ornnd tiie dmomimtior^ Thus, the 'square of | ts^j^» 
that of I is ||. ' • . . , , 

t 142. ThenretifrmMf,.l9JBXtracfthe3qum'efoptqf a- 
fraction, it will be necessary to extract the square root o^ 
the nwneraior and also thai of the denominatOTi Thus, 
the sq^^^i'c I'out of fgis i, because that of 9 is 3, and that 
^ 16, is 4J 
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143. It sometimes happens, that the numerator, or the 
denominator, or both, are not perfect squares. If Hit nu- 
meraior onTy ia not a square, the ofproximaie root is ex- 
traded by the method already explained; and having ex- 
tracted the root of the denominator, we give to it for nu- 
merator, the root of the numerator. Thus, if the square 
root of I is required, we extract the approximate root of 
the numerator 2, which is 1,4, or 1,41, or 1,414, or 
1,4142, &c., according as the root is required to a great- 
er or less degree of exactness. And as the sqtiare root of 
9 is 3, we have for the approximate root of |, tlie quantity 
J^ or 1^ or -1^*^^ or i«t^-*^. But if tlit 
denominiUor is not a square, both terms of the fraction 
are multiplied by the same denominator ; (which does Hot 
change the value) the denominator is thus made a square, 
and uie operation performed as in the preceding case. 
Fwr example, if the square root of J is required, we 
change this fraction to if ; extracting the square root of 
15, to three places of decimals, for instance, we have 
S,87:B ; and as the square root of 25 is 5, the square root 

II will be Jj^JJi. 

144. In brder to avoid fractions of different kinds in 

the same »um, we reduce the result ll|I-i., to decimals, 

by dividing 3,872 by 5, which gives 0,774 for the root of 
•| expressed in pure decimals (99.) 

145. jff^ whole numbers are joined to fractions, the 
whole mmbers are reduced to frtictions (86), and tlie (de- 
ration performed according to the direction given for ex- 
tracting the roots of fractions. Thus, to extract the 
square root of 8|, we change 8^ into ^f, and this again 
into y^^ (143) ; of which the approximate root is 

2(L3^2_2^or2.903. 

146. Tlie fraction, which accompanies the whole num- 
ber, may edso be reduced to decimals ; but it is necessary 
to ob{«rve, that the number of decimals employed must 
be even, and twice as great as the number of decimal 
figures required in the root. TIhs preparation is made 
byplaciug after the given sum I, 3, or -5, &c. ciphers, 
which does not change its value (SO). TJius, to extract 
the square root of 21,935 to three places of decimals^ 

M 
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ire eitract the square root of £1,9^5000, which is 4,683 ; 
ihis 18 also the root of 21,935. In like manner, the 
square root of 0,54S, expressed in three decimal figures, 
is 0,736 ; and that of 0,0054, to the same value 0,0rs. 
147. When, by the method already expUu^ed, we 
have found the three first figures of the root, diany oth- 
ers may be found, with greater facility, by dRyision only» 
in the following manner. Take, for example, the num- 
ber 763703556823 ; we commence by seeking the thrve 
first figures of the root as m the preceding manner, and 
find 873 for the root, and 1574 for remainder. By the 
side of this remainder' we place 55, the two figures, which 
follow 763703, the part, which gave the three first fig- 
ures of the root. (If four figures of the a|||fr have been 
found, three figures are placed by the sidnplhe remain- 
der ; if five figures of the root 'have been found, the four 
following fibres are joined to the remainder ; and so on.) 
We then divide 157455 by 1746, twice the root found, 
and hav€ 90 for the quotient : these are two new figures 
of the r^t, which has now t)ecome 87390. We square 
this root, and subtract its square 7637012100, from the 
part .7637035568, of which 8739(2 is the root j and there 
remains 33468. . . 

# 

If othjer figures of ^e root are required ; as we have 
already obtained five^ th^ four next may be found by di- 
vision only. For this piUrpose, we place after the remain- 
der 33468, the remaining figures, 33, of the given num- 
ber) an4 two ciphers, and divide £34683300, fa^ 174780» 
twice the root already found, and have 134^, for the four 
new figures of the root. But by separating the given 
number into divisions^ according to tl^e requirement of 
the rule, it is (dain, that the root should, contain only, sul 
figures of whcde numbers; the. root is then 87390 1,343^ 
to tliree places of decimals. 

The abbreviation, which has been explained, is a con- 
sequence of the general principle, which it is easy to de- 
duce from what has been said in article (134), thai the 
9quare of any qtuintUy composed of tioo parts, contains 
the square of the first part, twice the first part muUiplied 
by the second, and the sptare of the second. 
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I . W hat 19^ the square root of 15^d990£5 ? 

Ans. 12345. ' 
a. Wh^ 16 the square root of ,00032754 ? 

Ans. ,01809. - 

3. What is the square root of A ? Ans. ,645497- 

4. What is the square root of 6| ? Ans. 2,5298, &c. 

5. What is thesquare root oil(y} Ans. 3,162277, &c. 

6. What is the square root of 234,09 P Ans. i 5,3. 

7. What is the square root of 1030892198,4001 ? 

Ans. 32107,51. 

8. A general has an army of 4096 men ; how many 
must he place in rank and file to form them into a square ? 

Ans. 64. 

9. A wall is 36 feet high, and a ditch before it is 27 
feet wide ; what is the le^h of a ladder, that will reach 
to the top of the wall from the opposite side of the ditch ? 

Ans. 45 feet. 

10. It is required to lay out 25600 square rods of lai)^ 
in a square ; what is the side of a square tiiat sh.^ll c6i^«' 
tain the land ? Ans. 160 rods. 

I I. A gentleman purchased 3025 tiles^/pr the purpose 
of paving a square ; how many ttl^s wilFthere be upon a 
side? '» Ans. 55. 

12. A certain general commahded an army of 49284 
men ; and the better to secure his standard, be gave or* 
ders to foi*m into a square body, the men standing 4 feet 
distant ; what number of men will be on a side ; and 
what quantity of land will diey occupy P 

Ans. 222 men occupy 17,28 acres. 

13. What length of rope must be tied to a horse's 
neck, that he may graze upon 7d54 square (eet of new 
feed every day, for 4 ^ays ; the end of the rope being each 
day fastened to the same stake ? To perform this and 
similar questions, divide Uie given area by ,7854 and the 
square root of the quotient will he tJbe diameter of the cir- 
cle fed ^ over by the horse ; half of this diameter will be 
the length of the rope required. Hence, the first rope 
will be 50 feet, the second 70,5, t!ie third 86.5 and the 
fourth lOQ feet in length. 
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14. Four men. A, B, C, and D, purchased a large 
grindstoue, the diameter of which was £00 inches ; thej 
agreed that D should wear off his share first, and tiiat 
each man should have^it alternate! j till thej had worn 
off their shares ; how much must each man wear off 
round the stbne ? 

Ans. D. IS}; C. 16; B. £0^; A. 50 inches. 

< 

^OTE.— TAe diameter of a circle being gi^en, ike area 
ie found by squaring the diameter , and muU^ying iia 
square by ,7854. 

15. \\ bat is the square root of 106929 ? Ans. 3^. 

16. V> hat is the ac^uitre root of 36sr£96l ? 

. . Ans. 6031 

ir. What is the square root of 3271,4007 ? 

Ans. 57,19, &c. 

18. What is the square root of 10,4976 ? Ana. 5,24. 

19. What is the square root of ^\ P Ans. |. 

20. What is the square root of -J^ll •** Ans.^* 

21. What is the square root of 37^ ? Ans. 6|. ' 

22. What is the square root of 97-^^ ? . Ans. 5\. 

£3. If 484 it^^ are planted at an equal distance from 
each other, so as to form a square orchard, how maryr 
\^\\\ be in a row each vay ? Ans. 2:2. 

' 24. A certain number of men gave SOs. Id. for a-char- 
itable ' purpose ; each man gave as many pence as there 
were men : how many OkCii were there f Ans. \^rf 

26. There is a circle whose diameter is 4 inches, what 
i*^ the diameter of a circle 4 times as large I 

Ans. 8 inches. 

Note.— 5'yMare the given diameter, mitltipiy this square 
by the given proportion^ and the square root of the prodaet 
will be the diameter required. If the , required be less 
than the given diameter, divide the square of the given 
diameter by the proportion* 

'26, There are two circular ponds in a ^ntleman^s 
pleasure grounds ; the diametei of the less is 100 fee(:, 
and the greater is three times as large. VV hat is its di- 
ameter f Ans. 173,2 &c. 
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Sr. If the diameter of a circle be 12 inches, what will 
be the diameter of another circle, half as large ? 

Ans. 8,48, &c. inches. 

28. A certain castle, which is 45 yards high, is sur- 
rounded by a ditch 6Q yards broad ; what must be the 
length of a ladder to reach from the outside of tlie ditch 
to the top of the castle ? Ans. 75 yards. 

♦ Note. This diagram is called a 

riii^Ht angled triangle ; and the square 

of tlie nypoiheivdse, or longest side^ ^ 

ts equal to the sum of the squares of ^ 

tht two other sides. Now if the squars 

root of the sum of the squares tfthe oiicb. 

height of the wall and breadth of the ditch he extracted, 

ive shaii have the length of the taddtr. If the difference 

of the squares of the longest jmd either of the otlier sides 

be taken, we sfudl have the square of the remaining side; 

the square root of this square una be the length of the 

side. 

29. A line 27 r^rds long will exactly reach from the 
top of a fort to the opposite bank of a river, which ig- 
known to be 23 yards oroad; what is the height of the 
fort \ An* 14;142, &c. yards. 

30. Suppose a ladder 40 feet lo«gr be so planted as to 
reach a window 33 feet irom the ground, on one side of 
the street, and without moving it at the foot,' will reach a 
window on the other side 21 feet high ; what is the breadth 
of the street? Ans. 56,60, &c. feet. 

tX>RMATION OF, CUBE NUMBERS, AND THE EXTRAC- 
TION OF THEIR ROOTS. 

140 What is called tlie cube of a number, is formed 
by m-'Itiplying the number by itself, and afterwards mul- 
tiplying the product of this multiplication by that same 
number. 

The cube of a number, properly. 8]>eaking, is the pro- 
duct of the square of a number, multiplied by that num- 
ber. Thus, the. cube of S is 27, because it is what re- 
aults'from the multiplication of 9, the square of 3, by ^\ 
M 2 



lt€. ELSMKKTSOR 

The number wMcb has beencnbed*. 4s then ihftt times 
factor in the cube ; and for this reason, the cube is aiso 
called the third power of the number. 

150. In genend a number is said to be raised to the se- 
cond, diird» fourth, fifth, &c. power when it has been 
multiplied 1, 2, 3, 4,.&c. times, consecutively, by itself; 
or, wnen it is 2f S, 4, 5, &c. times factor in the pro- 
duct. 

151. The aibe root of a number, is the number whieh, 
multiplied by its square, produces the cube. Thus, 3 i& 
the cube root of 27. 

152. There is no need of rules for forming the cabe 
of a number ; but, to descend from the cube to its root, a 
method is necessarj^ , . 

We may observe, however, that rules are not necessa- 
ry for extracting the cube root in whole numbers, when 
the given number Is expressed by four, or less than four 
figures; because, 1000 being the cube of 10, every num- 
ber below 1000, and consequently of less than four fig- 
ures, will have for its root less than 10, that is, less than 
two figures. Thus every number, which intervenes be- 
tween two of the f9llowiii£» namely 1, 8« 27, 64, 125, 
216, 343, 5l2,.729«. will hi^ve its cube root, in whole, 
numbers, between two numbers corresponding to this se* 
ties, 12345678^9. of which the first contain the 
cubes. 

153. Every number has ru>t a cube root ; but we can 
make continual a{^roximations to a number, which, be- 
ing cubed, will continually ap])roximate to the reproduc- 
tion of that first number. This will be shown, when we 
have explained the method for finding the i-oot of a per^ 
feet cube. 

154. We will now examine df "what parts the cube of 
a number must be composed^ which shall contain tens 
and units. Since the cube results from the square of a 
number muhiplied by that same number, it is essential 
'to recollect (134,) that tke squwreof'a number e^omfosed 
of tern and. vnits^ contabts, 1st, the square ^ the tens, 
tad, twice the prodM€t\of the tens by the tmtte, Si, the 
square of the tcrdts. To form the cube then, it Is 
necessary to multiply these three palrts, by the tens and 
i^ the tinits of thr sa«i5 number. TBhat we may- the 
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more ciearlj'unclerstaBd what products result from Htm 
<^ratioD, we will ^ve to it the following form. 



l8T« 



The square of the tttu^ 
Twice the product of 
the tens bp the vnUty 
The iquare of the 



The tquare of the ien*^ 
Twice the prodtict of 
tht tentthyi the units, 
. 7%e tqwre of the 



units, 



». 



being mul^. 
tiplied by 
the ieiis, 
will give 



2d. 

• being mvi- 
tiplied by 
the units, 
wUl give 



The cube of the tehs. 
Twice the product of 

the tens tnuUiplied by the 

units. 

The pfwrfttdf off he tews 

by the square of the vnUti 



The product of the 
square of the tens mutH" 
^^ittd l^ the units. . , 

Twice the products of 
.the tens by the square if 
the units. 

The cube of the unitt. 



Then taking these 6 results, and adding such as are 
similar, we perceive, that the cube of a number compos- 
ed of tens and units, contains four parts, namely, the 
cube of the tens, three times the square of the tens 'mtdti- 
plied by the units^ three times the tens multiplied by the 
square of the units i' and the cube of the units. 

After this manner, fomt the 'Cube of a number com- 
posed of tens and units, of 43, for example. 

64000 
. 14400 
. lOSO 

S7 



79SQ7 
First take the cube of 4» which is 64.; but as this 4 is 
.tens* its cube will be thousanda ; because the cube of lO 
.18 a thousand ; hence the cube of 4 teas will be 64000. 

3. tiaiea l€> or three times the s<|uare of 4 tens, being 
imiltiplied by the 3, units* will me 144 hundreds^ be- 
caalse tiie square of 10 is 100 ; this product will then be 
.14400. 

• S times 4, or 3 times the tens* boii^ multtpUed-bj the 
^ square of the. ujiitSs or 9> will fgoft Iras, and this pnMkMt 
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will be 1080. Lastly, the cube of the unitSi which is 
27, will be confined to the place of units. 

Adding these parts, we have 79507 for th^ cube of 43. 
This cube might have been more readily found by mul- 
tiplying 43 by 43, and then multiplying 1849, the pro- 
duct, again by 43. But it' has not been so much our ob- 
ject to find the cube, as to understand, by an examina- 
tion of the -parts which compose it, the method of de- 
scending to its root* 

155. After this explanation, we proceed to the ex- 
traction of the cube root. 

EXAMPLE* 

The cube root of f 9507 is required. For reasons 
which will hereafter be explained, when the cube root of 
a number is required, the number must be aeparaied into 
divisions of three figures each. 

Cube. Root. 
79-507 [43^ 
1 55-07 

48 

To obtain the part of this number, which contains the 
cube of the tens in.^ie root, we separate the three 
last figures of it, in whidi it has been seen, that the cube 
cannot be contained, since it has the value of thousands. 
We seek the cube root of 79 ; it is 4, which is writtea in 
tlie place of the root. We cube 4, and subtract the pro- 
duct 64, from 79 ; there remains -15, which is writtea 
under 79. By the side of 15, we bring down 507, whicb 
gives 15507, in which ought to be contained 3 times tha 
square of the 4 tens already found, multiplied b;y the 
units sought, plus thr^e. times the same tiens multiplied 
by the square of the units, plus the cube of tlie unitd. 
We separate the two last figures 07 ; the part 155, whicb 
remains at tlie left, du^ains 3 times the square of the 
tens multiplied by the units ; therefore, to obtain the 
units (74), we divide 135 by 3 times the square of the 4 
tens, that is, b}; 48. We find that 48 is contained, ia 
155, 3 times ; '3 is thea written in the root. To prove 
this root and find the ren^inder^ if thera is one, w« %dd 
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together the three parts of the cube, which ought to be 
found in 15507, in order to know if they form 1550r, 
or by l^ow much they differ from it. It is also conven- 
ientto make this verificaticm by cubing the number 43, 
that is, by multiplying 43 by 4d, and theii multiplying 
1849, their product, by 43, which gives 79507 for pro- 
duct. Thus 43 is exactly the cube root. If the ^iven 
number consist of more than six figures, the operation i& 
conducted as in the following example. 

SXAMPLE. 

i I'iie cube root of 596947688 is required^ 

596-947-688 \ B4fl 

849-47 

192 ' 

592704 



42436-88 
21168 
596947688 

000000000 



We consider the root as eompoied of tens and uniisj 
and therefore commence by separating the three last fig- 
ures. The part 596947, whicn contains the cube of the 
tens, consisting of more than three figures, will have its 
root expressed by more than one figure ; consequently, 
by tens and units. It is necessary then in order to find 
the cube of die first tens, to separate the three figures 
947. 

This done, we seek the cnbe root of 596; it is 8, 
whidt is written in the place of the root. We cube 8, 
and subtract the product 5 1 d, from 596 ; there remains 
84, which 19 written under 596. By the side of 84, 
we bring down 947, which git^S 84947, of which we 
separate the two last figures. Under the part 849, we 
write 192, which is 3 times the square of the root 8, and 
divide 849 by 192; we find 4 for quotient, which is 
written in the root. To verify this root and find the re- 
mainder, we cube 84, and subtract the product 592704, 
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from the nnmber 59694r, fttidi !»▼« 4243 for remuiider. 
By the Me of this remftinder we bring down the division 
688, and considering the root 84 as a single Bu«d>er 
which denotes the tens m the root 8ought> we separate 
the two last figures 88, from the division brought down, 
and divide the part 43436 bj 3 times the square of 84, 
that is, bj 21168, and find 2 for quotient, which is writ* 
ten to the right of 84. 

To verify the root 842 and find the remainder, if there 
IS one, we cube 842, and subtract the product 596947688, 
from the given number 596947688. There is no remain- 
der, we tnerefore conclude, that 842 is the exact root of 
596947688. 

We may observe 1st, that in the course^of these opera- 
tions, more than 9 ought never to be put in the root. 2d, If 
the figure placed in the root is too large, subtraction can- 
not be perfbnned ; hence, the root must be successively 
diminisned by 1, 2, 3, &c. units, until subtraction can be 
performed. 

When the given number is not a perfect cube, we can 
only obtain the approximate root ; and it rarely happens, 
that the root is found in whole numbers. Decimals are 
of great use in extmding this approximation to any re- 
quired degree of exactness, aldiough the exact root may 
XMoi be found. ' ^ 

156. When the cube root of an intpeffed cube ia require 
tdtg^agwrnwumber j(^ de(imsi figwrta^ three times om 
many ciphers must be placed to the right o/U, as. there 
are aecimak required in the root. J%e root is thien ,ex^ 
traded as in the preceding examples ; and cfler the ope- 
ration, as many figwes are separated on the right 09 
thert are decimms requk^* 

• » 

EXAMPLE. • ' 

The cube root of 87.55 is reaiiired to two places of 
decimals. To obtain hundredths in the root, that is,, 
two decimal figures, it is necessary that the given nuni- 
* ber should contain six (54) ; six ciphers are therefore put 
after 8755. Thus the question is to extract the cube 
root of 8755000000. 
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8-755-eeO-OOO I 2001 



07-55 
12 - 
BOOO 

7550*00 
1200 
' 87418 16 

*. • r 

131840-00 • 
127308 . ' 

87545529 81 ' ' 

4470 19 ' 

For reasons already explained, this number m «epRrat-» 
ed Into dtvisions of three figures each, passing ft^m right 
to left. The cube rout of the last division 8 is extract^ ; 
it ta 2, which is written in the root. We cobe £ and sub- 
tract the product from 8, and remains. Bj the sid^ 
of 0, wetH-iag down the period 755, of which -we sepa^ 
rate the two last figures 55* Under tSid remaining part 
7t we write 12, three times the squameof tlie root; and 
dividing 7 bj 12, find for quotient, which is wrhiten hi 
the root. We cube the root 20, which gives 8000 and 
subtract it from 8755, and have 755 for remainder.. By 
tbe side of this remainder we bring down ^e division 
000, and separate the two fi^i^ures on the right i under 
the rei&aining part 7550 we write 1 200, which ia S timet 
the square of the root 20; and dividing 755€Mtf3r 1200, 
find 6 for . quotient, which is written in the root. We 
cube the root £06 and subtract th« product from 87^5009 
and have 13184 for remainder, bj the side of which w^e 
bring down the last division 000, and separate the two 
last figures of it* Under I31840«the remaining part, 
we write 127908, three times the square of 206, the root 
found. We divide 131840 by 127S08, and find 1 for 
quotient, which is written to the right of 206. We cube 
2061, and having subtracted 875455298 1 , the m*oduct, 
from 8755000000, have 447019 for remainder. The ap- 
proximate cube root of 8755000000 is 2061 ; then that 
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of 8755,000000, is 20,61 ; because the > cube contains S 
times as many decimals as its root (54). 

If we wish to e^^tend the approximation still further, 
three ciphers are put after the remainder, and the same 
operation is performed as at each time when a division is 
brought down. 

157* Since, when a fraction is mi}ltiplied bj a fraction, 
the numerator is multiplied by the numerator, and the 
denominator by the denominator; therefore, when a f roe- 
Hon ia to be ctsbed^ the numeraior and the denormruUor 
must each be cvibed. Jlnd redprocallyy when the cube toot of 
a fraction is to be extracted'^ we must extract the chtbe root 

'^ '**'''^^'*^^'* ^^'^ ^^^ ^^ ^^^ ^f ^^ denommaiar. 
Thus, the cube ra0t of.f^ is |, because the cube root^of 

£r is 3, and that of 64, is 4. 

158. ^ut if the denominator only is a cube, we extract 
the approximate root of the numeraior, and give to this foot 

for denominator, the cube root of the denominator. For 
example, if the cube root of ^^ is required, as the nu- 
merator is not a cube, we extract its approximate root, 
which to two places of decimals, is 5,2S ; and extracting 
the cube root of 343, which is 7, we have*'^^* for the ap- 
proximate cube root of ^|| ; or by reducing this fraction 
to decimals (99), l^e have 0,74 for the root aj^roximated 
to two places of deciAwk. 

159. ^ the denofnmoior is not a cube, both terms of 
the fraction are muUiplied by the square of tht denomxneh- 
tor ; the new denominator being now a cube, the operu^on 
is conducted as b^ore. For example, if the cube root of 

'■ -^ is reqwred, we multiply the numerator and denomina- 
tor by 4J^ the square of the denominator ; the fisaction is 
now" }||. which has the same value as 4 (88). The cube 
t^ot of -jtJ is 8»%7 ; or,'iyf reducing it to dectm^ds, 0,75 ; 
the cube root of ^ is tlien 0,75, approximated to two deci- 
mal figures. ' I 
♦ Jf whole nUmbern are joined to fractidns, they are con- 
verted into a fraction'^ the question is then to extract the 
*cube root of a fraction (157 and following). 
' 27ic given fmciion men/ aho be reduced to diSckn^^ 
whether it be accomp(fincd by tvliole numbers or not; but 
care must be taken to extend the reduction to three times 
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^is many decimal figures as are required in the root. 
Thus, if the cube root of 7j\ is required in three places 
of decimals, we change the fraction ^V **^<> 0,2727 ^rsr -2 ; 
.Kence, to obtain the cube root of rA* we extract the 
cube root of 7,272727272, which is 1,937. 

160. TFhen the cube root is to be eoctracied from a 
number, which eonicdns decimah, it must be prepared by 
placing after it such a nun^er of ciphers eis shall make the 
mimber of d$cimal figttres either 3, 6, or 9, ^c. The 
cube root is then extracted in the same mMiner as if no 
de^Anab were in the given sum ; but after the operation 
h4is been performed, we separate, on the right of the root, 
nst many figures for decimals as shall be equal to on^ 
third of &e number of decimal figi^^f^ in the prepared 
^um. Jjf the root found does not dontain so numy figures 
us the rule requires, the deficiency must be supplied by 
placing cyphers to the l^ of the rooL Thus, to extract 
the cube root of 6,54 to three places of decimals, we 
'place after it 7 ciphers, and extract the cube root of 
6540000000, which is 1870. To the right of this root 
we separate 3 figures, because there were 9 decimals in 
the cube, and have 1 ,870, or only 1 ,87 for tlie cube root 
of 6,54. In like manner, we find thftt the cube root of 
0,0006, approximated to two places of decimals, is 0«08. 

161. When the four first figuce^Df the cube root have 
been found by the rufe already exiihnned, others may be 
ohrtained with $;reater facility by aivision, in the fullow- 
iog manner. If the cube root of 5264627832723456 is 
required, we seek the four first figures of the root in the 
iisoat manner; they are 1739^ and 5681413 is the re* 
niainder, after the operation. By the side of this remain- 
der we bring down 72, the two iigures which follow 
5264627832, the part which gftn^4he four first figures of 
the root. (We bring down the three figures which follow 
this part when the root found is expressed by five figures, 
and four, when it is expressed b^ six). We divide 
'568141.372 by 9072363, three times the square of the 
root 1 739, and have 62 for quotient, which are to be 
placed to the rigKt of 1 739 as two new figures of the 
rtiot. And 173962 is the cube root of the given .sum el- 
presseii in wh^le numbei'S. 

N 
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If the operation is to be cootinaeil further, we cube 
this root, and having subtracted the product from the 
given number, place four ciphers after the remainder, 
and divide the whole bj three times the square of 
173962; which gives four decimals fcH- the root. 

ftXAMPLBS FOR PRACTIOE. 

1. AVhat is the cube root of 1092727 ? Ans. 103. 

2. Wliatis the cube root of 27054036008 ? 

Ans. S002. 

3. What is jjc '.ube root of ,0001557? 

Ans. ,05158, &c. 

I. V»'hat is i\\c :■ !>o root of ^f-|g ? Ans. ,67, &c. 

5. AVhat is the cvib.- root of 4 ? Ans. ,873, &c. 

6. The statute bushel contains 2150,4197, &c. cubic 
inches ; what is the sido of a cubic box which shall con- 
tain the same quantity ? Ans. 12,907, &c. inches. 

7. A cube of silver, whose side is 2 inches is worth 
CO dollars ; what will be the side of a cube of silver 
whose value shall be 8 times as much ? Ans. 4 inches. 

Note.— To solve such questions as the preceding, 
cube the given side, and multiply it by the proportion be- 
tween the given and required cvbe^ and the cube root of 
the product udll be the required sidcm 

8. There i^ a cubical vessel whose side is 4 feet ; what 
will be the side of another cubical vessel tliat shall c.on- 
tain 4 times as much ? Ans. 6,349, &c. feet, 

* 9. A cooper, who has a cask 40 inches long, and 32 
inches at the bung diameter, is required to make another 
cask of the same shape, but which shall hold just twice 
as much; what wiit be the length of the new cask, and 
its bung diameter ? 

Ans. 50,3, &c. inches length; and 40,3, &c. in. bung diam« 
10. What is the- cube root of 12,977875 ? Ans. 2,35. 

II. What is the cube root of 36155,027576 ? 

Ans. SS,06, &c. 

12. \\ hat is the cube root of ,001906624 ? 

Ans. ,124. 

13. W hat is the cube root of 12|| ? Ans. 2,3, &c. 

14. V\ bat is the cube root of Sl^^V ^ ^^^^* ^»^^ 
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' 15, What is the cube root of 7| ? Atis. t,93>&c. 

1 6. Whart is the cube root of % ? Ans. 2,092, &c. 

17*. If a block of marbie be 47 inches long, 47 inch'* 
es broad, and 47 inches deep, how many cnbical inchea 
does it contain ? Ans. 1038£S. 

18. A cellar was dug 1£ feet long, 12 feet broad, and 
' 1 2 feet deep ; how many solid feet of earth were taken 

out of it? Ans. 1728. 

1 9. How many cubes of 3 inches are contained in a 
cubical foot ? Ans 64. 

20. A certain stone of a cubical form contains 474552 
solid inches ; what is the superficial contents of one of its 
sides ? Ans. 6084 inches. 

521. What are the two mean proportionals between 6 
ami 16:3 ? Ans. 18 and 54. 

Note. — To solve sucli questions as the last, divide the 
greater extreme by the less ^ and the cube root of the quo- 
lient multiplied by the less extreme gives the less mean ; 
multiply the same cube root by the less mean^ and the 
prdduct mil be the greater mean proportioned* 

22. What are the two mean proportions^ between 4 
and 108? Ans. 12 and 36. 

23. What is the cube root of 389017? Ans. 7^. 

24. What is the cube root of 3246 1 759 ? Ans. 319. 

25. What is the cube root of 259694072 ? Ans. 638. 

26. What is the cube root of 220698I0I25? 

Ans. 2805. 

27. What is the cube root of ,001906624 r Ans. ,124. 

28. What is tlie cube root of 219365327791 ? 

Ans. 6031. 

29. What is the cube root of i5926,972504 ? 

Ans. 25,16, &c. 
50. What is the cube root of 6733730971^5 ? 

Ans. 8765,. 



RULE FOR EXTRACTING THE ROOTS OF POWERS 

IN GLNKRAU 

Prepare the given number by separating it intodlW' 
i'jra if as tnanyjigures as the root required directs. 
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Itnd thtfirsifigurt of (he root by triat, and mhirad 
its power from the given number. 

To the remainder bring dovm the ftrsl figure of the 
next dtrision, and call it the dividend. 
' Involve the roat^ which has been found, to (he power 
next Below the given one, and multipfy it by the numbet^ 
expressing the given power, for a divtsor, ^ 

find how many times the divisor is contained in the 
dividend, and the quotiint will be another figure qf ike 
root. 

Involve the whole root to the given power, and subtraei 
it from the given mimber as be/ore. 

IJring down the first figure of the next division, f& the 
remainder^ to form a new dividend ^ to which find a neUt 
divisor as before ; and so on, till the whole root be ejp* 
tracted. * -^ 

BXAMPLK8 JTOR ITIACTICE. 

1. What is the fourth root of .19987175376 ? Ans- 378. 

2. M hat is the fifth roott>f 307682821106715625 ? 

Ads. 3145. 
-3* ^ Irat is the cube root of 5^X57^7^ ? Ans. 376. 
4. What is the sixth root of 4357£8-8l009S67«a98a^ 
9764416? -. . Adb. ^7534. 

T 

KATIC5S, PROrORTlOyS, FROGKESSIOK?, akd RUiXS, 

IH^HICB DEFJS^D UPOK THEM. 

1G£. In Matheroatics, the words ratio and relation 
liave the same signification, both expressing the result of 
the comparison oif two quantities. 

163. If in the comparison of two quantities the object 
be to know how much the one surpasses or is surpassed 
by the other, tlie result'of this comparison, which is the 
difference of the two quantities; is called their .^rith- 
Tnetkid Ratio. Tfius,if we compare 15 with 8 to know 
wliat is their difFiir«i«e, the number 7, which is the re- 
sult of this comparison's the arithmetical ratio of 1 5 to 8. 

, 'i'o sbow that two (quantities have been compared in this 
manner, we separate |bein by a point ; thus 15-8 sigDi-- 
ties t! ,^t we have considered tie i^rithmetical ratio of 
15- to 8. 

1 64. If in the comparison of two quantities the otj^ect be 
{o know how manj times one contains or is contained in 
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^e other, the result of this co^iparison is called their Geo- 
mahic^ Baiio, For example^^ if we compare 12 witli 3 
t^now hoMr raanj tiaies IS contains 3, the number. 4, 
.which expresses tbe number of times, is the geomeirical 
ratio of 12 to 3. . T^AoHf diat two quantities have beeti 
compared in tlfis manner, we separate them by two points. 
This etpce9mn- l^ : 3 signifies that we have considered 
thee^o^^ictat aratioof 12to 3, . • . 

165. Vhfsb two quantities have been compared, the 
£rst which is written or enuBciatBd is called the aniece- 
denty and the other, the conseguenL Thus, in the ratio, 
12 t 3) 12 is the astecedent and 3 the consequent, and 
both are called the terms of .the ratio. . 
' l66. The arithmetical ratio oT two quantities is found 
hj subtracting Ae less from the greater. 

I6r. Tto geometrical ratio of two qatBtities is found 
bjr dividing one by the other* 

- 168. Tms tfttio will lie determined hereafter by divid- 
ing the antecedent by the consequent. Thus, the ratio 
of 12 to 3 is 4, and tlfb ratio of 3 to 12 is ^^ or i. 

1^. An arithmetical ratio is not altered by adding the 
9«9e quantity to both of its terms,. or by subtracOtig the 
same quantity from them| because the difference, in 
which the ratio consists* remains the same. 

iro. A geometrical ratio is notnltfBred by multi{diying 
or dividing both of 4ts terms by the same number $ be- 
cause the geometricid ratio consistbg (16S) in the quo- 
tient of the divisiott-of the Antecedent by the consequent, 
IS a fractional Quantity which is not changed (88) by 
inultiplying or aividing both its terms by the satt»e num- 
ber. Thus, the ratio 3 : 12 is the 8am« as that of 6 : 24, 
which is obtained by multiplying the tenfts of the first 
by 2. It Is also the same as that of 1 : 4, which is found 
by dividing them by 3. 

If !• This property is useful for simplifying ratios. 
For example, if we wish to examine ^Hji^jmio of 6| to 
ia|, we say, reducing the whole to ai^ction, it is the 
same as that of y to ^ ; or, by redjiMg them to a com- 
mon denominator, the same as th^of ^^ to ^-f/ ; or by 
suppressing the denominator 12, vi\ich is the same as to 
multiply the terms of the ratio by "^2, the ratio is th^ 
same as that of 81 to 128. S- 

N2 i .. 
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If 2. When f(ittri|iiantitie8 are snch, that the- raitiD be- 
tween the two first » the same as the ratio betwaai 
the two last, these four quantities form a proporivm^f 
and the proportion is either urithmeticai or geonetriieal^ 
•ecording as the ratio in the pn^rtion is aritbmeticai 
^n* geometrical. 

The four quantities 7,9,12,14- form an arithmetital pro- 
portion ; because the difference between the two firet is 
the samcras that between Ae two last. To show they 
form an arithmetical proportion^ we write them thos^ 
7*9:12*14; that is. We separate the terms of each iati# 
by a pdint, and the two ratios, by two points* The point 
wl^icn separates the terms of «ach ratio, signifies is t9 4 
and the two points, -^tSh separate the two ratios,, signir 
fy as. ^Themore, when the propordon, written abore^ 
is -enuDciated, we say 7isto9a8l2isio 14. 

Th^ four quantities 3,15,4^20, f^rm a geometrieal pro-r 
portioOfbecanseSiscontainedin l5asoften as4hicontain- 
cd in 30. T<» show they form « geometrical proportion, we 
write them thua, S : Id s 4 : 20 ; tftat ia^ we separate thd 
terms of each ratio by two points, and tlie two ratios, by 
four points. The two points 'sigmfy is io^ and the four 
points iignify <»>.'^ 'Hence, we \&j S is ia 15^ as 4 is to 20. 

The letter to distinguisk between an arithmetical and 
l^ometrical proportiotf, in the enunciation let tiie word 
as precede the word orUkmeHeiMf or geomeiricsUfy^ as 
tiie case may be. Thus, in an arithmetical proportion 
r is to 9 as (arithmetically) 12 is to 14 ; and in a geom^- 
rica! proportion, S is to 15 as (georoetricallj) 4 is to ^0. 

173. The first and last terms of a proportion are catN 
ed the extremes ; the second and third, or two middle 
tei ms, are called the nig<m«. 

. As there are two ratios, and consequently two aoto« 
cedents and two consequents, we say> for the first ratio^ 
first aniecederU,JirH consequesni ; and for the secmid ratio* 
second ante^d^t^ secmd consequent. 

174. When th^ two mean terms of a proportion ar« 
equal, the propofiitn^ is called a continued proportiea. 
5 • 7 : 7 * 1 1, form a co^inued arithmetical proportion, and 
are written in this maiiner ^ S • 7 * 1 1 • Tlie four points 
and bar which pr^c^de the proportion, show, that in thfi 
enunciation, thejiiieaQ term, which, in this caoeis 7^\ Wi^ 
be repeated. ^ 



The proportion 5 : SO :; 20 s 80 is a continued geomet^- 
rtcal proportion, and bj abbreviation is* written thus, 
rJt 5 : 30 : 80. TKe use of tbe four points and bar is the 
same ae in an arithmetical continued proportion. 
' ir5v It follows fpom what baa been said concerning, 
^ometrical and arithmetical proportions. 1 st. That if ia 
an arithmetical proportion we and, to each of the<antece^ 
dents 4>F subtract from each, the ratio or diflTerence, which 
aobsists between the terms of the pcoportion, according 
as the antecedent is less or greater than its. consequent, 
Aen. each antecedent will become equal to its conse- 
i|nent r because we give to the^araaller term of each ra- 
tio what is wanting to make it eqa^%ta the greater,' or 
fiiibtract from the greater* that br^Miirhich it surpasses the 
less. Thus in the proportion 3*7:8'!^, add to the first 
and third terms, the number 4, which is. the ratio or dif- 
ference between the antecedents and consequents of the 
.two termSk and lye have 7 * 7 : l^ • l£. It is pUi^i, this is 
a general pn>pert7. ^njil. If in a geonv^trical proportion 
we multiply each of the two consequents byUhe. ratio, 
thev will become^qual, each 4a its anteQedent; for to 
moitiplv the conseqaoat b^ the mtip, is 4a take the con- 
sequent as many times as it is contained m the ant«cedent^ 
Thus, in the proportion 12 ; 3 :; 20 : -5, if we tnultiply 3 
and 5, each by 4, we shall have 1^: 12;: 30 : 20, In like 
mannisr, in the propprtiem 15 1 9 :;45 ; 27, if we multipl? 
9 and 27, each by !%' or }, which is the ratio,, we shall 
have 15 s 15 :: 45 s 45. 

FRQPBJITIES OF ARITHMETICAL PROPORTIONS. 

176. The flindametital property of an arithmeticai 
proportion is, that the sum of ikif esetremes is equal to the 
sum tf the means. For example, in the proportion 3 • 7 : 
8 * 12, the sum of the extremes 3 and 12, is 15, and it is 
equttl to the sum of the means 7 and 8. It is plain, this 
is a general property. For if the two first terms of the 
proportion are equal, and alsd>' the tvte last, as in this 
proportion, 

7-7:12»li, 
the sam of the extremes wHl evidently be equaf to that 
of the means. But every arithmetical* proportion canbl^ 
deduced to this condition (1 75), by addii^ ^^ ^^^ antece^ 
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(lent Or sabtracting from it, the diflference between tiie 
terms of the proportion. This addition, which auvmenta 
equally the sum of the means and the sum of the ex- 
tremes» cannot change the equality of their two sums* 
Hence, if they become equal bj this addition, they were 
equal before the addition was made. The reasoning is 
the same in case of subtraction. 

177. Since, in a continued proportion the two meaa 
terms are equal, it follows from what has been shown, 
that the sum of the extremes must be double the mean 
term ; or, the mean term is half the sum of the extremes. 
Thus, to find the mean term between 7 and 15, we add 
7 to 15, and takiiig half their sum, have 11 for the mean 
term. The proportiio is tiien written in this manner, 

•r 7 -11 -15. 

PROPERTIES OF GEOMETRICAL PROPORTIONS* 

178. The fundamental property of a geometrical pro* 
portion is, that the product of the extremes is equal to the 
product of the means. For example, in this proportion 
S<: 15 :: 7 : 35, the product of 55 by 3, which is 105, is 
equal to the product of 15 by 7. It is plain this property is 
common to every geometrical proportion. For if the an- 
tecedents are equal to ^their consequents as in this pro- 
portion 3 : 3 :< 7 : 7« the product of the extremes will evi- 
dently be equal to the product of the means. Bat every 
proportion can be reduced to. this condition (175), by 
multiplying the two consequents by the ratio. It ts.trae, 
this multiplication will make the product of the extremes 
a certain number of times greater than it would have 
been, if no muItipUcation had been made i or, if the ra- 
tio be a fraction, a cerlipii. number of times less ; but the 
product of the means will, at the same time, be proportion- 
ably au^ented or diminished* Then* since, after mul- 
tiplication, the prodnct of the extremes is equal to the 
product of the means^- these two products must have been 
equal before the multiplicatioh. The product of the ex- 
tremes and means may. then be taken reciprocally for 
each other. 

And in u corMnued proportion^ the product qf the ea;- 
tremes h e^^uaito the 9quare of the mean term* because, 
the two mean terms being equal, their ^product is tho 
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square of either. Then, to find a ^ometrical ipea.n be- 
tween two given numbers, we multiply the numbers to- 
gether and extract the square root of their product. 
Thus, to find the geometrical mean between 4 and 9, we 
multiply 4 by 9, and from 36 their product, we extract 
the square root 6, which is the mean proportional sought. 

179. It follows from the fundamental property of a 
^ometrical proportion, that if three terms of a propor- 
tion are known, the fourth may be found by multiplying 
the second by the third and dividing their product by the 
first. For it is plain (174) the fourth term may beiound 

by dividing the product of the extremes by the first terihr 
But. this product is the same astli/eprpductof themeans* 
Then the fourth term may also be lonnd by dividing the 
product of the means by the first term. Thus, it Uie 
fourth term of a proportion be required, the three first 
of which are 3 : 8 :: 12 ; we multiply 8 by 12, and divide 
the product 96 by 3 ; the quotient 32 is the fourth terra 
sought. Hence 3,8,12,32, form a proportion; and the 
first ratio is | and the second j|, which (89) by dividing 
both terms by 4, is also |. 

By simitar reasoning, any other term of a proportion 
may be found , when three terms are already Known. 
When the term required is an extreme, the two mean terms 
are multiplied together and their product divided by the 
known extreme; on the contrary, if « mean term la re- 
quiredy the extremes are multiplied together and their 
product divided by the known mean term. 

180. This property of the equality between the pro- 
duct of the extremes and the product of the means, can 
belong only to four quantities m geometrical proportion. 
Hence if wci^ftve four quantities which do not form a 
geometrical proportion, on muMiplying the consequents 
by the ratio between the two first terms, the first antece- 
dent only will become equal to its consequent. For ex* 
ample, it we have the numbers 3,12,5,10; after multi-^ 
plyniK the consequents 1 2 and 10 bjr ^, the ratio iietween 
two first terms, we then have 3,3,5, y^, in which it is 
plain, that tht product of the extremes cannot be equal 
to the product of the means. These products then 
vrould not have been equal, if the consequents had been 
mirltiplicd by the ratio ^. It is plain^ this reasoning may 
be applied to all other case^. 
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• Then, ifjwir ^pumlitie$ are suek^ that ike product of 

the extremes is eaual to the jtroduct of the meanSy these 

four quantities form a proportion. From this principle 

is deduced the ftfUowing second property of proportions . 

1 81 . If four quantities are in proportion, they will con^ . 
tinue in proportion, although the extremes be put in place' 
of the means, and tli€ means in place of the extremes, 

1 82. The same property remains, that is, the propor^ 
tton still continues, altnough otie extreme or one mean be 
made to occupy tlheydace of the other. 

And in all cases it is easy to prove, that the product 
of the extremes is equal to the product of the means. 
Thus the proportion 3 : 8 :>12 : 32. by a single change of 
its terms, furnishes the .following proportions. 

3: 8 ;; 12 : 32 
3 : 12:: 8 : 32 
32: 12:: 8 : 3 
32 : 8 :: 12 : 3 
8 : 3 :: 32 : 12 
8 : S2« 3 : 12 
12 : 3 :: 32 : 8 
12 : 32 r: 5 : 8 
Any oti>eF-propeFtion may be treated in the same man^ 
ner, 

183t In as n^uch as the third term may be put in place 
of the second, and reciprocally, it is inferred that tho 
fUHf antecedents may be nmUipiied or divided by the semie 
number without changing the proportion $ ctnd aiso the 
two consequents^ For in making this change, the two 
antecedents of the given proportion will form the first 
ratio; and the two consequents, the second ratio. Then^ 
to multiply the two antecedents of the firti proportion* 
is the same thing as to multiply the two terms of a ra- 
tio, each by the same ntimber, which does not {170) 
change that ratio. For- example, if we have tlie propor- 
tion 3 : 7 :: 12 : 28^. then» after dividing the* two antece-^ 
dents by 3, wc say 1 : 7 :: 4 : 28 ; because, ii»m the pro <^ 
portion 3 : 7 :: 1 2 : 28, we may infer (182) that 3 : 12 :: 7 t 
28; and after dividing the terms of tlie first ratio by 3; 
1 : 4 :: 7 : 28 ; which ( 1 82) may be changed to 1 : 7 ::4 : 28. 
\ AS4. Every change made in a proportion^ m such man* 
^/tr, that the sum of an giKdecedent and its consequent, or: 



ikeir diffetenct, may be compared with the anUcefient ar 
consequent, (after the mtne manner in each ratio), wHl 
form a proportion. 

For example, if we have the proportion 

12 : 3 :: 32 2 8 
"we can deduce from it the Ibl lowing proportions. 

IQpfus SiS:iS2pms 8:8 . 
or 12 minus 3 : 3 :: 32 minus 8:8 
ovlQ plus 3 : 12 :; 32p/w5 8:32 
or 12 minus 3 : 12 :: 32 minus 8 : 32 

For, if the consequent be com ]f>ared 'with itsantece* 
dent, it is plain that the antecedent, augmented ordiniin- 
iahed by the consequent, will contain the" consequent 
once more, or once less, than belbre» And as this com- 
parison is made in the same manner for the second ra- 
tio, which, from the nature of a proportion, is equal to 
the first, it necessarily follows, that the two new ratios 
will also be equal* 

If the antecedent be compared with its consequent, 
the same reasoning is folio weil, by supposing in the pro- 
portion upon which the change is made, that the antece* 
tient of each ratio is put in place of its consequent, and 
the consequent in place of its antecedenti(181). 

185. Since, ^hen the third term of a proportion is put 
in place of the second, and rei3l|wecany, there is no 
change in tlie proportion (182), it in«y be inferred, that 
the two antecedents contain each otiier as often as the 
two consequents. Then, the sum of the two antecedents 
in every proportion contains the sum of the two conse- 
quents, or is contained in it, as many times as one of the 
euitecedentn contains its consequent, or is contained in it. 
For example, ita the proportion 

12 ; 3 :; 33^'i & 
12 plus 32: o plus S s; 32 : 8. And to prove this a general 
property^ we may otwerve, that if the first antecedent 
contain the second, fotir times for instafi^e; the sum df 
the two a:nteeedents will contain the second, five times, 
and for the same i:eason, the sum of the consequents will 
contain the second consequent 5 time«. Then the sum 
of the antecedents will contain that of the consequents 
as often as the quintuple of one of the antecedents con- 
tains the quintuple of its consequent; that is (170), ais 
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'ofte0 as o«« of the anteeedeats contains its consequeat 
In like manner, it may be woved, that the diij^rence ai 
the antecedents is to the oifference of the consequents, 
as ore antecedent is to its consequent. 

186. It is plain from the proposition which has been 
demonstrated, that if two eqtval ratios, for example Ait 

of 4:12 

And that of . . •• . T : 21 



11 s 33 
arc added tr^jr^ther, the snros of the two antecedents and 
t^vG ronsrc':ent8 will have the same ratio. Then, if 
many e-jUu'l raitM are given, the eumofaU th$ anieeedam 
is *d the mm of cUihe consequerUSy as one tmieeeimt t9 
to its consequent. For example, if we have the eqwil 
ratios 4: 12 ::7: 21 ::£:€, we can say 4j»&<9 T/iluAd. are 
to \2plus 21 plus 6, as 4 is to 12, or as 7 is to 2], jScc. 
For, after having added the antecedents of the two first 
ratios, and their consequents, the new ratio, (which, at* 
cording to what has been shown, will be the same as that 
in each of the two first,) will also be the same as the 
third. Hence, if thejr be added together, the resolts 
will have the ^me ratio ; and so on. 

187. ^ compound ratio is the ratio, which results from 
two or more ratios,- whose an^ced^ts and consequents 
are multiplied together* For example, if we have the 
two ratios 12:4 and 25 : 5, 300 will be the product of the 
antecedents 12 and 25; and 90 will be the product of 
-the consequents 4 and 5. Then the ratio t)f 300 to 30 
is what is called the compound ratio (^ 12 to 4 and of 
25 to 5. 

1 88. This ratio is the same as that which would have 
resulted, if each of t&e composinff; ratios had been taken 
separately, and the numbers composing them multiplied 
together/ Thus the ratio of 12 to 4 is 3, that of 25 to 5 
is 5 ; b'i^ three times 5 make 15, which is tlie ratio of 
500 to £0. That this is a general property may be seen 
if we obs- rve, that (168) Hie ratio of two quantities is 
measured by a fraction, of which the alitecedent is the 
numerator ind the consequent the denominator. Then, 
the compoi.nd ratio must be a fraction v hose numerator 
ts the product of both the antecedents^ and. whose df - 
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Bominaior is the product of both the . consequents ) it is 
therefore, the product of two fractions, which express 
the composing ratios. 

jBtf; IT two ej^ual ratios are multiplied together, the 
cbaipoqad r&tio is called the double ratio ; if thre^ equal 
ratios are multjphed tc^ether, the tripie ratio ; and the 
^/Ud^hrufte rolio, when ^ur equal ratios are multiplied 
tQg^<fcther, 4nd so on. - For example, if we multiply the 
ratio, of ^. to 3 hf that of 4 to 6, which is equal to it, we 
shalf f6rm the c6mpobnd ratio of 8:18, which is called 
the ddtibh rHtio of the ratio of 2 to 3 qr of 4 to 6. 

19(k' jff" two proportions are multiplied in order; that 
ii, ikeAr$t term of one by thejlr^t term of the other, the 
$eeonaby the second, and bo on ; the four renUting pro- 
ducts tvSt be in proportion. '' For this murtiplication is the 
multipUcation of two equal ratios bv two equal ratios 
{179) ; then thef compound ratios, which result, must be 
equal ; the products, tnferefore, m^st be in proportion (l 72). 

191. Hence it is inferred, that the squares, cubes, and 
in general, the tike powers of four quantities in propor^ 
lion, are also in proportion. Because, to form these pow- 
ers, nothing is required but the successive multiplication 
of the proportion bj itself a certain number of times. 

192. .7rt« square roots, cube roots, and in general, the 
like roots of four quantities in proportion, are also ivcpro- 
portion^ Because, the ratio of tne square roots of the 
two first terms, is the same as the square root of the ra- 
tio of these terms (142 and l6r) ; the same is true of the 
ratio of the square roots of the two last terms. Then, 
a« ih^ two primitive mtios are supposed to be equal, 
their square roots will also be equal ; hence, the ratio of 
the square roots of the two first terms will be equal to the 
ratio of the square roots of the two last terms. The 
same property beloqgs to tiie cube and higher roots. 

VSESr OF TH& PRECSDiNa PROPOSITIONS. 

193. The propositions, which have been demonstrated, 
and which are called^ the Rules of Proportions, have 
continual application in all branches of Mathematics. 
But in this treatise we shall coitfiiie ourselves to such as 
j^rtain to ArithraVlic, uwA commence with the proposi- 
tion laid down in article (1^9), which is the foundation 
upon which in )st of the others de|jeud. 
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SIMPLE RULE O? THHEE DIRECT. 

194. There is a distinctioii made of the niles of 
into several kinds; but thej all have for ibeir object to ^ 
find ope term in a proportion, of which three are already 
known. 7%e simple iule of TTiree Direct is called dm* 
pie, because the enunciation of the queationsi to which it 
applies, comprehends only four terms^ three of whicli 
are known, and the fourth is to be fouiid. It is called 
direct, because, of the four quantities c'ohsidc^red, there 
are always two, which are not only relative quan- 
tities to two others^ but which d.epend upop them in such 
manner, that one of these quantities contains the other or . 
is' contained in it> as ofteii as the quantity relative to the 
first contains the quantity reladve to the second^ oir is 
contained in it. ' The following is a more abridge^ metb* 
od of expressing the same pnnciple ; any qwmtity. and 
Us relative may always be, xedprocalty, either antecede^ti 
9r cwisequent %n a proportion. This is not a.property of 
the rule of Three Inverse, as will be seen hereaher. 

The method for finding the fourth term of a nnmrtion, 
and, consequently, for performing the Simpfe nule ^^ 
Three Direct, as explained in article (179), is as follows^; 
MuUiply the second atid third terms together and dividt 
their product by the first : the quotient will be the answer, 
or fourth term sought. '1 he following examples will ex- 
plain the various uses of this rule^ 

E3UMPLK I* 

. In a certain time 40 labourers boilt £68 tqAb of ^rall ; 
it is required to know how much 60 kbojirers can buitd 
in the same time ? 

It is plain, t^t the mimli^ of rods most be aui^ent- 
ed in proportion to the number of labourers ; wheralqre, 
if the number of latKMlrers be doubled, trijded, )kc. die 
number of rods must be doubled, tripled, &c. Hence, 
the number of rods sought must contain the ^iven num- 
ber 9,Qi rods, as often as the numpor 60, which Js celar 
tive to the first, contains the number 40, relative ^ the 
second. Therefore the fourth term of a proportion, miut 
br sought, which commences with these tbree; 

40 : 60 :: ie68 R : 
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Or, (by divicfing the two first terms^ each by 20), which 
is p^iiiitted (170)) with these thi^e ; 

^ I S 'A ^68 R t 

Then, according to the diroctioi^ in article (179), we 
mtiltiply 268 iU by 3, and divide the product 604 by 2, 
which g^ves for quotient 402 R. ; and cbqsequeotly, 403 
i^ods fcAr the wall built by 60 labo^rers^ 
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A ship with *^e Mtac wind sailed 4^5 leagues in S 
^ays ; it is required to know in what time she will sail 
^000 leagues; all circumstances being equal? 

The length of time will evidently oe in proportion to 
the number of leagues ; then the number of days sought 
must contain 3 day6« as often as £000 leagues contain 
*^75 leagues. Hence the fourth term of a proportion 
miist be sought, which commences 'with the three foUow-* 
ing <». . . . ; 275 : 2000 :: 3 : 
Multiplying 2000 by 3 and dividing the product 6000 
%y 275, we b<av6 21 f-j days for the answer, or fourth 
term* • .... 

.» - ' ■ ' . 

XXAMPLS III. 

' • « * 

If . 52P. 4ft. 5in/ of work cost £168 9s. 4d., what 
oodit 77F. 1ft. Sin. to cost? 

The price of 77F. 1ft. $n, roust contain £168 9d. 
4d., the price of 52F. 4ft. 5in., as many times as 7rF. 
1ft ^Biir. oentain 5'2F. 4ft. Sin. We must then seet 
the foiifth term <if a propoiiion, which commences with 

55rtL 4ft. «n. : rrV. itt: sin. :\ /TlftB 98. 4d. : 

That is, we must multiply jg 1 68 '9s. 4d.by 77F. 1ft. 8ih. 
land divide ^e product by 52F. 4ft. 5in.,. which is acr 
cotnplished by following the direction in articles (12^ 
and 1^)* But the simplest method of operation is to 
red«c€ the two first terms to units of the lowest kind 
contaiBed in them, that is, to inches ; the question then 
18 to find the fourth term of a proportion, which com^ 
mencefl with these three ; 

3797 J 5564 :: £16B 98. 4d. : 
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Then multiplftng ^168 98. 4d. by 5564 we hare >C9SrS4t 
lOs. 8d. ; dividiDg this sum bj 3797, the ^uotieat j8^4S 
179. Sii. Ifll will be the price tp be paid for 77F. Ifl. 
Sin. 

If fractions are ih the given sum, after. haviDg reduced 
the two terms, which are of the same kind, to their low- 
est denominatien, a? in the last example, the ri^tio ef 
these two terms may be simplified in the manner tx- 
plained in article (171}. 

]|XAMPLES VOR FRACTICK. 

I. If 2 yards of muslin cost 4 shillings, what will 6 
Yards cost ? Ans. 1^. 

S. If 10 shillings will pay for £0 pounds of beef, boV 
many pounds will 56. pay for ? Ans. 10 lbs. 

3. If 1 pound of sugar cost 9d. what will 2cwtv 
2qrs. lOlb. cost ? Ans. ^10 17s. 6d. 

4. If 12 bushels of wheat be worth 816, bow much are 
48 bushels worth ? ' AnS. 864. 

5. What will 1£B pounds of pork come to at 8 cents a 
poond ? An*. glO,^. 

6. What is the value of a pipe of wine at lOd". *2qrff. 
per pint? Atts/^5ja 178. 

7. What is the vahie of Icwt. 2qrs. of coffee at 5d* 
Sqrs. per ounce? Ans; jf 61 ISs; 

8. now much will T5 pounds of almonds tEH>me to at 
<i7^ cents per pound ? ^ Ans. S\^8,12i. 

9. If 1 dozen of penknives cost 8^50, what will 4 
dozen come to ? Aqs«.81^« 

10. What is the tax upon £745 14s. 8d. at 3s. 6d. ia 
the pound ? Ans. ^130 IDs. 0|d. -f}^. 

II. V\hat is the value of £qrs. Ina. pf velvet at 
198. 8d. £<iis. per ell l^glish ? Ans, 8s. Id. lj|t|r.^ 

12. At 8^>^^ pei* thousand, what will 37 thoiisana of 
boards come to ? Ans. 2d3,50. 

13. If 3 and 4 make 9^ what will 6 mi B make ? 

14. How m^ny quarters of corn may be purchased fpv 
8140, at 4s. a bushel I Ans. 26 qrs. i bu. 

15. If Icwt. of iron be wortli ^1 8s, what is-33cwt, 
I^r. 221b. wortli ? Ans. ^46 16s, 6d, 



ARITHMETIC. 149 

16. B owes iCi^ilQ 17s. 6d. and he is worth but/;l324 
18s. Sd. Iqr. ; if he deliver this i» biy creditors, what 
do they receive on the pound ? Ans. 12s. 6d. 

ir. A merchant failing in trade owes in all 829475 
and delivers up his whole property, worth 821894,3; 
how much per cent, does he pay, and what is B's loss to 
whom he owed 83:25 ? Ans. He pays 874,28 per cent. 

And B. loses 8&3,59cts. . 

18. A silver smith boujssht 73lb. 5oz. 15dwt. of sil* 
ver, for which he paid 59* ^* per oonce; what was the 
amount r Ans. ^8253 9s. 4d. 3qrs. 

19. A French crown is 88. 3d. Pennsylvania currency, 
how many pounds of that currency are 100 French 
crowns? An?. ^41 5s. 

"20. If 8100 gain 86 interest im one year,, how much 
will 8480 gain in the same time ? Ans. 28|80cts. 

21 • If a man spend 46 cents a day, what will it amount 
to in a year ? Ans. 1 67,90cts. 

22. VV hen a man's yearly incom.e is 8949, what is it 
per day ? Ans* 2>60cts» 

23. What will a hogshead of sugar come to weighing 
7cwta 3qrs. at 810,62cts. 5ra. per hundred weight P 

Ans. S82,34|cts. 

24. A captain of a ship is provided with 180001b.. of 
bread for 150 seamen, of which each man eats 4lb. per 
week ; how long will it last them ? Ans ► 30 weeks. 

25. Bought 4 pieces of cloth,. 2 of which contained 
27^ yards each, and the other two 25 J yard&each, at 6:2^ 
oients per yard ; what was the cost ? Ans. S66,56^ts-. 

26. If a person having a salary ol 81 333 a year, spend 
82^14cts. a day, how much will he save in a year ? 

Ans. 8551, 90cts. 
£7. How long will 229olb. of beef last 45 seamen if 
%ey receive lib. each, three times a week ? 

Ans. 17 weeks. 
28, If a staflf4'feet long cast a shade on level ground 
7 feet, what is the height of a^ steeple whose shad« is 
198|?^t? Ans. 113|fc^it. 

• 29. it a man's income be gB9O,50cts. a ^eur ; how 
much mayiie spend each day to suve 8l^^^ > ntLS. eve- 
ry year ? Aiis. S-,11'— 

02 
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SO. BMght 40 tabs of hattf^ weighing S6ewt. 2qr0. 
141b. net, for S4r2,2ct8. pftkl coMenge l^cts/ per 
tub ; salt and labour S4,8dcts. Btetlls $ storaee 86,48 
cts. What was the cost of the batter per poui^P 

Ans. llcts. 9in. 

dl. Wbatwill 12 gallons of oil come to, if 6 gallons 
cost 188. Am. S6s. 

S2« What will 4hhd. of rotn come to, containing^ as 
fellows, the first 101^, the second %}, fli'e thh*d 894, 
and the fiMfth 111| galtooff^ if 6| ^kMMCofet S6,!0 
cts. ? Ans*. 4^,20cts» 5id. 

33. If 1000 feet of boards are worth 211|lSct8.| 
What lArill be the pnce of 17221 feet ? 

Ans. 8191,49cts. 7 &c. m. 

34. If &^ dozen of pigeons are worth 65ctf ; whalk 
will be the price of 29| dozeo ? Ans. B3,9rts. ^m. 

35. If 65 bushels and 1 peck of corn wete oonaiiraed in 
a faniilj of 6 persona; what qoantitj would be sufficient 
to support a bmily of £2 persons for the same time? 

Ans. SS9^ bushritw 

86. How manj times woirtd a wheel I6ft. Sin. in cir- 
cumference turn rouod in passing the globe u,pon the 
equator ? Ans. 7015774^. 

87. If the earth make one revolution in a solar daj^ 
how long is it in passing one degree I Ans. 4 minutes. 

38. If the sun is 4 minutes in passing one degree, 
what is the difference in timn of ks coming to the meridif 
an at two places 20 degrees apart I 

. . Aii9<^ 1 hour 20 nunutes. 

S9r What ia the insurance upon 03472 at 34 per cent ? 

AnSi lsl,52ets. 

40. If half an acre of hmd b worth t59,206ts«, what 
is the price of 1| acres ? ♦ Ans. 8148. 

41 . What is tlie value of S642 agjEtinst an estate whicb 
can pay only 69 cents on a dollar I Ans» B442498cfts« 

42. There is a cistern having 4 cocks ; the Ht emp- 
ties it in \5 minutes ; the 2# in 30 minutes $ ^ 3dr «i 
45 minutes; and 4th in 60 minutes; in what time 
would it be emptied if they w^re aU fuifttng toge^er ? 
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15 : 1 :: 1«0 i 8 
SO : 1 :: ISO : 4 
45 : 1 :t ISO : 2f 
60:1:: 120:51 



t6f 
cii. mm. CIS. 
16f : 120 :: 1 : 7 min. 12 sec. Aas. 

43. If ^21 12» be paid for buildnig 60 rods of kfone 
irall,4ww muck luvst l)e ptid for llieteiMing of 96 rod^ 

Ans.X34 11-^. 

44. What must be ^ven for 4 9^ yards of broadcloth * 
if $ yards of the like kiad cost ^^19 lis. 6d. ? 

. Ans. Jei27 4s. 9d. 

45. If ^^ of a ship cost £^7S 2s. 6d., what is ^ of 
her worth ? Ans. £Z9.7 128. id. , 

46. How moch hind at 82',dOct5: per acre must be 
gmxk in etcbange for S60 acres, at 83,75ct9. per Here ? 

Ans. 540 acres. ' 

47. A man having a pnece of htid to plant, hired t^ 
1«(B and a boy to piant it ; one of die men couM plant 
it in 12 days, ,^e other in 15 days, and the boy in 27 
days ; in how long, time might they plant it if tney all 
woi^ed together ? Ans. 5,546 days. 

48. A merchant sold a quantity of goods far S243,0d, 
by wMch he gained ^ of the first cost What was the ^rst 
cost, and what did he gaki'? Ans. if he gained | of tho 
first C06I, S24S,00 are { of the first cost ; hence the first 
cost wad &216, and the gain 827. 

49. A merchant sold a quantfty of goods for 8187,06 
by which he lost i of the first cost. What was the cost 
of Ae -goods, and what itas the loss ? Ans. If ^ of the 
cost was lost, 8187,00 are | of tbe cost ; hence the cost 
was M%S^, and the loss 862,334. 

50. A merchant sold a bsU^ of cloth for 8347,00» by 
which he shioed ^ of what it cost him. Hotw mucb 
did It cost Tilm, and how much did he gain ? 

Ans* The cost was 8266,92 f^, and gain 880,0?iV ' 
5U A merchUBt sold a quantity of goods for 8948,06, 
by which be lost ^ of tb^ cost. How moch did he fose? 

Ans. 8344;72^^. ^ 
^2; A m^nrchADt sold a t|Qantity of goods for S'^73,00, 
^. which ke|;ained 10 per cent, on the first cofl^ ^ Ho^ 
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much did they cost ? Ans. tO per c^nt. is 10 duHars on 
100 dollars, or ^-^^ ; and 10 per cent, of the first cost is 
^ of the first cost. Therefore . g273,00 is \\% of the 
first cost, which was 8*^48, 18,*-^. . 

53. A merchant sold a quantity of goods for 8135,00 
by which he gained 13 per cent. How much did the 
goods cost, and how much did he gain P 

Ans. Cost 8119,46^^. Gained 15,53^f 

54. A merchant sold a quantity of goods for 83,8r5> 
by which he gained 65 per cent. How many dollars 
did he gair^ ? Ans. 81>5S6,^. 

%55. A merchant sold a quantity of goods for 8983,00, 
by which he lost 12 per cent. How much did the goods 
cost, and how much did he lose ? Ans. If |ie. lost 12 
per cent, or ji« , he must have sold for "a of the first 

cost which was8ni7',04« . The loss was 8134,4^^ 

56. A merchant sold a quantity of goods for 843,00 
more than they cost him, and by so doing gained 20 per 
,cent. How much did the goods cost him ? Ans. i^iS^ 

57* A has tea which he sella B for lOd. per lb. more 
than it cost him, and 'm retuFn>B«ells 4c<^mlM*ick whldi 
cost him 10s. per yard, for 128. 6d. per yard. Thegaia. 
on each was in the same proportion. What did A's tea 
cost him per pound? Ans. B. gains 28. 6d. on a yard 
which is \ of the first cost;. lOd. therefore must be ^^of 
the fii-st cost on the tea. Tl>e tea then cost 3s. 4d» per 
lb. 

58. C has brandy which he sells to D for 20 cents fer 
gallon more than it cost him; and D sells C molas&es 
which cost 23 cents per gallon, for 3^ cents per galldn, 
by which D gains in the same proportion as C. How 
much did Cs brandy cost him j>er gallon? D gain^ 9 
cents on a gallon, which is ^y of the cost ; hence SOcts. 
is 2^ of the brandy. ^ 

Ans. 80,5 1-J per galloar 

59. A man having put a sum of money at intei-est at 
6 per cent*, at the end of 1 year received 813 for inter- 
est. W hat was the principal ? Ans. since 6 per cent, 
is ^^ of the whole, 8LS must b.e ^|^ of tlie principal, 

which is8216.66|. 

60. What sum of money put at interest for 1 year 
will gain 857, at 6 per cent. ? Ans. 8950. 
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61. What sum of money p\^t at Interest at dper ceiAt. 
will gain S53 ia 2 years P Ans. £441, 66f. 

NoxK.— 6 per cent, for 1 year, will be 12 per cent? 
for 2 years, S per cent, for 6 months, 1 per cent, for 2 
oienthg, &c. 

62. What sum t|f money put at interest at 7 per cent, 
will gain f^97 in 1 year and 6 months ? 

Ans. 8107r,r7|. 

63. What som of money pot at interest at 8 p^r cent, 
will amount to 8137 in 2 years and 6 months ? 

Ans. S114,l6§m 

SIMPLE RULE OP THREE INVERSE. 

19^5. The simple Huk of Three Inverse differs from 
the il-Ao. of Three Direct in this, that of the four quanti- 
ties '^*'h^^h are considered in the enunciation of the ques- 

. tion iviuch requires this operation, the two principal terms 
eontaiti each other in a contrary order to that of the two 
other terins which are relative to ^etn; Wherefore, af- 
ter an examination of the question, these four quantities 
are disposed in such a manner as to form a proportion, 
by having one of the principal terms and its relative 
placed as the extreines ; the other principal term and its 

'relative forming the means. This arrangement does not 
cause any difference in the method of operation; the 
tH^ect of it being always to find the fourth term of a pro-* 
portion, or at least, being always reducible to that oper- 
ation. 

Some Arithmeticians have prescribed, for the case un- 
der consideration, a rule subject to the enunciation of the 
question ; we do not follow their example. It is the 
nature of the question, and not its enunciation (which is 
•Cten erroneous), that must direct us in the solution. 
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30 men have performed a piece of work in 25 days ; 

how many men can perform the same work in 10 days ? 

.}a this second case, it is plain, that as many more men 
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19i If a field feed 6 cows 91 dAys^ how long will it 
feed 21 cows? :' - Ads. S6dajs. 

. 20. There is a cistern having 1 pipe which will empty 
it in 10 hours; how many pipes of the same capatifjr 
will empty it in ^4 minutes r Ans-. 25 pipes. 

.di. .Lent a friend g@9a for 6 months; sOfn^titBeaF- . 
terwardii he lent me £806 : how l^ng maj I keep it to 
baianoe the favour? • ^ Ans. 2;nM). 5 days.- 

^32.^ If }>of a gallon of brandy cdst 95 cents, what will ' 
^ cost? » . * AnsJOj'IScts. - 

23. If I of a hogshead of molasses cost 816,00, what 
will the whole hogshead cost ? Ans. g20,bb. ' 

24. If f of £ yard of bixMkdcloth cost S^^OO, wh^t will 
I cost? Ans. ^2fiip.^ 

^Sf A smith bought x, of a ton of Russia iron for. 

2^5,^5 'i what would be the price Of a ton at th&t rale ? 

... Ans. 891,26. 

COMPOUND RULE OP THREE^ 

'196. In the Rules of Three, which have already be^ 
explained^ the quantity sought, and quantity of the same 
kind, expressed Jn the enunciation, have to each other a 
simple ratio, and determined by that' of two other quan- 
tifies, whi<^ii ^^ like tnanner,. are expressed in the enun- 
ciation of the question. But in the Compound Rule<^ 
Thi-ee, the ratio of the q,uantity sought to the quantity of 
tlfe same kind, expressed in. the enunciation, is not de- 
termined by the simple ratio of two other quantities 
only, but by manj simple ratios, which are compound^ 
(1^7) after the examination of the question. When the 
ratios have been compounded, the rule is reduced to .a 
simple Rule of Iliree. llie following examples . will 
explain what has been said on this subject. 

EXAMPLE I. 

Thirty men have built 132 rods of wall in 18 days ; 
how much will 54 men build in 28 days ? 

In this question, it is plain, that the answer does not 
depend u^on the number of men only, but also upon the 
number of days.- 
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To have regard to both, we must consider, that 30 
men labouring 18 days will not perform more work than 
t% times. ^0, that is^ 540 men, who labour during one 
daj.j In like manner, 54 men labouring £8 days, will 
not accomplish more than 28 times 54, or 1512 men, 
who labour one day. The question is then changed to 
this: 540 men 'have built 132 rods of. wall, how much 
will I512.meh build in the same time ? That is, we must 
seek the foui-th term' of a proportion, which commences 

with these three ; 

hours, hours. rods. 

540 : 1512 :: 132 : 
Multiplying 1512 by 132^, and dividing the product by 
540, we find for answer to the question, l69| rods. 

XXAMPLE II* 

A man walking 7 hours in a day, was 30 days travel- 
ing 230 leagues ; if he walk 10 hours in a day, how many 
days will it take him to go 600 leagues; traveling always 
with the same speed. If he walk the same number of 
hours a day in each case, it is plain the increase of time 
will be in proportion to the increase of distance ; but as 
in the second case, he travels each day a greater number 
of hours, less time will be required in performing the 
journey. Hence the operation to be perfumed requires 
two operations, one in the Rule of Three Direct, the other 
in the Rule of Three Inverse. The question, however, 
miy be reduced to a question in the simple Rule of Three, 
by considering, that to travel 30 days, 7 hours in a day, 
18 -to travel 30 times 7? or 210 hours ; hence the question 
is changed to this ; if 2S0 leagues have been travelled in 
210 hours, how long will it take to travel 600 leagues? 
When the number of hours, which is the answer to this 
question, has been found, the number of days demanded 
will be found by dividing that sum by 10, because the 
man travelled ten hours in a day. Hence the fourth term 
must be sought of a proportion, whose three first terms 
are the following ; 

iea,^ues. leagues, hoprs. 
30 : 600 :: 210 : 
'We find, that the fourth term required is S-iTJ^ hourt; 
which, divided by 10, the number of hours the man trav- 
elled in a day, give 54|| days for the au&wer sought. 
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EXAMPLES FOB. PRACTICE* 



1. If 6 men in 8 dajs eat lOlb. of bread » how much 
will 12 men eat in 94 days P Ans. GOlbs.. 

2. If £100 in 12 montnsgain £5, how much wfll ^^400 
|;ain in 3 months P Ans. £5. 

3. If 4 men in 12 days mow 48 acres» how manj acres 
can 8 men mow in 16 clajsP Ans. 128 A. 

* 4. If a family of 9 persons spend S450 in 5 montfaa, 
bow much would be sufficient to maintain them 8 months, 
if 5 more were added to the family P Ans. 81120. 

5. If 10 bushels of oats will be sufficient for 18 horses 
30 dajs, how many bushels will serve 60 horses 36 days, 
at the same rate P And. 60 bushels. 

6. If 30 men perform a piece of work in 20 days, how 
many men will execute another piece* 4 times as large^ 
in a fifth part of the time P Ans. 600. men. 

r. What principal will gain S3 15 in 7 years, at 6 per 
cent, per annum r Ans. $750, 

8. A wall, that is to be built to the hei^t of 27 feet, 
has been raised 9 feet in 6 days, by 12 men ; how many 
men will it take to complete the wall in 4 days P 

Ans. 36 men. 

9. If the carriage of 8cwt. 128 miles cost S12,80« 
what must be paid for the carriage of 4cwt. 32 miles ? 

Ans. Sl,60cta. 
10* If 6 nien build a wall 20 feet lon^, 6 feet h\f^, 
and 4 feet thick, in 16 days ; in what time will 24 n^a 
build one ^0 feet iong, 8 feet high and 6 feet thick P 

Ans* 80 days. 

24 men ^ C ^ ™^^ 1 

20 feet long \ . .^ .. 1 200 feet long; f . u^ 
6 feet high f • i*» •• < g feet high >' ®^ 

4 feet thick ) f ^ ^^^^ ^'^^^^ j 

11. An usurer put out S75 at interest, and at the enSt 
of 8 months received for principal and interest 879 ; at 
what rate per cent, did he receive interest P 

Ans. 8 per cent. 

12. If the freight of 12cwt 2qrs. 61b. 275 miles, cost 
827,78 ; how far may 60cwt. Sqrs. be carried for »234,78f 

Ans. 480 miles. 
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13. If 4 men spend S60, going 300 miles ; what will 
be sufficient for the expense of ^0 men, and one boy TOO 
miles, allowing the boy (me half ^ man^s expenses f 

Ans. 8717,50. 

t4. If 50 men boild a bridge in 144 days, what num^ 
ber of men will it take to burld a like bridge in £70 days^ 

Ans. 10 men. 

15. A man lent a friend S60O, for 6 months, for 
which he received S9 interest; what sum will gain the 
same interest in £ months ? Ans. jgl800. 

RULE OF FELLOWSHIP. 

197. The Rule of Fellowship is so called, because if 
is used for dividing among many associates the proilt or 
loss of their partnership. Its object is to divide a <^iv- 
en number into parts, which have known relations to 
each other. The rule used for this purpose is fouiidod 
upon the principle established in article (186), that if 
many eqtcal ratios are giveji, the sum of all the antece- 
dents is to the sum of cM the consequents^ as one antece- 
dent is to its consequent. 

From this, principle we deduce the following example. 

EXAMPLE I. 

It is required to divide 120 into three parts, which 
have to each other the same ratios as the numbera 4, 5, 
d; the enunciation furnishes these two proportions. 

4 : 3 :: as the first part, is to the second. 
4:2:: as the first part, is to the third. 
Or ( 1 82) these other two proportions. 
4 is to the first part :: 3 is to the second. 
4 is to the first part :: ^ is to the third. 

But it has been shown (186), that the sum of the an- 
tecedents of many equal ratios, is to the sum of the con- 
sequents, as one antecedent is to its consequent. Hence 
it is inferred, that 9, the sum of the three parts, which 
are proportional to those sought, is to 120, their sum, as 
any one of these three proportional parts, is to the part 
. of 120, wbich answers to it. 

The rule for performiDg this operation is as follows | 
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1 st. Md. the given propertionai paHtr into mu mm. 
^d. Make as many proportione in the Mule of Three 
as there are parts to be found. 

.Sd. Let each proportion Iwxefor its first term. Hie sum^ 
4^ the given proportional parts, for its second term, the 
number proposed to be divided^ and for the third term, one 
of the given proportional parts. Thus in the queatum 
under consideration, the three followinj^ prop^tions must 
be made in the Rule of Three. 

9: 120:; 4 : ' 

9 : 120 :: 3 : 

9 : 120 :: fi : 
Of which we find (179), that thefourth terms are 53^, 4Q, 
and 26| ; which have to each other the ratios requited^ 
and tos;ether compose the numbec 120- 

We may remark tliat it is not absolutely necessary to 
make as many applications of the Rules of 1 hree as there 
are parts to be found ; for the last may be dispensed 
with, by subtracting from the given number, the sum of 
the other parts when found. 

EXAMPLE n. 

Three persons are to share a prize* vessM. The first 
.has been at 820,000 cost in her .capture; the second at 
g60,000; and the third at 8120,000. The prize is 
valued at 8800,000; how much ought eatfh man to receive? 
It is plain, the question requires gSOO,000 to be di- 
vided into parts which have to each other the same ra- 
tios as 20,000, 60,000, 120,000; or (iro) as 2, 6, 12; 
because each person ought to receive in pi^portion to his 
expepditure. It is necessary, then, to atld the three 
proportional parts 2, 6, 1 2, and make the three following 
proportions, or two only. 

20 : 800,000 :: 8 2 : to the first part. 

20 : 800,000 :: 8 6 : to the second part. 

20 : 800,000 :: 81 2 : to the third part. 
These three parts will be 8^0,000, 8240,000, and 
8480,000. 

More complicated questions may be solved on the 
same principles , as in the following example. 

Three persons entered into partnership; the first put 
in 83000 for 6 months ; the second, 84000 for 5 months ; 
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the third, ' 88600 for 9 months. They gained : 8 12050 ; 
what ought each person to receive ? 

Although the stocks were in trade unequal time^, thej 
are reduced to the same time, in the . following manner. 
The stock S300e ought to gain as much in 6 months, as 
j6 times. 83000, or glSOOO in one month. The stock 
24000 ought to gain in d months, as much as 5 times 
84000, or 85^,000, in one month. And the stock 88000 
ought to produce in 9 months, as much as 9 times 88000, 
or Sr^OOO, in one month. Hence the question is reduced 
to this; three partners put into trade 818000, 820,000, 
and S72000, and gain 812050 ; what ought each one to 
receive ? 

Proceeding as in the last example, we find 81971,81^,, 
8"2190,90|?, and 8r887,27^x, for their several shares. 

* 

REMARK ON THE PRECEDINa RULE. 

T98. It may be useful here to exaiViine a case, that 
might embarrass the learner. If it be required to divide' 
the number 650 into three parts, of which the first shall* 
be to the second :: 5 : 4, and the first to the third 
:: 7 : 3, we cannot apply the preceding rule without a 
preparation, whi^h consists in making equal, in each given- 
ratio, the parts which are proportional to one of the three 
parts sought; For example, that of the first;- this is 
ipasily done by multiplying both terms of each ratio by 
the first term of the other ratio.- Thus the two ratios 
5:4 and 7 : 3, will have the same first term by multi- 
plying both terms of tKe first by 7, and both'terms of the 
second by 5; which does not change. tfce value (170,) 
and gives the ratios 35 : 28 and 35 : 15. Hence, the 
question becornes to divide the number 650 into three 
parts, which shall be to each other as the numbers 35, 
28, and 15 ; which is easily done by means of the pre- 
ceding rub. 

If it be required to divide a number into four parts, of 
which the first is to the second : : 5 : 4, the first to the 
third : : 9 : 5, and the first to the fourth : : 7 : 3 ; these 
ratios may be reduced to have the same first term, by 
multiplying both terms of each by the products of the 
first terms of the other two. Thus, in this; example 
we change the three given ratios into these oJiec 
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three, 315:^^53, dl5 : 17^, 315:135; hence tfa> 
question becomes to divide the ^ven number into four 
parts, which shall be t» e»ch other as the numbers 315, 
95% 175, and 135. 
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1. A and B hny goods, which cost aClSO ; of which A 
pays J£80 andB dS40, and they gain £S2 : what part of 
the gain otigiit each to receive r 

Ans. A ^21 6^. 8d.: andB J^iO 13s. 4d. 

5. Three merchants trading together, gained £800, 
A's stock was S1200,. B's S4B00, and C's 22000 ; what 
was each man's share of th^ gain ? 

8120 A's share.l 
480 B's share. VAns. 
200 C's share. J 

3. Three merchants trading together lost goods to the 
amount of 1920doll. A's stock in trade was 2880doll., 
B's 1]52edoil., C's 4800doll.; what share of the loss 
ought each man to sustain ? 

fDoIl.SSS A's share. 
Ans. < 1 1 52 B's share* 

I 480 C's share^ 

4, Three men are to share a legacy of 81500, of which 
B is to have |, C }, and D the remainder ; but C relin* 
quishes his share to B and D, to be divided according to 
their share in the whole. \^ hat part of (be legacy will . 
B and resqectively receive ? 

Ans. B's part is glOOO, and D's 8500. 

n« Divide the number 360 into 4 parts, that shall be 

to each other as the numbers 3, 4, 5» &nd 6. 

r 60 

I 80 
.Ans.<^j^ 

Ll20 

6. A and B enter into partnership ; A put in £45, and 
took I of the gain ; what did B put in P Ans. ^^30. 

7. A man dying left an estate of g 12000, | of which 
is tb be given to his wife, J to his eldest son, i to his 
second son, and } to his daughter. What share will 
Mich f eeeive of the estate, divided in these {^oportioss 9 



the nameratars of the fractions, when reduced to a com- 
BKm denoimDator» are 30, 20, 15, and 12, which show 
the propor^ns. Their sum 77 is the first term of the 
several proportions to be made in the Rule of Thre<». 

The eldest son's share is 83116,88^. 
The second son's - ^S37fi6^. 
The daughter's - - ^S70,\2^. 
The wife's - . - 4675,3 i^. 

8. ITwo men A and B, traded in company. A put 
S50doli. for 8 months, and B 640d6ll. for 5 months ; 
they gained 250dolL What was the share of each ? 

. 5Doll.ll6,66fA's share. 
^^^ I •* 133,335 B's share- ' 

9. B atid D joined stocks of 8500 each; they traded 
2 years, and B took out one fifth of his stock, and then 
continued their trade 3 years longer, and gained S627' ; 
what is the share of eacn ? 

' An« 5 B's share S'^.93,48^4. 
^"^* 2Ds 333,51^. 

10. A family of 10 persons took a house for i ayeani 
for which they were to pay 8500. At the end of 14 
weeks they took in 14 new lodgers, and after 3 weeks 4 
more ; and for every S weeks during the remainder of 
the term they took in 4 more lodgers. What part of th« 
rent for the whole time must one of each class pay ? 

'One of the first class must pay 839, 09 

" 2d " 12,167 

3d " 8M6 

4tlft " 4,841 

•' 5th. " 2,219 ' 

11. Three graziers hired a piece of land for ^60 10s# 
A put in 5 sheep for 4^ months, B put in 8 for 5 months, 
and C put in 9 for 6| months ; how much must each pay 
of the rent ? Ans. A£ll7s. od . 3|f| ; B ^^:0, 5s. 5d. ,^L, 

andC,C28 I7s. Id. 3i§|^ 

12. Two me«, K and L, were joint owners ot a mill, 
in the building of which K laid out S150, and L 8^270* 
At the end of 7 mwtbs, K j>old his share to L, and at 
the end of the yea«f l^i sold the mill. The year's profit 
of the mill was 8^^ ; on settlement, what was each 
man's share P v . K'sjshare waa^8 '54,i6^> . 

L's [[ [[ 205,83*J5^^'* 



Ans. 
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OTHER RULES DEPENDiNO UPON PROPORTfON^. 

199. The following rules are not only useful in thcin^ 
ftelves, hut they also serve to explain ti]« various appli- 
cations of proportions. 



SINGLE POSITION. 

200. The first which we shall explain is called Sin-- 
gle Posilion. It is used to solve questions which belong 
to the rules of Fellowship, from which it differs in this>; 
that instead of taking parts proportional to those given 
in the enunciation of the question, it arbitrarily assumes 
one part to which the others are peferred in conlbrmity 
to the question. By this method calculation is rendered 
more easy. 

EXAMPLE r. 

Divide ^640 between three persons, of whicl^the second 
shall have four times as much as the first, and the tliird 
twice and -J as mihch as both the others.^rTo represent 
the fii-st part, we arbitrarily take the numoeKs, ot which 
the -J part may be conveniently taken. Thc\^ first 'p.irt 
being«3, the second will be 12, and the third Vo. The 
q^uestion then is to divide 640 into three parts, which 
snail be to each other as the three numb^^ S, 12 and 35. 
This operation is performed by the rule in article (197). 

The rule of Single PosiUou is also used for solving 
such questions as are in some measure the reverse of 
those, which belong to the rule of Fellowship ; for it 
teaches a method of -descending from the sum of certain 
parts of a given number, to that number ; as in the fol- 
lowing example. 

9 EXAMPLE II. 

It is required to find a number, of which the 4i -y. and 
|, shall make 808.' We take a number of which the 
i, 1, and 4» may be conveniently foun;!. (This is easily 

done by multiplying the three denonxinators together^) 
This number is 105, of which we take the ^, which is 
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S5, the \, which is 21, and the 4» which is 45. Oft ad- 
ding these three numbers, we find their sum is 101, 
which is composed of the parts of 105, in the same man- 
ner as 808 is composed of tke parts of the number in ques- 
tion ; then this number must have the same ratio to 808 
as 105 has to 101. It will therefore be the fourth term of 
a propoi'tion, which commences with these three ; 

10.1 :.105 :: 808: 
The fourth term sought is 840, of which 808 contains 
the 1, 1, and ». 



DOUBLE POSITION. 



£t 



:0I. The second rulfe,of ^hich we shall speak, is call- 
ed Double PosUion. It is used for solving questions, in 
which it is not required to divide tlie given number, but 
only a part of it, into parts proportional to given num- 
bers. The following example will explain this rule and 
its application, . . 



EXAMPLE III. 



It is required to distribute 86954 amone three per- 
sons, in such manner, that the second shall haveas lyiuch 
as the first, and 854 more ; and the third as much as both 
the others, and- 878 more. If 854 and 878 were not 
in the question, it is plain, nothing would be required 
but to divide the given number into parts proportional 
to the numbers 1, 1 and 2 ; but as 854 must be deducted 
for the second person, and 8.54 plus $78 for the thh-d^ 
only a part of the given number can be divided intb** 
parts proportional to 1, I and 2. For finding this part, 
which IS easily done in the present example, but in oth- 
ers may be accomplished with more difficulty, tlie meth- 
od here given is to be followed. 

Suppose for the first part, anjr convenient number, 81 
for examine; the second part will be $1, plus $54 ; that 
is 855 ; and the third will be 81 plua %55, ptus'^TS ; that 
is S 1^4 : the sum 6f these parts is £190. If it werf on- 
ly required to divide the given number into parts pro- 
portional to 1, 1 and 2; the first part being always sup- 
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posed io be 91 f tke secoad woiild be Sl» the third Ste, airi 
their ram S4 ; the difference of which witti $190» ift $iH6| 
the sum that must be deducted from the given sum S6954, 
which thus becomes reduced to &6768. It remains then 
to divide S6r68 into parts proportional to 1, 1 and ^, ac- 
cording to the preceding rales ; and having found that the 
first part is il69&, we conclude that the two other parts 
required are 21746 and JBS516. The sum id these three 
parts is 26954. 



XXAMPLES FOR PRACTICE UNDER TttE TWO FRECEDINe^ 

ARTIGLCS. 

1. A person after spending } and ^ of his money had 
^(60 left; how much had he at first? Ans»iC144. ^ 

£. A schoolmaster being asked bow many scholars he 
had» answered* ^* if to double tlie number I add ^, 4« 
and i of them» I shall have ^33 ;'*'' what number of 
scholars had he ? . Ans. iOd. 

5. A certain sum of money is to be divided among 4 
persons> in such a manner, toat the first shall have ^ of 
it, the second i, the third ^, and the fourth the remain- 
der, which is 230 ; what is the sum ? Ans.. j[l 13. 

4. What sum at 6 per cent, per annum, will amount 
to^^ in 12 years? Ans. ^£500. 

5. What is tne age of a person, who sajs, that '* if | 
of the, years I have lived be multiplied by 7, and | of 
them be added to the product, the sum of them will be 
292 ?'> Ans. 60 years. . 

6. A said to B, '* my horse and saddle are together 
worth g 1 50, but my horse is worth 9 times as much as 
the saddle.^' What was the value of each r 

Ans, the horse is worth ^ of 2150, or 2135 ; 

and the saddle is worth ^^ of it, or 21^* 
r. A man dying left an estate of 215000, to four sons, 
in such a manner., that the third was to have once and 
one half as much as the fourth, the second. was to have 
as much His the third and fourth, and Uie first was to 
have as much as the other three. What was the share 
of each? If the fourth has 2 parts, the third will have 
3 parts, the second 5 parts, and the first 10 parts ; the 
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sam of these MHs is fiO ; hence the fourth wtll have/i^, 
the third ^, ine second ^, and the first ^ of 813000. * 

r[ie share of the first is I>oiL650O. 
the 2d " 3250, 
«• the 3d " 1950, 
" the 4th " 1300w 
, 8. The stsek of a manii&cttiring company is divided 
hto S^ shares, and owned equally bj 8 persons. A, B, 
C, D, &c« A sells S of his shares to a ninth person, who 
Aen becomes a member of tiie company ; ana B sells 3 
of his shares to the company, who pay for them from the 
public stock. After this^ A wishes to dispose of the re- 
mainder of his part. What proportion of the whol|^ 
stock does he own P 

. B owned -j^ of the whole stock, and after selling ^ of 
it, he had -j^ part left. The 2 shares of B are * divided 
eaually among the other shares ; 30 shares are now left, 
wnich are equal as before ; therefore, 

Ans. A owns 3^ of the whole. 

9. Two persons purchase a house for g4206 ; the first ^ 
could pay for the whole, if the second would give him ^ 
^ of his money ; and the second could pay for the whole, 

if the first would give him \ of his money. How much 
money had each ? Multiplying the first condition by 3 
gives S 12600, the whole money of the second and three 
times that of the first ; taking from this sum g4200, 
there remains S8400, which is the difference between 4 
of the first and three times the first, or Y ^^ tlie.fir^. 
JI8400 is Y o^ £3000, the money of the first. 

A na 5 ^® fi*^** ***^ gSOOd. 
^"^' I The second " 3600. 

10. A hare has 50 leaps before a grey-hound, and takes 
'4 leaps to his 3; but 2 of the grey-bound's leaps are 

^ual to 3 of the hare's. How many leaps must the 
frey-hound take to ovei*take the hare P 

While the grey-hound takes i leap, the hare takes 1-^ ; 
and wjiile the grey-hound takes 2 leaps, the hare wdl 
take 2|. But the grey-hound leaps as far at 2 leaps as 
the hare does at 3, therefore in 2 leaps he sains I of one 
leap of the hare, or \ at each leap ; nence he will over- 
take her at 6 times 50 or 300 leaps. Ans. 300 leaps. 
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lU A person being asked the time of daj answered, 
*' the time past from iioon is equal to -^ of the time to 
midnight.^' What hour of the day was it? Reduqing 
:the fractions to a common denominator, |^ of the time 
past is equal to ^ of the time to come. Therefore \\ \ 
of 12 hours will be the time. Ans. 4h. 5rem. 5 ti^-^ sec. * 

] 2. A and B have the same income^ A saves ^ or Ks, 
but B, bj spending iCSO a year more than A, at^tive efid 
of 8 years fends himself ^40 in debt. What Is their in- 
come, and what does each spend per year ? In 8 years 
B finds himself ^40 in debt, or he ^ets in debt ^5 a year ; 
he therefore spends £5 more than his income. A speuds 
^ of his, and B. spends £5 more than | of his. Hence 
^25 must be \ of his income. Ans. £\^5* 

13. A^person has two silver cups and only one cover. 
The first cup weighs 12oz. If the first cup be covered, 
^t weighs twice as much as the second, but if the second 
cup be covered, it will weigh three times as much as the 
first? Required the weight of the cover and the second 
cup. Ans. Cover i^Ooz. and second cup l6oz. 

• 14. There is a fish whose head is 16 incties long, hb 
tail is as long as his head and half the length of his bod^, 
and his body is as long as his head and tail. Whatb 
the length of the fish ? Ans. 1 28 inches. 

202. Among arithmeticians many other rules are found, 
which are likewise applications of the Rules of Three; 
*— such as Interest, Eq^tion uf Payments, Discount, &c« 
Those, who have thoroughly undei'stood the principles 
already established, will have little difficulty in salving 
c[ue8tions belonging to such rules. 

SIMPLE INTEREST, 

Interest is a premium allowed by the borrower to ihe 
lender of money- The sum lent is called the principal* 
'J he amot/n^ is the sum of the principal and interest. 
What is called the rale of interest, is an allowance of a 
certain number of pounds, or dollars, &c. for the use of 
jan hundred pounds, dollars, &c. for one year.. Sinwle 
Inter£st is wl>il is allowed foi' the principal lent. Ibe 
following is the rule for computing Simple Interest. 
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MhMphf iheprineipal by the rate and divide the product 
'by 100; tne quotient is the interest for one year. 

Muhwlythe interest for one year by the given time^and 
the product will be the answer for thai time. 

9rhen parts of. a year are given, as months or days, 
compute the interest for months^ by taking the fractional 
parts of a year ; and for days, the fractional parts of a 

marUh, or oy proportions in the Bute of Three. 

* 

EXAMPLES FOR PRAOTIOE 

I. What is the interest of £^50 for one year, at 5 per 
cent, per annum ? 5 per cent, is -^^f hence Ans. ^2i lOs* 

- 2. What is the interest of £»720 for 3 yearg, at 5 per 
cent, per annum ? Ans« £\0^. ^ ' 

3. What is the interest of £\70 for \\ years, at 5 per 
cent, per annum. ■ Ans. /ri2 t5s. 

- 4. \Vhat is the interest of g43,^ for 1 year, at 6 per 
cent ? Ans. %'^fi},5. 

5. What is the interest of 183 dollars, 58 cents for 1 
year, at 7 per cent? Ans. DoMs.1^,85. 

6. At 6 per cent for 1 year, what would be the rate 
per cent, for 13 months ? For 14 months P 

Ans. J50,065. 80,07. 

r. What is the interest of S284,85 for 3 months, at 6 
per cent? Ans. 84,27,3. 

8. What is the interest of 2875,62 for 4 months and 
9A days at 6 per cent P Ans. S20,96,6. 

: 9. A note was ffiven on the 7tii^f March, 1818, for 
2587 ; on the I9tn of May, 1819, a payment was made 
of S153 ; the remainder was paid January 11th, 182U« 
What was the interest on the note f Ans. 262,87,6. 

10. What is the interest of 2143,18 for 1 year^7 
months, and 14 days, at 6 per cent ? Ans. 213,93. 

II, What is the interest of ^749 10s. 6d.for 12 days, 
at 6 per cent? Ans ^1 9s. 6d. Sqrs. 

Note. In computing interest on notes of hand and 
other instruments, on which indorsements are made, it i» 
usual to calculate the interest on the whole sum up to 
the time of the first payment, and adding the interest to 
"the principal, to subtract the sum paid from their amount. 

Q 
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iDterest is then cast on the ^sm which i^emaing dae, up 
to the time of the next payment ; from the amount of 
that sum and the interestf viliich has accrued upon it^ 
Bubti^ct the second pajment ; and so on for every sue* 
cessive payment, to the day of giving up ti^e obligatioQ* 



COMPOUND INTEREST. 

In general, when a quantity increases, and the rate of 
increase is proportional to that quantity, the resulting 
products will i>e quantities in geometrical proportion* 
Hence, in Compound Interest, if a given sum of^money 
be ' supposed > to produce* in a limited time, a certain 
sum ; in double that time, the first sum will have pro- 
duced the like sum a^ain ; and the sum,- produced in the 
first space of time, will also have produced, in the sec- 
ond space, another sum proportional to itself; and saon* 

As in simple interest, the first sum is called the />rm- 
mpal$ the sum produced, the interest j and the constant 
ratio of the principal to the interest, per annum, is call^ 
ed the rate. Thus, five per cent, per annum shows, that 
the rate of interest for a year is the twentieth part of the 
principal, which is also called 5 for 100; because 5 is 
the twentieth part of 100. On this principle, the first 
sum will be augmented at the end of tne year one twen^ 
tieth part. At the eM of two years, it will be augr 
niented again in tbl%aime proportion, that is, in the 
ratio of f^, muUiplie^y |^ ; at the end of three years, 
in the ratio of |^ multiplied three times by itself; and so 
on. In this manner it is found, that a sum is doubled in 
about fifteen years ; and in fifty- three years, becomes 
ten times greater, Then, reciprocally, if a sum a«|^ally 
paid is doubled in fifteen years, it is plain, that a sum^ 
iviuich does not become due until the expiration of fifteen 
years, is worth but half of its nominal value. This isr 
what is called the present worth of a sum payable at the 
expiraticm of a given time; and to find this value, we 
have only to divide the sum promised, as many times by 
the fraction |^, (or rather to multiply it by the fraction 
If) as there are years before it becomes due. Thus it in 
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fotra^l, that the present worth of a sum payable in fiflj- 
three years is only one tenth of its nominal value. 

The mle fo^ computing compound interest is as fol- 
lows : 

Jlnd the amount of the given prindpdl to the time of 
the first pfwmeni, by simple interest. Consider thts 
amount as the prindp<d, on which calculate the interest as 
before^ to the time of the second payment ; and so on 
through all the payments, considering the last amount a» 
the principal for the next payments 

EXAMPLES tOA JkACTrOE. 

1 . The amount of ^S£0 10s. for 4 years, at 5 per 
cent* compound interestyis required. 

^6320 108^. Istyear^'s principaL 

t6 6d. lat year's interest. 
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536 10s. 6d. 2d year^'s principaL 
16 16 6i. 2d year's interest. 



353 78. O^d. 3d year's principaLT^ 
17 13 4 3d year's interest. 



*fc 



371 Os. 4id* 4th year's principal. 
18 11 ^ year*s interest.^ 



ie389 Us. 4id. Ans, 

^. What isr the compound interest of ^84 10, payable in 
ft^ years, at 4\ ^r cent, peir annum ; interest payable 
iali yearly ? Ans. ^48 3s. 6d. I qr. 

3. V\ hat is the amount of i6721 for 21 years, at 4 per 
cent, per annum } ;£l642 19s. lOd. 

4. What will 82,12 amount to in 4 years, at 12 per 
eent. per annum, compound interest ? Ans. S3, 33 &c. 

5. What is the compound interest of doU. 33, 33 for two 
years, at 10 per ccnt.r Ans. doU.6,99,9, &c. «. 

6. '\yhat is the compound interest of ^6760 10s. for 4 
years, at 6 per cent* per annum ? Ans. ^f 199 12s. 2d. 

7. What is the compound interest of doll. 500 for 4 
years, at 6 per cent, per annum ? Ans. doll.l31,23|. 
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8, How much will jS400 amoiint to in 4 jears, at 6 
per cent, per annum ? Ans. iSdM 19s. 9^. 

' 9. How much will doH^GSO amount to in 4 years at 6 
per centl compound interest ? Ans. dolI.858,48,3# 

10. What is the compoutid tnt^^rest of doK840 for B^ 
years, at 5 per cent, per annum ? Ans. d^.l^2^»5# 



EQUATION OF PAYMENT8. 

The following is the rule commonly used for perform- 
ing this operation. 

MtdUptj^ each paymmi by Ae Umt, at uMeh it becemss 
due ; dtvtde the sum ^ these producU by the ^um of ike 
paymenti, and the quotient wtU be the time sought* 

This rate) though sufficiently accurate {at business, is 
not strictly true t for although by keeping a debt unpaid 
after it is due^the interest of it is gained for that time ; 
yet by paying a debt before it is due, the |»ayer does not 
lose the interest for that time, but the discount whicK 
is le^s than the interest. 

« 

SXAMFLES FOR PRACXZO^* 

]. A owes B J&190 to be paid as follows,-— ^€50 in d 
months, ^60 in 7 months, a«d ^80 in 10 months ; what 
ilk the equated time at which to pay the whole P 

50 X 6=8300 50 

60 X r«420 60 

80xl0»=:800 80 • 



1520 



190 



8 months. Ans. 
^ £« A owesBdoll.7 to be paid in 3 months, and dol].^ 
fo be paid in 8 months ; what is the equated time for the 
Ipyment of the whole ? Ans. 5^\ months. 

, 3. G oW€» U doU.lOOO, of which doll.200 is to be paid 
immediately, doll.400 in 5 months, and the remainder in 
15 months ; if one payment is made of the whole, in 
what tim% ought it to be made P A^s* 8 months* 

' f * >/ 



*i '■ 



ARITHM£TIC. 1 73 

- 4, A debt is to be paid as follows,*-— \ in 2 months, 
1 in 3 months, i in 4 months, | in 5 months, and the re- 

tnatnder in 7 months ; what is the equated time for the 
payment of the whole ? Ans. 4 months and 18 days. 

5. 6 owes K £4:W, due 6 months hence ; it is agreed 
that £00 shall b^ paid now, And that the remainder con- 
tinue unpaid a longer time than 6 months ; when must it 
be paid P Ans. in T months* 



DISCOUNT. 

By this rule is found the diiference in value between 
a sum due at the expiration of ^ given time, and its pres** 
ent worth.. The following is the method of operation. 

JPind the amount of if 100, or ftlOO, for the given rate 
and titnei and make it the first term of a proportion^ 
which ihidl have £100, or f^lOO, for its seeona term, and 
the given sum or debt for the. third term. The fburth 
term of this proportion, when found, will be the present 
worthy from which, sttbtracting the given 8Km,the rt^- 
maind§r will be the disccunt required.^ 

£1&AMPL£$ FOR FRAOTIOB; 

1. What is the discount of iC57S 15s. diie S yeare^i 
iience, at 4^ per cent ? Ans. ^668 4s. lO^d. 

2. What is the discount of 8750 payable in one year? 

822,50. 
S. What is thfe present worth of S590, due in 3 years, 
discounting at the rate of 6 pfercent. ? Ans. g500. 

4. What is the difference between the interest of 
SI 204, at 5 per cent, per annum, for 8 years ; and the 
discoimtof the same sun\for the same time and rate- 
per c2nt. ? " ' Ans. 8 1 37,60. 

5. What is the present worth of 843,67, due in 19' 
months ; discounting at 5 p^f cent, per annum P 

Ans. 8399,07* ' 



Q 2 
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BARTER. 

This rule» which is an appHcatioa of the rtiks of pro* 
|)ortion, is 4ised bj merchants for proportioning their 
goods in such manner, that> on making. an exchange of 
commoditiesv neither partj may-^ustam a loss. The 
method of operation is as follows : ^ 

lindihe value of the commodity whose qucmtityis giv^ 
en, and then find what quantity of the omer, at the rate 
proponed, may be had fir the same money ^ and it wiU 
he the answer required. 

EXAMPLES VCR PRACTICE. 

1. How much sugar at 9d. per lb. must be given m 
barter for 49£lb. of rice, at 3d. per lb. Ans. 164lbs. 

2. How much wheat at ii,%5 per bushel is equal in 
Talue to 50 bushels of rje at 80,70 per bushel. 

Ans. S8 bushels. 

3. A and B barter ; A has 320lb. of chocolate, at 4s. 
6d. per lb. for which B is to give hiih £S0 in money, and 
the rest in cotton at 8d. per lb. How much cotton is B 
to give A ? Ans. 12601b8. 

4. Bought a sloop of 70 tons for £16 per ton ; paid 
S500 in cash, 350 gallons of molasses at »0>64 per gal- 
lon, and the balance in New-England rum at g0,74 pet 
gallon : how many gallons did it amount to ? 

Ans. 5353'y gallons. 

5. R gave 189 yards of linen, at 6s. 8d. per yard, to 
C for 42 yards of cloth ; what was the cloth per yard ? 

Ans. 30s. 



LOSS AND GAIN. 

By this rule merchants so estimate their goods in buy- 
ing and selling, as to know what they gain or lose, m 
the gains or losses are in proportion to the gnantities of 
j;oods, questions in this rule are solved by eq^pHcations of 
the Mules of Three. 
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« 

EXAMPLES FOR PRACTICE < 

1. Bought 650lbs. of sugar, at 10 cents per lb. and 
sold it at 12 cents per lb. ; how much did I gain ? 

Ans. glS. » 

$. A merchant bought 15001b. of coffee, at 22 cents 
per lb. and was afterwards obliged to sell it A>r 20 cents 
per lb. ; how much did he lose ? Ans. g26. 

3. If a trader gain l^d. per shilling on his goods, how 
much does he gain per cent. ? - Ans. 1 2^. 

4. A parcel of goods were bought for iCl8 and itf^me- 
diatel J sold for £25, at 4 months credit ; what was gain- 
ed per cent, per annum ? 

5. A repeating watcK was sold for SI 75, on which 17 
per cent, was lost, whereas 20 per cent, ought to have 
been gained; what was the watch sold for under its 
value? 

100—17 ; 175 :: 17+20 : a78,l, &c. 

Ans. 878,1, &c. 



COMMISSION ANP BBOKERAGE. 

• ♦■ 

Commission and Brokerage are allowances made at a 
certain rate per cent, to Factors and Brokers, for their 
services. The method of operation in these rules is th€ 
9wne as in Simple JnteresL 

EXAMPLES FOR PRACTICE. 

1. What is the commission on .9500 ISs. 6d., at S^ 
per cent ? Ans. £\7 lOs. S^iU 

2. What is the brokerage on J6879 1 89. at | per cent. ? 

Ans. ^3 5s. 11 |d. 
S. What is the commission on gv2176,50 at 2^ per 
cent.? Ans. g54,41,2. 

4. What is the brokerage on gl298,53 at | per cent.? 

Ans. 84,86,9. 

5. A factor has S3G90, with which he is to purchase 
iron, reserving from it his commission of 2 J per cent. ; 
how much iron can he purchase at 895 per ton ? % 

Ans. S7 tons. 17cwt. Sqrsi I6^V^^* 
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INSURANCE. 



Insurance is.a premiuBiy at a certaiii rate per c^nf., 
ffiven to certain persons or o£Bces, on condition of being 
indemnified for losses bj fire, storms, &c. 77te method of 
operation i$ the same a? for Interest. 

BXAlfPLES FOR PRAOTICA. 

1. What is the premium for insuring 84500^ at 25 
per cent. ? Ans. %U^5, 

2. What is the premiam for insuring £4000, at Tf per 
cent.? . Ans. 8305. 

3. What is the insurance of iG900» at 10| per cent. ? * 

Ans. ^96 15g. 

4. What is the premium for insuring ^1650, at 15^ 
per cent. P • Ans. ^^55,73. 

5. What is the insurance of d8l206» at 7| per ceat.? 

Ans. J891 iOs. 



TARE AND TRET. 

These are practical rules for deducting certain allow- 
ances, made by merchants in selling their goods bj 

'weight. Gross Weight is the whole weight of anjgoods, 
together with the box, barrel, &c. containing them. Thre 
is a certain allowance made to the bujer tor the weight 
of the box, barrel, &e;, and is either so much per box, 

.&c. or 8Q much per cwt* gross. Tret is an allowance of 
4lb. for every 104, for waste,, dust, &c. Cioffi% an al- 
lowance of 21b. in every .3cwt. StMe is what remains 
after a part of the allowance is deducted from the gross 
weight. Net weight is what is left after ail allowances 
are made. 

» * _ 

CASE I. 

"When the tare is a certain weight per box, barrel, &c. 

Multiply the number of boxes, barrels, fye. by the tare, 
eubtraet 4hf product from the gross, and the remainder 
wiU be the net weigiU. 



1. In S41 barrels of .figs, eaph weighing Scwt. 191b. 
g^oss ; tare lOlb. per barrel ; how many pounds net, and 
what is their value at 15 J cents per lb. ? 

. C22413lb8.net. 
^°*' ^ S3530,04,r, &c. value. ^ 

2. What is the net weight of 4 chests of tea, weighing 
gross, 96Ib. 97lb. lOllb.and 103lb.; tare 20lb. per chest r 

Ans. Sl7lb. 

CASH n. 

When the tare is a certain weight per cwt<» 
Divide the gross by the dliquoU or fractional patU which 
the tare makes 9f a cmt^ ; subtract the quotient from the 
gross, and the remainder will be the net weight. 

1. At S10»50 per cwt. what is the value of 12hhds. of 
sugar, the gross weight being S||^wtt Iqr. 191b.; tare 
1 Sib. per cwt.? . 

A«a 58823,26,54. 

^"®* I 78c wt. Iqr. 17^1^. net; 

2. What is the net weight of 7 barrels of potash, cacb 
weighing 4021b. gross, tare lOlb. per cwt. P 

Ans. £562^3. 12oz. 

CAS51 iir. 

When tret is allowed with the tare. 
Mnd the tare a^ before directed, and divide the suttle 
weight by 26« the aliquot part that 4lb. niakes on every 
' 104 ; the quoHeni nnU be the tret^ which subtracted from 
the suttle^the remainder unU be the net weight, 

1 . What is the liet weight of a hhd. of tobacco, weigh- 
ing 14cwt. 3qrs. 27lb. gross; tare I61b. per cwt.; tret 
4lb. per 1041b.; how many pounds net, and what is the 
value at 6^ cents per lb. ? 

Ana S^^^^^^* ^4az. net. 
^°^' I g89,95,l J value. 

. 2. In 7 casks of prunes, each weighing 3cwt. Iqr. 51b. 
gross; tare 17^M>. per cwt. and tret as usual, bow much 
ifet P Aas, IScwt. 2qrsi 25lb. 
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CASE IV« 



When tare, tret, and clofl^ are aflowed. 
Deduct the tare and int ns before, divide the miile 6y 
I6d, and the quoiieni 19 the doff; st^iraet the doff from 
the ntttle, ana the remainder i$ the net tpeighi. 

1. What 18 the net weight of I5cwt. Sqrs. 20lb« gross > 
lare 7lb. per cwt. ; tret and doff as usaal P 

Ans. 14cwt. Iqr. ^Ri. 10o£. 
^. In 19 chests of sugar, each weighing IScwt. tqr^ 
171b. gross; tare ISib. per cwf. ; tret and cloff as usual > 
how 9iuch net« and what is the value at 9 jd.- per Ib.f 

krM. S215cwt. 161b. n«t. 
Ans-^je5rr6s. lvalue. 



JpUAGlNG. 

This rule is used for taking the dimensions of a casi: 
in incheS; to find its contents m gallons. The method 
of operation' is as Mlows.^ 

^dd two thirds of the difference between the head and 
bung diametere^fpr the mean diameter. Square the mean 
diameter, of id multipJIy its square by the length of the caskp 
divide this product by ^94 for wine, or by S59 for ofe 
meoiure, and the quotient will be the answer in gmows^ 

EXAMPLE. 

« 

How many ale or beer gallons will a cask hold, whose 
bung diameter is SI inckes»head diameter SL5 inches, and 
length, 36 inches? Ans. 84gall. HHqts. 

MISCELLANEOUS EXAMPLES IN RULES UKDEE 

ARTICLE (202.) ^ V I 

X. What is the interest of g57,78 for one year, 4\ 
months, and 17 days,, at 4 per cent, per annum ? ^ ' 

Ansr 8S,19. 
S. What is the amount of S298,59 from May 19th» 
1797, to August 11th, 1798, at 8 per cent per annum l- 

Ans* 8327,98,4, 
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-3« What is the interest of S7086 for S9 dajs^ at 6 per 
4:ent. per aJinuni ? Ans. g45,4S. 

4. What is the compoand interest of B5^»75 for 11 
jears? Ans. 850,97. 

5. What is the amount of K236 at compound interest. 
for 4 years, 7 months, and 6 days ? •'Ans. 8308,66,9* 

6. What is the compound interest of 81256 for 15 
years at 6 per cent, per annum ? Ans. 81754)06,6. 

r. C owes D 8100 on -demand ; 8100^ in one year ; 
SlOO in two years; and 8100 in three years; what is 
liie equated time '«vl pay all at once? Ans. 1^ years. 

8. A merchant purchased goods to the value of 84000/ 
to be paid as follows ^— Sl^OO in 4 months ; 8800 in six 
months, and the leipainder in 12 months; but after* 
wards agreed to pay the whole at a time ; when must the 
debt be paid ? Ans. in 8 months and 12 days. 

9. A owes B 8840 to be paid as follows ; -^ in 3 
months, ^ in 4 months, and the remainder in 6 months ; 
at what time must the whole be paid at once ? # 

Ans. 4^ mouths. 

10. What is the present worth of 8874 at 6 per cent. 
due 4 years hence ? Ans. 8704,83, &c. 

11. W^hat is the discount of 8846 for six months, at 
B per cent. ? Ans, 824,64. 

12. What is the discount upon 8560 due -9 months 
kence, at 8 per cent, per annum ? Ans. 831,69, &c. 

IS. A has raisins at 25 cents per lb. ready money, but 
in barter will have 30 cents per lb. ; B has tea at 81>75 
per lb. ready money ; what ought B to rate his tea at in 
barter, and what quantity of tea must be given for 20 
boxes of A*s raisins, each weighing 351b. P 

*„_ 5 8^,10 B's barter price. 
^°^- I lOOlb. quantity of tea. 

14. Two merchants barter; A has 120cwt. of sugar at 
012 per cwt.; B h^s 256 yards of broadcloth at 85 per 
jard ; who must receive the difference, and huw much P 

Ans. 8160 in A's favour. 

15. A exchanges with B 40lb. of indigo at '81 per Ib^ 
ready money, and 8l>25 in barter, but is willing to lose 
10 per cent, to have ^ reiady money ; what is the ready 
H)eney price of 1 yard of cloth delivered by B at 83»5(^ 
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ia equal A'$ ittrteritg pcice ; and, how manj jard» ware 
delivered ? 

c 1^ yards deiiVered by B- 
16. Bought 37 gallons tif brandy at 21,i0 per gallon, 
andaoid it for £40 ; wbat vas gained or lost per cenL ? 

An». 2i,7i,91os^ 
ir. Hata were bought at 48. each, and sold again at 
4s. 9d. ; what was the profit in laying out i? iOO at that 
xate ? Ans. dS 8 1 58. 

18. Wheat is bought at ^1.^ and sold at 21,50 per 

l^ushei ; what is the gain per cent, r Ans. ^6 per cent. 

19* What ia the preyiium on S4844« ait, S^.per cent, f 

. Ans. $$169,54. 
. SO* What \» the premium on a ship and cargo valued 
at SI 9330, at 3^ per cent, frpm Boston to London, and 
9J per cent, from London to Boston ? Ans. SI 159,80. 
21. What is the insurance of an East Indi^ ship and 
cargo, valued at ^14813 15s., at 15| per cent P 

Ans.iC2333 3s. 3|d. 
££• What must be allowed to a correspondent for sell- 
ing gpods to the amount of S48450, at S^ per cent. ? 

Ans. S1029,56,2i. 
$3. What is. due to a factor for selling goods, valued 
at S1834, at ^ per cent ? Ans. fi45,B5. 

24. What is the commission on the purchase of goods, 
the invoice of which amounts to S870, at 2| per cent ? 

Ans. S23,92,5. 

25. A has in his possession a hhd. of sugar, weighins 

fross 9c wt. 3qrs. and owned equally between him and 
L How much sugar must he weigh out to B. allowing 
tare to be I2lb. per cwt? Ans. 4cwt Iqn ll^lb. 



ALLIGATION. 

£03. The nuestions, which pertain to this rule, are of 
two kinds, in one, it is reciuire^ to find the mean val- 
ue of many sorts of things* ot which the number and par- 
ticular value of each are known. In the other, it is re-- 
quired to find the quantities of each kind of things, which 
enter into one or many mixtures $ when we know the 
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:fiiric^ or valae of each kiad, and the price or total • value 
^ each mixture. Questions of the second sort are usa- 
ally solved by Algebra, although Arithmetic may serve 
€br the purpose, as will be shown hereafter. The follow- 
ifig is the rule for questions of the first kind : 

Multiply the vfdue of each kind of things by the num- 
ber of things (f that sort ; add all the products , and di- 
vide ihdr sum by the total number of things of all the 
kinds^ 



A man employed £00 labourers ; 50 of whom he paid 
at the rate of 40d. a day ; 70 at the rate of 30d. ; 50 at 
the rate of 25d. ; and SO at the rate of 20d« What is 
the average price each labourer receives a day ? 

50 labourers, at 40d. a day, receive 2000d. 
70 at 30d. aiOOd. 

50 at 25d. 1250d. 

30 at J£Od. «00d. 



5950d. 



The cost of 200 labourers is then 5950d. a day ; and di- 
viding this sum by 200, the quotient, 29d. 3 J-|qrs. shows 
the average price each labourer receives. 



lEX AMPLE S FOR PRACTICE. 

1. A refiner has 51b. of silver bullion, of 8oz. fine; 
lOlb. of 7oz. fine ; and 15lb. 6oz. fine : on melting them 
all together, what would be the fineness of lib. of this 
mass? * Ans. 6oz. 13d wts»8grs. fine. 

2. A farmer mixed 19 bushels of wheat, at 6s. per 
bushel; 40 bushels of rye, at 48. per bushel; and 12 
bushels of barley, at 3s. per bushel ; what was a bushel 
of this mixture worth ?. . Ans. 4s. 4d. l^q.rs. 

3. If 16 gallons of brandy at Sl)25 per gallon, and 4 
gallons of water be mixed with 40 gallons of wine, ;^ 
83 per gallon ; what will the mixture be worth per gal- 
Ion? Aiis« 8->35|. 

R 
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4. A grocer mixed 10 gallons of water with a hhd. of 
rum, worth 80,87 per gallon; what was the mixture 
worth per gallon r Ans. 80,75y»,, 

5. A grocer mixed 43 piallons of wine at gl,25 per gal- 
lon, with 87 gallons worth 81,60 per gallon. What was 
the mixture worth per gallon ? Ans. 81,48,4^. 

6. A composition is made of 51b. of tea, at 78. per 
pound ; 91bs. at 8s. 6d. per pound ; and H^lbs. at 6s. 
lOi^d. per pound ; what is a pound of the mixture worth ? 

Ans. 7s. 4|d &c» 



ALLIGATION ALTERNATE. 

This rule is the reverse of Alligation, and may be 
proved by it. The method of operation is as fellows : 

•• Write the rates of the simples in a column under each 
other. Connect tvitn a continued line the rate of each 
simple, which is less than thai of the compound, unth one 
or any number of those, that are greater than the coni^ 
pound; and each greater rate with one or any number 
less. 

Write the difference between the mixture rate and that 
of each of the simples opposite the rates, with which they 
art respectively linked. Then if only one difference stand 
against any rate, it wiU he the quantity belonging to tfuU 
rate; ln4 if there be several, their sum will be the quan^ 
tUy:^ 



EXAMPtES. 

A merchant would mix wines at 14s. 19s. 15s. and 
S2s. per gallon, and have the mixture worth 18s. per 
jal. SA hat quantity of each must be taken ? 

The quantities are written as follows ; 



18 



14 — 

m 

19 ^ 



1+4=5 at 14s. 
1 «latl5s. 
4+3=7 at 19s. 
4 »4 at 2;£8. 



Ans. 
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2 It is required to mix brandy at 80 cents, wine at 
70 cents, cider at 10 c6nts, and water together, so that 
the njixtu're may be worth 50 cents per gallon. Ans. 9 
gallons of brandy, 9 of wine, 5 of cider, and o of water. 



CASE It. 

When the whole composition is limited to a certain 

quantity, **Jmd an answer as before by linking ; then 

say, as the sum of the quantities, or differences thus de- 

terminedt is to the given quantity, so is each ingredient^ 

found by linking, to the required qua)itify of each,^^ 



£XAHPLE&. 

1. How much water, considered as of no value, ir«ust 
be. mixed with wine worth 3s. per gallon, so as to fill a 
vessel of 100 gallons, and that a gallon may be aifot>ded 
at £8. 6d. ? 

^isejso 

36 
56 : 100 :: 6 : 83-^| galls, of wine, 36 : 100 :: 30 : 16|| 

galls, of water. Ans. 

2. How much gold of 15, of 17, of 18, and of ^2 carats 
fine, must be mixed together to form a composition of 40, 
ounces, ^0 carats fine? 

Ans. 5oz. of 15, 17, and 18, and 25oz. of 253. 



CAS^ III. 

When one of the ingredients is limited to a certain 
quantity, ymJ the difference between each price and the 
mean rate as before; then, as the difference of that simple 
wlwse quantity is given, is to the ether differences sever- 
ally, so is the quantity given to the several quantities re- 
quired* 
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BZAMPLE8. 



I. How much wine at 58., 58. 6d., and 68. the gaTTon^ 
must be mixed with S gallons^ at 48. per gailoB> so that 
the mixture may be worth 56. 4d. per gallon ? 



CAS 



60-,— 
€6- 



"1 
J 



. I6+4<=:20 



•1 



10 : 10 :: 3 : 3 gallons at 5s. 

}0 : £0 :i 3 : 6 gallons at 5s. 6d. ^ Anff. 

10 : 20 :: 3 : 6 gallons at 68. 

2. How much gold of 15, of IT, and of 22 carats fine„ 
must be mixed with 5oz. of 18 carats fine, so that the 
composition may be £0 carats fine ? 

Ans. 5o». of 15 carats fine^ 5oz. of IT, and 25 of 02. 



EXAMPLES FOR PBACTICE. 

1. A grocer would mix sugars at 10, 13, and 16 cents 
per pound. What quantity of each must he take to make 
a mixture worth 1 2 cents per lb. ? 

Ans. 5\b. at 10 cerrts, £!b. at IScts. and £lb. at I Gets. 

2. A farmer had 10 bushels of wheat, worth 8s. per 
jbut^hel, which he wished to mix with corn, at 3s. per 
bushel, go that the mixture might^be worth 5s. per bush- 
el. How many bushels of corn must he use ? 

Ans.^ 1 of wheat to 1^ of corn, or 10 of wheat to 15 
of corn. 

3. A grocer has rum worth 73 cents per gallon ; hov 
many parts water must he put in, that he may afford to 
sell the mixture at 25 cents per gallon ? 

Ans. 2 parts water to 13 rum. 

4. A grocer has two sorts of tea» one at 75 cents per 
pound, and the other at 81,10 per lb? How must they 
be mixed, that the mixture may be afforded at £1,00 per 
]b ? Ans. 2 parts of the cheaper to 5 ef the dearer^ 
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ARITHMETICAL PROGRESSION. 

204. Arithmetical progression is a series of terms, in 
"which each exceeds the term that precedes it, or is exceed- 
ed by it, by the same (}uantitj. 

The following series is an arithmetical progression ; 
-r 1 -4- 7- 10- 13- 16 • 19 -Sa- 25 • 28 • 31 • 35 • 
&;c. :«»becattse each term exceeds that which precedes 
it, by the same quantity 3. 

The three points separated bj a bar, which stand at 

the banning of the series, denote that, in enauciating 

.the progression, each term except the first and last, must 

be repeated in this manner, 1 is to 4 m 4 is to 7, as 7 is 

:tfo 10, &c. 

. The progression is called merecmng or decreasing ac- 
cording as the terms of the series go on augmenting or 
^diminishing. Bat as the properties of both are the same» 
(bj changing the words pluB^ or addition^ into minus or 
mUf Iranian), we shall consider the progression only as in- 
creasing. 

205. It is plain, after t^e definition of arithmetical 
progression, that, with tlie first term and common differ- 
ence or ratio of the progression, all other terms of the 
series may be formed by successively adding this ratio. 
Hence, th^ second term is compojsed of th^ first plus the 
Fatio. The third is composed of the second, pliis the ra- 
tio; consequently, of the first plus twice the ratio. The 
fourth is composed of the third, plus the ratio; and 
consequently, of the first, plus three timea the ratio; and 
feo on. , 

206. Hence, in general, <my term whatever of an arith* 
.metic€d progression is composed of the firsts plus as nuxny 

iimea^ the ratio as there are terms in the series preceding 
it. 

207. Then, the first term being cipher, every other 
term of the progression will be equal to as many times 
the ratio, as tnere are preceding terms in the series. 

208. This principle may have the two following ap- 
plications. 

1st. It serves for finding any term of a progression, 
without requiring a calculation of those, that precede it. 

R2 
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For example, if it b« required to know what is the 100th 
term of this progression. 

-::4 • 9 • 14 • 19 • 24, &c- 

Since the hundredth is the term sought, there must be 
99 terms before it ; it is then composed of the first term 
4, and 99 times the ratio 5 ; consequently, the term souglit 
is 4 plus 495 =499, 

209* 2d. The same principle is used for connecting 
any two numbers, bj a series of other numbers consist- 
ing of anj number of terms, in such manner, that the 
whole shall form an arithmetical progression. This op- 
eration is called the insertion, between two given num- 
bers, of many arithmetical mean praporiionals, or simply, 
many aritftmetical meariB, 

For example, it is required to connect 1 and 7, by five 
nnmbers, which form an arithmetical progression* with 
1 and 7 ; these numbers are 2, 3, 4, 5, 6. oni as it is 
not always easy to perccfive immediatiBly -what these 
numbers must be, we will show bow they m^y be known 
by meand of the principle already expiainea. For this 
purpose, we have only to find the ratio between the ternas 
ef the progression. And as the greater of the two given 
numbers is the last term of the progression, it must be 
composed of the first, (that is the smaller of these two 
numbers,) plus as many times the ratio as there are terms 
to precede it ; then, if from the greater of th<5 two num- 
bers we subtract the less, the remainder will be composed 
of as many times the ratio, as there ought to be terms in 
the series, preceding the greatest. Or, the remainder ts 
the product of the multiplication of this ratio by the 
number of terms, which precede the greatest. Then 
(174) if we divide the remainder by the number of terms, 
which ought to precede the greatest, the quotient will be 
this ratio. But the number of terms, which are to pre- 
cede the greatest, is greater by unity than the number of 
means, which must be inserted between the two. — ^Then, 
to insert, between two given numbers, any given number 
of arithmetical means, it is necessary tp subtract the les^ 
from the greater of the two numbers^ and to divide the 
remainder by the number oj^ means augmented by unity. 
The quotient will be i\\Q difference or ratio, whkh must 
exist between tlM terms rf the progression. For exam- 
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pie, if it be required to insert 8 arithmetical means, be- 
tween 4 ami 1], we subtract 4 from 11, and divide the 
reTBainder 7 by 9, the number of terms augmented by 
unity ; the quotient ^ is the difference, or ratio required 
between the terms of the progression ; which> conse- 
quently, wiil be 

Jr4 • 4J • 5| • 6| • ri • 7| • 8f • 9| •. lOf • 11. 

in, like manDer, if the nine arithmetical means, be- 
tween and 1, are required ; after subtracting from 1, 
there rernains 1, whicn, divided by 10, the number of 
means augmented by unity, gives -j^, or 0,1 for the ratio. 
The progression, therefore, will be 

?r • 0,1 • 0,2 • 0,3 • 0,4 • 0,5 • 0,6 • 0,7 • 0,8 • 0,9 • 1. 

SIO. Hence it is plain,, that if two numbers be. adja- 
cent, any required number of arithmetical means may 
be inserted between them. 

The subject of arithmetical progressions will be re- 
sumed again when treating of Ic^arithms. The princi- 
ples already explained will sumcientiy illustrate the 
rules in the two following cases. 

CASK I. . 

When the first term, common ratio, and number of 
terms are given, to find the last term, and sum of all thi 
terms, the operation is as follows. 

Midtiply the number of terms, less 1 , by the common 
difference ; to the product add the first term, and their 
stem will be the last term. Multiply the sum of the two 
extremes by the number. of terms, and half tne proiuct 
-will be the sum of all the term9. 

EXAMPLES. . 

r 

1 . The first term of a certain series in aiithraeticai 
progression is 2, the ratio between the terms is 2, and 
the number of terms 15 ; what is the last term, and the 
sum of iEill the ter^is ? 

. C15 number of terms. 
Ans. ^ 2^ ^^^ ^^ ^U ^1^^ i^rins. 

2. How many strokes does a Venice clock strike in ft 
day, going to 24 o'clock? Aus. 300. 
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3. 16 persons gave charitj to a jpoofr man; the first 
gave 5d., the second 9d. and so on m arithmetical pro- 
egression ; how much did the last person give ; and what 
sum did the man receive ? 

* ^The last man gave 5s. 5d. 
^"®' I The sum received £^ 6s. 8d. 
4 If 100 stones be laid two yards distant from each 
other in a right line, and a basket placed two yards froin 
the first stone ; what distance must a person travel to 
gather them singly into the basket ? 

' Ans. llmileSy 3fur. 1807d8«r 



• ' 'CASE II. • 

When the two extremes and number of terms are giv- 
en, to find the common ratio or difference. Divide the 
difference rf the extremes by the number of terms less 1 ; 
the quotient vnU be the common ratio* 



EXAMPLES. 

1. 20 and 60 are the two extremes of a series m arith- 
metical progression, and ^1 is the number«f terms; what 
is the common difference ? Ans. 2, 

2. A man had 12 sons whose several ages differed 
alike ; the eldest was 49, the youngest 5 years old ; what 
was the common difference oi their ages ? 

Ans. 4 years. 

3. A debt is to be paid at 16 different payments in 
arithmetical progression; the first payment to be j6 14, 
and the last ^ 100 ; what is the common difference^ each 
payment, and the whole debt } 

r Common difference £5 14s. 8d. 
Ans.-{ First payment i^l4. Second Jgl9 4s. 8d. 
tlhird rSS 98. 4d. &c. 

4. If a man travel the first day 7 miles, and the last 
day 51 miles, increasing his journey 4 miles each day; 
how many days will he travfel, and how far ? 

Ans. 12 days, and 348 miles. 



AIUTHliBTlC. 189 

^ GEOMETRICAL PROGRESSION; 

S11* Geometrical progression is a series of terms, ia 
vhich each contains that which precedes it, or is coih 
tained in it, the same number of times. — The following 
series 

H* 3 : 6 : 12 : 24 : 48 : 96 : 192, is a geometrical pro- 
{[[ression ; because each term contains that which pre- 
cedes it, the same number of times, — ^that is, twice. 
This number of times is called the ratio of the progres- 
sion. The three points and bar have the same significa- 
tion as in arithmetical progression. 

The progression is called increasing or decreasing, ac- 
cording as the terms go on augmenting or diminishing. 
But we may always consider a geometrical progression 
as increasing, because the properties are made the same 
in both cases by changing the word multiplication into 
division, and contain, into be contained. 

As the second tenn contains the first as many times as 
there are units in the ratio, it must be composed of the 
first term multiplied by the ratio. And as the third term 
contains the second as"^ many times as there are units in 
the ratio, it must be composed of the first multiplied by the 
square or second power of the ratio. And as the fourth 
term contains the third as many times as there are units in 
the ratio, it must be composed of the first, multiplied l>y 
the cube, or third power of the ratio. For example, in the 
precedoyg progression, 6 is composed of the first term 3 
multiplied by the ratio 2 ; 12 is composed of the first term 
3 multiplied by 4, the square of the ratio 2 ; 24 is com- 
posed of the first term 3 multiplied by 6, the cube of 
' he ratio 2. 

212. By continuing the same mode of reasoning, it is 
seen that, any term whatever of a geometrical progres- 
sion is composed of the first term multiplied by the ratio, 
raised to a pouter mdicated by the number of terms, which 
precede that term. 

Then, if the first term of a progression be unity, each 
other term will be formed of tne ratio raised to a power, 
indicated by the number of terms which precede it ; be- 
cause multiplication by the first term, which is unity, does 
jiot augment the product. 
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To raise- a number to a given power, to tlie seventh 
for instance, it is necessary, according; to the idea which 
has been given of powers, to multiply the number by 
itself six times consecutively ; thus, to raise 2 to the 
seventh power, we say 2 times 2 make 4, 2 tiroes 4 are 
8, two times 8 make l6, two times 16 make 3*^, twice S2 
make 64, twice 64 are 128, which is the seventh power 
of ^. But we can abridge the operatfon by various 
methods ; foraxample, we first square £, which makes 4; 
then cube 4, which makes 64, and then multiply 64 by 2. 
But it is of little consequence in what manner the opera- 
tion is performed, provided 2 is made 7 times factor in 
the product. 

£13. The principle explained in article (212) for tl>c 
formation of any term oi a progression, and the remark 
made upon it, may serve for finding any given term in a 
progression, without requiring a calculation of the terms 
that precede it. For example, if the twelfth term be re- 
quired of this progression ; 

^ 3 : 6 : 12 : 24. &c. 
since we know {-21^), that the twelfth term must be com- 
posed of the first multiplied by the ratio raised to a pow- 
er indicated by the number oi terms, which precede the 
twelfth ; it is plain, that, to form tliis term, we must 
multiply S by the eleventh power of the ratio 2. To form 
the eleventh power we cube the number 2 which gives 8; 
we then find the cube of 8, which is 512, the nintn power 
of 2; we then multiply 512, the ninth power, by 4, tlie 
second power of 2, and have 2048 for the required elev- 
enth power of 2. Then multiplying 2048 by 3, we have 
6144 for the twelfth term of the progression. 

214. The same principle may be applied for 'finding, 
between two given nuihbers, any required number of geo- 
metrical mean proportionals, if three geometrical means 
are required between 4 and 64 ; by a little attention, we 
find, that these terms are 8, 16, 32. And it is plain^ 
that r' 4 : 8 : 16 : 32 : 64, form a geometrical progres- 
sion. But if the same number of means had been re- 
quired between other numbers than 4 and 64 ; or if a 
greater or less number of geometrical means had been 
required between tliose same numbei-s.it wight have been 
attended with some difficulty to find them. But by means 
of the principle under consideration, this difficulty may 





be removed. For the question becomes to find the ratio 
between the terms of the progression ; because^ when thei 
ratio is. found, the terms maj be easily formed by suc- 
cessive multiplications by that ratio. For example, if it 
be required to find nine geometrical means between 2 and 
2048"; 2048 will be the last term of a geometrical pro- 
gression, which commences with 2, and which must have 
uine terms between the first and the last. The last t irnv 
2048 is then composed of the first term 2, multiplied by 
tTie ratio, raised to a power indicated by the number of 
terms, which precede 2048. Then, if we divide 2048 by 
the first term the quotient will be the ratio raised to ar 
power indicated by the number of terms, which must 
precede 2048 ; and then by extracting the root of this 
power, we obtain the ratio. But the power in questimi 
is the tenth ; because, the^e being nine terms between Q 
and 2048, there must necessarily be ten which precede 
2048. The tenth root, then, must be extracted from the 
quotient of the greater number 2048, divided by the less 
number 3. 

215. As this reasoning applies to all cases, it maybe 
inferred in general, that,/o insert between two given num* 
bers any required number of geometrical mean propor^ 
tionala^ the greater of the two numbers must be divided 
by the less, and the root extracted from the quotient^ to a 
degree indicated by the number oj means augmented by 
unity. Thus, recurring to our example, we divide 2048 
by 2, and find 1024 for quotient ; from this quotient we 
extract. the tenth root, wnich is 2 ; the ratio, then, is 2- 
Now to form the required means, we multiply the first 
term 2, continually by the ratio 2; and after having 
formed nine means, we arrive at the number 2048, as is 
seen in the following series : — 

^r 2 : 4 : 8 : 16 : S2 : 64 : 128 : 256 : 512 ; 

1024 : 2048. 

In like manner, if it be required to find four geo- 
metrical means between 6 & 48, we divide 48 by 6, and 
extract the fifth root from the quotient 8 ; but as the 
£fth root of 8 is not an exact number, we cannot ex- 
actly ^assign in numbers the four geometrical means 
between 6 and 48 } tliis root, however, may be approxi* 



192 -ELEirCNTS'dF 

mated to any required degree of exactness, bj a metli- 
od similar to that explained for the square aud «ube 
f-oots. Hence we may conclude in general, that between 
any two numbers whatever, any required number of geo- 
metrical means may always be found) either exactly, or 
to a sufficient approximation* 

EXAMPLES FOn PSIACnCE IN «£OMETAI0AX PIK>GRESSION« 

1. Bought SO bushels of wheat, at 2d. for the first 
bushel, 4d. for the second, 8d.- for the third, &c.^ what 
does the whole amount to? Ans. ^8947848 10s. 6d. 

£• What aum would purchase a horse with four shoes, 
and 8 nails in each shoe ; at one farthing for the first 
Bail, and two for the second, a penny for the th|rd and 
doubling to the last ? Ans. ^44739-24 58; S^. 

S. A gentleman married his daughter on new year's 
day, and gave her one dollar towards her portion, pro- 
mising to double it en the first day of every month for 
«ne year ; what was her portion ? Ans. S4095. 

4. A man dying left 9 sons, to whouA and to his ex- 
ecu tor, he bequeathed his estate in the following man- 
ner ; — to the executor j850 ; to his youngest son as much 
more ; and the portion of each son was to exceed that of 
the next younger by as much Jtoore; w^at was the eldest 
sou's portion ? Ans. £25600. 

1. What number is that from which ^ being taken, the 
remainder will be ^ ? Ans. ||. 

2. What number is that, of which 19^*^ is ^^ 

Ans. 19^3 Vy» ; then» as 4 : ^j - t • ^^H' '*® ^^^^ 
ber required. 

5. In an orchard of Trait trees, ^ bear appl^es, ^ pears, 
I plums ; 60 trees bear peaches and 40 cherries. How 
many trees ar« there in the orchards Ans. l+i+|==ii 
andi|-4i=^; tben, ^^ : 60+40 :; H : 1200, the 

number of trees. 

4. If » of I of I of a ship be wortb | of | of || of 
the cargo, valued at ^1000; what is the value of both 
ship and cargo? Ans. The value of the shipsind 

cai^is iCl8S7 12s. Ifld. 



i 

1 



- ARITHMETIC. YOS 

' 5. A youogcr brother. recei ved B3ii^5,9Scts. which 
"W^s -^ of his elder brother^s fortune ; and 5f times the 
«^der's mo&ej was 1 1 of the value «f their father's es- 
tate. How much was their father worth ? 

Ans. gl7£81,87/2. 

6. A gentleman left a fortune to his* son, r^^ of which 

he spent in 3 months, | of | of the remainder lasted him 

9 moittl^ longer^ when he had £537 left. What was 

the fortune he inherited ? Ans. ^=whole legacy, || — 

Tff=='U 1^^* *^ 3 months; then | of f of Vs^Ui> and |^ 
•^H=FiV^=i'^=^537, therefore, as ^*: ss^ i.x: 

^2082 I8s. "Zj^d. hisTortune. 

fl A merchant begins the world with S5000, and finds 
that,^y his distillery he clears S5000 in 6 years ; by hfs 
navigation 85000 in 7^ years, and that in 3 years he 
spends S5000 in gaming. How long will his Estate last 
him?* * ' 



re 83341^ 

As^ r^ : 5000 :: 1 : 666| I Tbeii, 
L3 166d|J 



as 1666f— 833|+666| : 1 :: 5000 : 30 years. Ans. 

8. A and B are on opposite sides of. a circular field 
268 rods about; they begin to go round it, both the same 
way, at the same instafit of time*; A travels 22 rods in 
2 minutes, and B 34 rods in 3 minutes. How many 
times will they go round the field before the swifter over- 
takes the slower f 

min. rods. mia. rods* 

A»« 2 : 22 C :: 1 i Cll A goes in a minute* 
^^' 3 : 34^ illiB do. do- 

Therefore, B gains 11^ — 1 1 =^ of a rod of A every min- 
ute. And, as ^ rod : 1 min. :: "f* (=half round the 
field) : 40:3 min. (asthe time in which B will overtake 
. A). Then, 

min« rod«« 

As 1 • 5 ^ ^ •' 402 • ^^^^ ^ *"'^^^^• 
AS .1 . ^ ^j^ .. 4UZ . ^55g 3 travels* 

And tW=16^ times round the field, A travels; 
and */«¥ = ' -^ times, round the field, B travels. 
9. Four persons can perform certain work in the fol- 
lowing manner ; A, B, and C can do it in 6 days ; B 

S 
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C, ami D, in 7 clays; A, C. and D, ih 8 days; and A, 
B, and D, in 9 days. In what time can they do it aH 
together ; and in what time can each one do it alone ? 
Ad8. The power to do the work is inversely as the time ; 
hence, the power of A, B. and C w ill be ^ ; of B, C^ 
and D, V ; of A, C, and D,^ ; and of A, B, and D, V. 
Therefore,.|+4+|+^=^|J|^=|J|i8 the power that per. 

forms the work three times, for each agent is united to the 
others three times. Then, 4^xS=Vtj ==5i37 dayg, 

the time in which all together will do ti>e work. There- 
fore, .^Yf^i—TBTj"^ power, by taking A, B, and 




10. Th* iMJurafid minute hands of a watch are exact- 
ly together at 12 o'clock. When are they next togeth- 
er ? Ans. The velocities of the two hands are to each 
other as 12 to 1 ; therefore, the diCerence of the voloci- 

tiesis 12 — 1»=11. 

oVrk. miD. sec. 

1 5 27^3^T 
Hence At 2 10 54-«f >>&c. 

3 16 2l^\J 

11. A, B, and C are to share ^100 in the proportion 
of i. 1, and |, respectively ; but C dyinj?, it is required 
to divide the whole sum fairly between th« two? 

£ 8. A. 

57 2 lOf A's share in all. > j^^^ 

42 17 If B's share in all. J 

12. There are 3 horses employed to draw a load a cer- 
tain distance, for dB2 10s. A and B are supposed to do 
J of the work ; A and C ^«^, and B and C ^ of it ; thej 
are paid proportionably. What share does each re- 
ceive ? 

fA's share is 19?||s. 

Ans.^ B's " '' 9i^|s. 
LC's " " 2l^8j8. 
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« 

1$. A, B, and C have among them 135 guineas ; A's 
+ B's are to B's+C's, as 5 to 7 : and C's— B's to C's+ 
B's, as 1 to r. How many had each ? . 

A+B B+C 
Suppose A's+B^s=50; then, as 5 : 7 :: 5() : 70 ; 
and 7 < 1 ::70 : lO=:C's— B's; then 70— 10=60, and 60 
divided bj2=30=B's; 50— 30=»20=.Vs ; and 30+10 
=40=C'8, by the supposition. Now 20+30+40=90, 
^'hich ought to be 165 ; therefore, 

C^20 : 30=A's share. 
As 90 : 135 :: ^ 30 : 45=B's do. 

(^40 : 60=C's do. 

14. A gentleman divided his fortune anion^ his chil- 
dren ; to A he gave jf 8 as often as to B £5 ; and to C, 
&% as often as to B iB7 ; and C's portion was £4000. 
What was the whole legacy ? Ans. /^23;266 i3s. 4d. 

X5. Sold a watch for ^30, and bj so doing I lost 15 
per cent, whereas I ought to have gained £0 per cent* ; 
what was the watch sold for under its just value } 

Ans. 5^12 7^^%, 

16. Two ships sailed from a certain port at the same 
time ; one sailed due north 60 leagues, the other due 
east 45 leagues. How far were they then asunder ^ 

Ans. 7S leagues. 

' 17. Twenty Generals, 30 Colonels, 24 Majors, and 24 
Captains spent at a dinner 8320.. The expense was di- 
vided among them in such a manner, that 4 Generals 
paid as much as 5 Colonels; 10 Colonels as much as 16 
Majors; and 8 Majors as much as 12 Captains. Mow 
much money was paid by all the Generals, Colonels, 
&c. ? Ans. The 20 Generals paid glOO ; the 30 Colonels, 
8120 ; the 24 Majors, §60 ; and the 24 Captains, S40. 

18. A can do a piece of work in 6 days ; B can do 
twice as much in 8 days ; and C three times as much in 
9 days; in what time can they finish it jointly ? 

Ana. \\ days. 
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PERIODICAL DECIMALS. 

The reduction of vulgar fractions to decimals presents 
two cases* which it maj be proper to examine. Fhe first 
case is where the operation is terminated. For example^ 
if it be required to reduce f to decimals ; the operation 
IS as follows* 



8 



0,3r5 



30 

60 

40 

Last remainder 

* 

Our object here being to obtain a quotient expressed 
in tenths, hundredths, thousandths, &c., the partial divi- 
dends must be converted into the same denominations* 
As the divisor S is not contained in 3, the dividend, w« 
reduce this last to tenths, and have 20 tenths to be divid- 
ed by 8, which give? 3 tenths for .quotient, and 6 tenths, 
or 60 hundredths, for remainder ; dividing 60 hundredths 
by 8, we have 7 hundredths for quotient, and 4 hun- 
dredths, or 40 thousandths, for remainder ; then dividing 
40 thousandths by 8, we have 5 thousandtlis for quotient, 
and cipher for the last' remainder. The value of | in 
decimals, then, is 0,S75 or tj75 thousandths* This result 
may be verified by reducing the fraction y|^^ to its most 
sitnple expression, for -J wiU then be reproduced* 

The second case is where (he operation is iiot terminate 
ed. For example, if the fraction j^ be reduced to deci- 
mals, the operation and result are as follows. 

3 111 



0,272727, &c. 



30 
80 
30 
8f> 
SO, &c. 
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As in the preceding case, the alternate remainders S 
and 8, express, successively, tenths, hundredths* thou- 
sandths, ten thousandths, hundred thousandths, &c* — 
These remainders diminish in value very rapidly ; hence, 
by adding a sufficient number of terms to the quotient 
0,272727, &c., we can obtain the value Df the fraction ^^ 
approximated to any required degree of exactness. This 
is a general remark. For by precisely the same opera- 
tion we find, that the value of ^, expressed in decimals, 
is 0,142857 142857, &c., and that of |f . 0,S24 324, &c. 
J)ecimal fracfions of this kindfin which a certain^um- 
ber of figures are repeated periodieaUy in the same order^ 
fjoitl^ut terminating, are eaUed, from this property, pe- 
riodical fractiohs. 

As a property of this kind of numbers, it may be ob- 
served, that the number of different remainders, obtoimd 
by division^ can never exceed the number of units, con- 
tained in the divisor. For, by the nature of the opera- 
tion, the remainders, being necessarily less than the di- 
visor, v\?ill be found i» the series of natural numbers be- 
tween cipher and that which precedes the divisor. Thus, 
for example, the divisor' being 7,Av^ cafi dnly obtain these 
7 different remainders, 0, 1, 2, 3, 4, 5, 6» Hence, after 
a number of divisions equal to, or less than, the number 
of units in the divisor, there will result a remainder, 
which is cipher>or a femainder already obtained* In th» 
former case, the fraction will be terminated ; but in the 
latter, the figures of the quotient returning in the same 
order, without termluatiBg, the fraction will be periodi- 
cal. 

To know whether a vulgar fraction tan be expressed 
exactly in decimals, or^ot, — it may be remarked, that 
mery fraction, the d^nominc^r of which is not divisible 
either by 2. or by. 5, eannot be expressed exactly in ded- 
mcds, and, consequiently, gives rise to a periodical frac- 
tion. As this is an important property? we shall give 
two general demonstrations of it. 

,1st. In performing the division of the numerator by 
the denominator, in order that the operation may ter- 
minate, one of the remainders, (none of which are divisi- 
ble by the divisor,) must be made so ; it is necessary, 
then, th^t the multiplication of the^e remainders by 10, 

S 2 
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shoald introduce some factor common with those in the 
divisor ; which can take place only when the divisor con* 
tains one of the factors £ and 5, that compose the num- 
ber 10. 

2d. In performing the division of the numerator by the 
denominator, that the operation may terminate, some one 
of the partial dividends must be divisible by the divisor, 
and, consequently, must contain all its factors in the 
same number. But, the successive remainders being 
smaller than the divisor, can never contain the same fae* 
tors in the same number ; it is necessary, then, that the 
multiplication of these successive remainders should in- 
troduce the factors, th^t.are wanting ; that is, the factors 
of the dividend, which are not found in the remainder.. 
But, iO being divisible only by 2 and 5, cannot introduce 
these factors. Then, if no one of them is contained in 
the divisor, on multiplying the remaiiwiers by 1 to form 
the partial dividends, we do not introduce any factors, 
which are common with those in the divisor ; consequent- 
ly the division will not be exact, and the quotient wiH 
lie periodical. 

When a periodical fraction is given, if we neglect 
the whole series after the firet periofJ, we shall have a 
second decimal fraction composed of the first period, a nd, 
consequently, equal to a common fraction having this pe- 
riod, considered as 4 whQle number, for its numerator, 
and for a denominator, unity, followed by as many ci- 
phers as there are figures in the period. Hence, the nu- 
n»erator of this last fraction remaining always equal to 
the period, the denominator i^ diminisned by unity. And 
as this denominator is eaual to unity followed by a«) ma- 
ny ciphers as there are figures m the period, it will then 
become a number composed of as many nine^ as there 
are figures in the period. The new fraction which re- 
sults will then have the period for numeraitor, and for 
denominator, as many nines as the^ are figures in tl>e 
period. This last fraction, having the same numerator 
as the preceding, and a denominator less b;^ unity, on 
performing division, will eive a quotient, that is the same 
as the preceding, that is, the first period ; and the remain- 
der, instead of being a cipher, will be equal to the quo- 
tient, or that same period. The remainder being the 
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satne as tli^ first dividend, the operation will be recom- 
menced in the same manner, since it will be reduced to 
a contiimal multiplication by 10. The figures already 
obtained in the quotient (the same that compose the pen- 
od) will then be continually reproduced in the same or- 
der^ and, consequently will form a periodicar fraction 
equal to the given one, for it will be composed of the 
same period . But this periodical fraction is derived from 
a cemmon fraction, having the period for numerator, and 
for denotntnator, a number composed of as many nines 
as- there are figures in the period. Hence, we deduce this 
general role. Ei)ery periodical fraction is equal to a corn- 
mofi fraciion, having the period for numerator^ and for 
denominaiory a number composed-^ of an many hinejs as 
there are figures in tlie period. If we apply this rule to 
the following periodical fractions, 

0,142857 142857, &c. and «,324 324, &c; 

for their respective values^ we shall have the^ fractions/ 
T4.2857 and 3^4 % 

These fractions, reduced to their most simple expres- 
sions, are ) and jjf . v. 

In the preceding operations, we have supposed the 
period to commence with the flr^t fio;ure ; when it does 
not commence with the first figure, the following method 
is to be followed. Let 0,48 324 324 be a periodical 
fraction j of which the period 324 does not commence un- 
til after- the second decimal* We multiply this fraction 
by 100, by removing the separatrix two places towards 
the right, which gives 48,324 324 ; or 48 plus 0,324 324, 
&c. ; but, the periodical fraction 0,324 324, &c., of 
which the period commences with the first figure, has 
for its value the fraction |||. Then the periodical frac- 
tion 48,324 324 has for its value 48 whole numbers and 
•HJ ^^ '*llf*> ^^^ ^® ^^^^^ '^^* fraction is 100 times great- 
er than the given one, the given fraction will be equal to 

48*76 

If we generalize the reasonihg, that has conducted to 
this result, the following rule may be deduced. 
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tVhm the period dots not tommmce tmtU aJicr 9everal 
decimals, the aeparatrix must be removed Umiaraa the right, 
unto the first figure of the period, which is the same as 
to mtdtipty the given periodical fraction by unity, follow- 
id by as many ciphers as there are figures btfore the peri- 
od. We then have a new dedmaf fraction, composed <^ 
a whole number, plus a periodical jraetion, tahose period 
commences with the first figure. This last fraetion. 
Joined to the whole tmmber, gives a fraciional expression* 
which is equal to the given periodical fraction^ muUipUed 
by unity, followed by as manu ciphers as there are figures 
btforsLthe period. Then dividing this expression by uni- 
iK, followed hu as many ciphers as there are figures be- 
fore the perioa, the result unit be the value ly the given 
periodical fraction* 



LOGARITHMS. 

21 6« Logarithms are a series of numbers in arithmeti- 
cal progression, corresponding, term for term, to a simi- 
lar series in geometrical progression. For example, ifi 
the two following series :— - 





2 : 


4 : 


8 : 


16 ; 


; 32 2 


64 : 


128 


: 250 J 


; &c. 


• 


3 • 


5 • 


7 • 


9 


• 11 • 


13 • 


15 


• 17 ^ 


• &c. 



Each term in the lower, or arithmetical series, is call- 
ed the logarithm of the term corresponding to it, in the 
upper, or geometrical series. 

217. Any number maj have a great variety of differ- 
ent logarithms ; because, to any geometrical pro!gressioo» 
there may be formed a great number of corresponding, 
different, arithmetical progressions. But as our design 
is to consider logarithms only in relation to their use m 
numerical calculations, we snail not consider the differ- 
ent arithmetical and geometrical progressions, that migVI: 
be compared togetlier ; but pass to the consideration of 
such as are used in the formation of Tables of Logarithms. 

218. For the geometrical progression, the decuple or 
tenfold progression is chosen ; and for the arithmetical 
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progression, tlie series of natural numbers ; that is, the 
two following progressions are selected. 

?f- 1 : 10 : 100 : 1000 : 10000 : 100000 : 1000000. 

'^0'1*2-S- 4 • 5 • 6 

219. The logarithm of an unit followed by an j given 
number of ciphers, may always be easily determined ; 
for it will consist of as many units as there are ciphers 
fbllewins that unit. 

We shall not explain the method for finding the loga- 
^thms of the intermediate terms in the decuple pr<%res- 
sion. It depends upon principles, with wbicn the learn* 
er is not yet supposed to be acquainted. But we will 
explain the formation of logarithms by a method, which 
is not the most expeditious for calculating them, but suf- 
i&ccs, as well to give an idea of their formation, as to 
afford a reason for the uses, to which these artificial 
numbers are applied. 

' 220. After the definition which has been given of log- 
arithms, it is plain, tliat, to- have the logarithm of any 
number, (of 3, for example,) this number must form a part 
of the fundamental geometrical progression. . Aftd -al« 
though S does -hot appear to form a part of this geomet- 
rical progression ^ 1 : 10 : 100 : 1000 : &c. ; yet it 
may be seen in article (214,) that between 1 and 10 a 
^reat number of geometrical means may be inserted. 
i1ien, as we ascend from 1 to 10 by gradations the more 
closely united,' that is, by numbers, that differ from each 
other the less, in proportion as the number of such meani 
shall be greater ; either some one of these means will be 

Erecisely^the number 3, or two consecutive numbers will 
e found, between which the number 3 is contained, and 
of which each shall differ as little from 3, as the number 
of naeans inserted shall be greater. Then, in like man- 
ner, if we insert between and 1 as many arithmetical 
means as there were geometrical means inserted between 
1 and 10, each term of the geometrical progression will 
have for its logarithm, the term, which corresponds to it 
in the arithmetical progression. That is, for the loga- 
rithm of 3, we take tne number, that is found in the same 
place, in which 3 is found in the geometrical progression. 
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But if no one of these numbers lie exactly tlie number 3, 
nve take, in the arithmetical progression, the term, that 
corresponds to that term of the geometrical progression, 
"which approaches nearest to the number 3. * 

On this principle is founded the calculation gf loga- 
rithms ; and although more expeditious methods may be 
followed, the results will be the same. 
' 221. Insert, or suppose to be inserted, \ 0000000 geomet- 
rical means between 1 and 10, the same between 10 and 100, 
the same number between 100 and 1000, &c. ; and then 
insert the same number of arithmetical means between 
an^ 1, the same number between 1 and ^, between 2 
and 3, &c.; then, having placed all the first in one Hne, 
and all the second underneath them, seek ammig the 
first, the number 2, or number nearest to it, and take the 
corresponding number in the lower series. In like man* 
ner, seek among the first series the. number S» or number 
nearest to it, and take the- corresponding number in the 
lower series. Do the same successively, for the num- 
bers 4, 5, 6, &c. and writing the numbers 1, ^, 3, 4, 5, 
&c. in the same vertical column, (as may be seen in the 
annexed Table,) place in a column by the side of ihem, 
the t«rnia of the ai*ithmetical progression, which have 
been found to correspond to these numbers, or to tiie 
numbers, which approach nearest to them. From this 
operation an idea may be obtained of the formation of 
logarithms, and of their arrangement in common Ta-* 
bles. 

222. It may be remarked "concerning logarithmic ta- 
bles, that the first figure to the left of each logarithm is 
called the characteristic; because it is by this figure, that 
we know in what decade the number is contained, to 
which the logarithm belongs. For example, if a num- 
ber have for its characteristic, the number 3, we know 
this number must be a certain number of thousands ; be- 
cause, the logarithm of 1000 being 3, and that of 10000 
being 4, every number between lOCio and 10000 must 
have for its logarithm, 3 and a fraction. It will then 
have 3 for its characteristic ; and the other figures ex- 
press the firactiun reduced to decimals. 






I 
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PROPhRTlKS OF LOGAIIITILMS. ] 

S2S. As we treat of only such logarithms as are found 
in ordinary Tables, our explanations will be confined to 
such properties as belono; to geometrical progressions, 
that have unity for their first term, and arithmetical pro* 
gressionsj that have cipher for their first terra. 
. iet us compare term for term, any geometrical pro- 
gression whose first term is unity, with any arithmetical 
Jjrogression whose first term is cipher. For example^, 
the two following progressions. 

^ 1 : S : 9 : 27 : 81 : 243 : 729 : 218r : 6561 : &cl 
"^ • 4 • 8 • 12 • 16 • 20 • 24 • 28 • 32 • &c; 

It is inferred from the nature and perfect correspon- 
dence of these two progressions, that as often as the ra- 
tio of the first progression is factor in any one of its 
•termk, so often will the ratio of the second progression 
be contained in the term corresponding to the term 
considered in the first progression. For example, in the 
term 2187, the ratio S is seven times factor ; and in 28 
the term corresponding to it, the ratio 4 is contained sev- 
en tiroes. And, according to what has been shown in 
articles (206 and 212), the ratio is factor in any term of 
the first progression, as often as there are terms preced- 
ing it ; and in the second progression, any term, is com- 
posed of as many times the ratio, as there are terms pre- 
ceding it. But the number of terms is the same in both 
progressions. Hence, any term of a geometrical pro- 
gression will always have for its corresponding term in 
the arithmetical progression, a term which shall contain 
the ratio of this progression as often as the ratio of the 
other progression is factor in the first. 

£24. l hen, if toe mtdliply together any two terms of a 
geometriced progression, and al the same time add iogeth'^ 
4r the two corresponding terms of the arithmetical pro^ 
gression, the product ayid sum will be two correspondmg 
terms in these progressions. 

For it is plain, that the ratio will be factor in the pro- 
duct, whatever it is, as often as in both the terms that 
are multiplied together; and the ratio of the arithmetic 
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cal progression will be contained in the sum, whatever 
it is, as often as in both the terms tliat are added togeth- 
er. 

225. Then, by the addition only of two terms of an 
arithmetical progression, >\e may know the product of 
the two corresponding terms of the geometrical progres- 
sion ; by supposing the progressions to be sumciently 
e J tended. 

For example, by adding the terms 8 and 24, which 
correspond to 9. and 729, we have 32 for the sum, which 
corresponds to 6561. Hence we infer, that the product 
of 729 by 9 is 6561 ; which is the case. 

Then as the natural numbers that compose the first 
column of the annexed Table, have been taken from a 
geometrical progression, which commences with unity ; 
and as their logarithms are the corresponding terms of 
an arithmetical progression that commences with cipher ; 
we may infer, that % adding together the logarithms oj 
two numbers, we obtain tfte logairithm of their product. 
Hence we deduce the following uses. 

USES OF LOGARITHMS. 

227. To perform mulflpKcoHon by logarithms, add the 
logarithm of the muitiplicand to the logarithm of the mul- 
iiplier^and their sum will be the logarithm of theprodud ; 
seek for this sum among the logarithms of the Table, and 
by the side of it will be found the product. For example, 
if it be required to multiply 14 by 13, we seek in the 
table for the logarithm of 14, which is 

1,146:28 
and that of 13, which is 1,113943 

The sum 2,260071 corresponds in the 

same Table to the number 182, which is the product 
of 14 by 13. 

* 

228. Then to square a number, we need only double 
its logarithm ; for, to multiply any number by itself, the 
logarithm of that number is addea to itself. 

229. For the same reason, to cube a number, we triple 
its logarithm ; and in seneral, to raise a number to any 
power whatever, we take the logarithm of thatiiumber as . 
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.9»aiiy timisas there are units in the number, that denotes 
the power* That is,* we multiply its logarithm by the 
number, that expresses the power. For example, to 
raise a number to the seventh power, we multiply its log- 
aritiim by the number 7. 

. 230, Thea reciprocally, to extract the square,- cube, 
fourth, &c. root of a given number, we must divide that 
number by 2, 3, 4, &c.; that is, in general, by the 
number that expresses the degree of the root to be 
extracted. For example, if the square root of 144 be 
requiredj we find by the Table, that the logarithm of 
this number is 2,158362; then taking l,0r.9l8l the half 
ef this logarithm, we find that 12 is the number corres- 
ponding to it ; which is the square root of 1 44. 

If the seventh root of 128 be required, we find by the 
Table, the logarithm of this number is 2,107210; then 
taking the seventh part of it, we seek in the Table what 
number corres|)onds to 0,301Q30, tjie quotient, and find 
it is 2 ; which is the seventh root of 128. 

231. To find the quotient of the division of one num- 
ber by another, $XJihlract the logarithm of the divisor from 
the logarithm of the dividend $ the number that corres- 
ponds to the logarithm of ihejremainder, will be the quo- 
tient. For example, if it be required to divide 187 bj 
1 7, we seek in the Table for the logarithms of these two 
numbers, and find for the logarithm of 187, 

2,271842 
. . and for that of 17 1,230449 



The difference 1,041393 corresponds in the Ta- 

ble to 11 ; which is the quotient of 187 divided by 17. 

When division cannot be performed without a remain- 
der, the whole Ip^arithm of the remainder is not used. 
We shall show hereafter what must be done in such 
cases. 

The reason for this rule is founded on the principle es- 
iablished in article (74), that the ^otient multiplied by 
the divisor, produces the dividend.; then, (227) the loga- 
rithm of the quotient, added to the logarithm of the di- 
visor will produce the logarithm of the dividend ; con- 
sequently, the logarithm of the quotient is eq[Qal to the 
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logarithm of the dividend, minus the logarithm of the 
divisor. * 

232. After what has been explained, it is evident, that, 
to perform the Rule of Three by logarithms, we must 
add the logarithm of the second term to the loojarithm of 
the third, and subtract from their sum the logarithm of 
the firat term. 

233. We may remark, that when the logarithm, that 
results from operations upon other logarithms, is sought 
in the Table ; if this 'logarithiti differ from that, in the 
Table only in the last figure, this difterence is to be con- 
sidered as nothing ; for all intermediate numbers in the 
decuple progression, are approximated only to half an 
unit m the seventh place of decimals. 

NUJMBERS WHOSE LOG VRITHMS ARE NOT FOUND IN 

THE TABLES. 

234. The logaritlims of fractions, and of whole num- 
bers joined to fractions, are not found in tlie Table ; 
the same is true of the square roots, cube roots, &c. and 
also c^ numbers, which are not perfect powers to the de* 
gree of these roots. 

When tlie logarithm is required of a whole number 
joined to a fraction, it must be reduced to an improper 
fraction (86), and then the logarithm of the denominator 
subtracted from the logaritnm of the new numerator. 
For example, to obtain the logarithm of 8 8, we seek 

that of »i, and find for 11,^ the logarithm 1,041593; 

and for 91, the logarithm 1.959041 ; then 0,917648, the 
difference between those logarithms, will be ^e logarithm 
of 8 3 ; for 8 3, or n, is the same as 91 divided by 11 

(96). . 

235. For the same reason, to obtain the logarithm of a 
fraction, we must, in like manner, subtract the logarithm 
of the denominator from the logarithm of the numerator ; 
but as this subtraction cannot be performed when the log- 
arithm of the denominator is largest, we then subtract 
the logarithm of the numerator from that of the denom- 
inator ; the remainder, (which is the quantity, that was 
wanting in the first case to allow subtraction to be made,) 
Vf\\\ be the logarithm of the fraction, by applying to it 
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''the minus sign. Thus, the logarithm of the ft-action \\ 
is — 0,917648. Numbers preceded by this sign are call- 
ed negative numbers. 

236. The use of this sign is to show, that the log- 
arithms of the fractions to which it is applied, must be 
employed according to a rule, contrary to that given 
for the logarithms of whole numbers ; or of whole num- 
bers joined to fractions. That is, if we are to multiply 
by a fraction, the logarithm of the frjiction must be sub- 
tracted ; on the contrary, if we are to divide by a frac- . 
tion, its logarithm must be added. For multiplication, 
the reason of this change is, that to multiply by a frac- 
tion, is the same thing as to multiply by the numerator 
and then divide by the denominator ; then, when the 
operation is by logarithms, we must add the logarithm of 
the numerator, and subtract that of the denominator ; or, 
what is the same thing, we subtract the excess of the 
logarithm of the denominator above that of the numera- 
tor; but, this excess is the logarithm of the fraction. 
For division, the reason of the operation is also plaii|^ 
for, to divide by J, for example, is the same thing (109) 
as to multiply by -^ j then, when operating by logarithms, 
we must aad the logarithm of 4* that is, (134) the dif- 
ference between the logarithms of 4 and 3, or the differ- 
ence between the logarithms of the denominator and 
namerator of the given fraction. 

237. It often happens, when a whole number and frac- 
tion, whose logarithm is sought, is changed into an im- 
proper fraction, that the numerator is a number, that ex- 
ceeds the limits* of the Table. For example, if the log- 
arithm of 53-821 be required ; this number when reduc- 
ed to a fraction becomes 30^3133 the numeratorof which 

' exceeds the limits of ordinary Tables. We shall ex- 
plain a method for finding the logarithms of such num- 
bers, and although it may not be strictly rigorous, it is 
sufficiently so for common uses. It may, however, be 
observed : - 

238. 1st. That by adding 1, 2, 3, &c. units to the*" 
characteristic of the logarithm of a number, we multiply 
that number by 10, 100, 1000, &c. ; because it is to add 
to it the logarithm of 10, 100, 1000, &c. (219 and 227). 

2d. On the contrary, if 1, 2^ 3, &c. units be subtracft'i — 
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ed from the characteristic of a logarithm, it i» the same 
ad to divide the number corresponding to tliat logarithm^ 
bv 10, MX), 1000. &c. 

*239. Now if it be required to find the logarithm of 
337859, for example ; we separate by a comma upon the 
rijrht of this number, as many figures as are necessary to 
bring it within the limits of the Table. In this case we 
separate two, which gives 3578,59 ; this number (?!8) is 
100 times smaller than 557859. We find in the Table 
3,5536403* for the logarithm of 3578 ;.and then take the 
difference 1214 between this Logarithm and that of S579. 
"We then make the following proportion in the Rale of 
Three : if for 3 unit, the difference between the num- 
bers 3579 and 3578, we have 1214 for the difference of 
their logarithms; how great, for 0,59, the difference 
between the numbers 3578,59 and 3578, will be the 
difference of their logarithms ? That is, we seek the 
fourth term of a proportion, whose tliree first terms arc, 

1 ; 1214 :: 0,59 : 
#he fourth term of this proportion is 716,26, or simpJj 
716, by neglecting the decimals. We then add 7I6 to 
8,5536403, the logarithm of 3578, and have 3,5537119 
for the logarithm of 3578,59. Now for the logarithm of 
357859-, we have only to add two units to tlie character- 
ktic of the logarithm already found ; and have 5,55371 19 
for the lot»;arithm sought; for 357859 is then made 100 
times gneater than 3578,59. 

If alt the figures separated on the right had* been ci- 
phers ; after having found in the Table the logarithm of 
the remaining part, it would have been efficient to have 
added as many units to the characteristic, as there were 
ciphers separated. 

240. If the logarithm be required of a number accom- 
panied by decimals, we seek for the logarithm of the /j 
whole number, as if no part of it were decimals ; and ij 
after having found it, either immediately by the Table, 
or by the method explained in article (239), we take as 
many units from the characteristic as there are decimals 
in the given number.^ For, having considered the number 
as if no part were decimals ; tliat is, as being 10, 100, 
1000, &SC. times greater than it really is; we reduce it 

* TTiese and many of the following^ numbers and lo^rithms ar&. 
MOt found iu the annexed table. 
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a^ain to its true value, bj diminishing the characteristic 
of its logarithm (238). 

241. When onlj decimals are in the given number, 
we seek for the logarithm belonging to it, as if it were 
a whole number; and after subtracting from it as many 
units as there are decimals in the given number, prefix 
the sign minus to the remainder. For example, to obtaia 
the logarithm of 0,03, we* seek for that of 3, which is 
0,477121 ; from this we subtract two units, and applying 
the sign to the remainder, have— 1 ,522879 for the log- 
arithm of 0,03. The true value of 0,03 is- .r: but 

Too s 

to obtain the logarithm of f|^, we must (2^) subtract 
the logarithm of 3 from that of 100, and affix the sign 
minus t6 the remainder. . 

LOGARITHMS WHOSE NUMBERS ARE NOT FOUND FN 

THE TABLES. 

242. The following investigation is not less necessary 
than the preceding. For example; it seldom happens 
that the quotient of division is a whole number; but 
when the operation is performed by logarithms, the loga- 
rithm, of the quotient cannot be found in the Table^ ex- 
cept it be a whole number. Other siiuikr cases fre- 
quently occu4r. 

, 243 r We first propose to find, to what number a ^ven 
logarithm corresponds whether it exceed the limits of 
the Table^ or fail among the logarithms contained in it. 
For this purpose, we subtract ^om the characteristic of 
the logarithm, as^ ma^y units asi are requisite, in order 
that the given logarithm thus prepared may be found in 
the Table. Then, if all the figures of the logarithm be 
found in the Table, the number sought will be the same, 
that is found in the Table corresponding to the loga- 
rithm, after adding as many ciphers to- it as there were 
units taken from the qharacterivstic (SSS)^ For example, 
the logarithm 7,2'2734d7, after three units are taken from 
its characteristic, corresponds- to the number 16879; 
hence we infer, that the given logarithm 7,2273467 cor- 
responds to 16879000. 

If oiily the first figures of the logarithm are found in 
the Table, the operation is performed as in the following 

T'i 
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example. To find to \vhat number the logarithm 
5,2452768 belongs, we take two units from its charac- 
teristic ; the logarithm 3,2432768, which we then have, 
falls between the logarithms of 1750 and 1751 ; the num- 
ber to which it corresponds is then 1750 and a fraction. 
To fend this fraction, we subtract from the logarithm 
3,2432768, the logarithm of 1750, and have 2388 for the 
difference. We also take from the Table, the difference 
2481, between the logarithms of 1751 and 1750, and 
then make tiiis proportion in the Rule of Three. If 
2481, the difference between the logarithms of 1751 and 
1750, corresponds to 1 unit, the difference between those 
numbers ; to what difference of numbers, will 2S88, the 
difference between the logarithm 3,2432768 and that of 
1750, correspond? We find |||{ for the fourth term 
of the proportion. Thus the logarithm 3,2432768 be- 
longs to 1750fJ|f very nearly. Consequently, the giv- 
en logarithm, which belongs to a number 100 times great- 
er (£58), has for its corresponding number 175G00*|||J® ; 
that is, 175096 llf J ; or, by reducing it to decim^ls^ 
175096,25. 

244. When the given logarithm falls within the Ta- 
ble, the characteristic need not be diminished ; conse- 
quently, there will be no ciphers to add at the end of 
the operation ; which is performed in the usual manner. 

245. But as tlie proportion, which has been used in 
this method, is not rigorously exact (for it supposes, that 
the differences of the logarithms are proportional to the 
differences of their numbers, which is not strictly true, 
but sufficiently so for ordinary uses) ; and as it does not 
give the requisite approximation, only when the numbers 
employed are considerably large ; for greater exactness, 
it will be necessary, when the given number is below 
1500, to add as many units to its characteristic as shall 
carry it beyond the limits of the Table. Then, having 
found the nearest number that corresponds to it in the 
Table, we separate as many fibres upon tho right of 
that number as there were units added to the charac- 
teristic. In general, this method is sufficient. But 
when a greater number of decimals is required, we make 
a proportion, as directed in article (243,) and reducing 
the fourth term to decimals, place it after those already 
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found. For example ; if it be required to know what 
number corresponds to the logarithm 0,5432725 ; as this 
logarithm falls between the logarithms of 3 and 4, and 
as th^ number to which it belongs is, consequently, much, 
below 1 500, we seek for this logarithm with three units 
added to its characteristic, that is, we seek for 
3,54327'25. . This logarithm falls between the logarithms 
of 3493 and 3494, hence we infer, that the number 
sought is 3,493 ; to three places of decimals. But, if 
this approximation is not sufficient, we take 739, the dif- 
ference between S,5432725 and the logarithm of 3493 | 
and also 1243, the diiFerence between tne logarithms of 
3494 and 3493, and seek, by reasoning as in article (243,) 
the fourth term of a proportion, that commences with 
these three> 

1243 : 1 :: 739 : 

The fourth term, in decimals, is 0,594 ; then the num- 
ber sought is 3,493594. Finally, this second approxima- 
tion is limited ; for, the logarithms of the Table being 
exact only to half a decimal unit of the seventh order, 
the differences are affected by this slight defect. The 
approximation, however, may be extended with confi- 
dence to the third place of decimals, and we seldom 
have occasion to continue it further. This remark is al- 
so applicable to the use, that was made of the same pro- 
portion in articles (?39 and 243). 

246. If the fraction be required, to which a given 
negative logarithm corresponds, we subtract from the log- 
arithm 1 , 2, 3, 4, &c. units, according to the extent of the 
Table ; and after having found the number, that corres- 
ponds to the remaining logarithm, we separate upon the 
right of it, as many figures as there were units in tlie 
number whose logarithm was subtracted. For example, 
if it be- required to know what fraction belongs to this 
^logarithm — 1,5327^2, we subtract 1,532732 from 4, and 
there remains 2,467268, which in the Table is found be- 
tween the logarithms of 293 and 294 ; hence we infer, 
that the fraction sought is between 0,0293 and 0,0294 ; 
that is, it is 0,0293, to four places of decimals. But, 
to subtract the given logarithm 1,532732 from 4, is (236) 
to multiply 10000 by the fraction to which this loga- 
rithm belongs ; or, it is the same thing as to multiply thrs 
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fraction bj 10000. Then, the number which has been 
found, is 10000 times too great ; it must, therefore, be 
considered as composed of ten thousandths of an unit, 
and is expressed by four decimal figures. 

We now proceed to show, bj some examples, the ad- 
vantages that logarithms afford foe facility in. caJcula.- 
tions. 

KXAMPLS K 

The quotient of ir954 divided by IZSSS is required 
to four, places of decimals. 

The logarithm of 17954 is 4,254161 
The logarithm of 1S836 is 4,108430 

. Remainder 0,145731 

This remainder, with a characteristic augmented by fouir 
units, corresponds in the Table to 13i987j then (238)^ 
the quotient sought is 1,3987* 

EXAMPLE ir.' 

The cube root of 53 is required to three places of 
decimals. 

The logarithm of 53 is 1,724276 
Its third part (230) is 0,574759 

This last logarithm sought in the Table with a character^* 
istic augmented by three units, corresponds to 3756 f. 
then (t^38} th« root sought is 3^75 G. 

To judge of the important use^ of logarithms, we need 
only seek for this- root by the method given in article 
(156). That method, however, ought not to be consider- 
ed useless ; because it appUes to an infinity of numbers, 
to which logarithms do not, by reason of the limits of the 
Tables. 

EXAMPLE III*. 

The fifth root of the cube of 5736 is required ta two- 
places of decimals. 

We triple 3,758609, the logarithm of 5736, and have 
11,^75827, for the logarithm of the cube of 5736. Tak- 
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ing the fifth of this last logarithm, we havel2,£55165 for 
the logaritlim of the fifth root of the cube of 5736, Thia 
logarithm, sought in the Table with a characteristrc aug- 
mented by two units, corresponds to a nunvber between 
17995 and 17996; the root required is tl>en 179,96, te 
two places of decimals. 

EXAMPLE IV^ 

It is required to find four geometrical mean propor- 
tionals between 2-f and 5-|» 

According to the method given in article (215,) the ra- 
tio between the terms of tins progression must be found 
by dividing 5^ by 2f , and extracting the fifth root of the 
quotient. But by logarithms this operation is very sim- 
ple. We find by the tables, that the logarithm of 5| 
or ^ is 0,759688. In. like manner, we find, that the 
logarithm of ^ is 0,425969. We then subtract (231) 
this logarithm from the first, and have 0,333699. Then 
taking the fifth of this last, have 0,066740 for the log- 
arithm of the ratio sought. Ihis logarithm, found in the 
tables, with a characteristis augmented by 4 units, for 
4 decimals, corresponds to 11661 in whole numbers. 
The ratio,, then, is 1,1661, to four places of decimals. 
Now, to obtain the required mean proportionals, we mul- 
tiply 2|, the first term,, by l,lG6l ; then, the product of 
that multiplication by 1,1 661 ; and so on;. But these 
operations may be more readily performed by the aid of 
logarithms, by adding to 0,425969,' the logarithm of SJ, 
the first term, the logarithm 0,066740 of the ratio; 
then its double, triple, and quadruple; hence we have 
0,492709; 0,559449; 0,626189; 0,692929; for the log- 
arithms of the four required geometrical mean propor- 
tionals. And if we seek for these logarithms in the 
Tables; with three units for their characteristic, we shall 
find, that these four mean proportionals are 3,109;. 
3,626; 4,288; 4,931. 

REMARK. 

In an operation performed bj logarithms, where sub- 
traction is required, the operation may be simplified by 
the following method* 
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When any number is to be subtracted from another, 
which is an unit followed by as many ciphers as there 
are figures in the first ; the operation may be peiformed 
by taking the difference between 9 and each of the 
figures of the given number, except the last ; for which, 
we write ths difference between 10 and that figure. For 
example, if 5269S7 is to be subtracted from 1000000; 
we subtract successively the figures 5, 2, 6, 9, 2, from 
9, and the last figure, from 10, and have 47S0TS, for a 
remainder. This remainder is called the arithmetical 
complement of the given number. 

As this method of subtraction is too simple to be call- 
ed an operation, it follows, when a result is to be obtain- 
ed from the addition and subtraction of many numbers, 
that the operation m?y be reduced t» addition. For exam- 
ple, if it be required to add these two numbers 672736, 
426452, and subtract fi»m tlieir sum these other two 
numbers 432752, 18675; instead of one addition and 
two subtractions, which would be required by the com- 
mon method, we substitute the following, 672736 

426452 
Arithmetical complement of 432752 567248 

Arithmetical complement of 18675 981325 



Sum 2647761 

That is, we add together the two first given numbers, 
and the arithmetical complements of the two last, and 
their sum is 2647761. The first figure 2 must be sup- 
pressed ; and the remaining figures 64776] is the result 
sought. 

The reason of this operation is pl^in ; for if, instead 
of subtracting 432752, we add its arithmetical comple- 
ment, that is, 1000000 minus 432752, we at the same 
time perform the required subtraction, and augment the 
sum by 1000000; that is, by one tenth foo much in the 
first figure of the result. Then, for each arithmetical 
complement used in the operation, we shall have one 
tentn too much in the first figure of the result. 

We will now show the application of this principle to 
logarithms. For exaaople, if it be required to uivide 
3760 by 79; by the ordinary method, the logarithm of 
79 would be subtracted from that of 3760. But instead 
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of that operation we, substitute the following, and i^Tite 
the logarithm of 3760 3,575188 

and the arith. complt. of the log. of 79 8,102373 

Sum 11,677561 

Thus, 1,677561 is the logarithnv of the quotient, and 
corresponds to 47, 59, to two places of decimals. 

For a second example, let it be required to multiply 
«75 by Iff. According to the usual method (106), 675 
must be multiplied by 953 ; and 5^7 by 377, then the 
first product divided by the second. 

By logarithms, the operation is as follows. 

Logarithm of 675 2,829304 

Logaridim of 952 2,978637 

Arith. complt. of the log. of 527 7,278189 
Arith. complt. of the log. of ^377 7,423659 



Sum 20,509789 

The logarithm of the product" is 0,509789, which witk 
three units for a characteristic, corresponds to 3,234. 

We can also use the arithraetital complement, in or- 
der to give to the logarithms of fractions the same form 
a$i those of whole numbers, and employing them in 
the same manner, avoid, in making calculations, the dis- 
tinction of positive and negative logarithms. It may be 
well to recollect, that the characteristic of the logarithms 
of fractions, properly so called, is too great by 10 units. 
For example, to obtain the logarithm of |, which is no 
other (96) than 3 divided 4 ; instead of subtracting the 
logarithm of 4 from that of 3, that is, the logarithm of 3 
from that of 4, and affixing the sign minus to the differ- 
ence (235) ; we add to the logarithm of 3, the arithmeti- 
cal complement of the logarithm of 4 ; thus. 

The logarithm of 3 is 0,477121 

Arith. complt. of the log of 4 9,397940 

Sum ^ 9,875061 

This sum is the logarithm of ^ the characteristic of 
which is too large by 10 units. But we need not actu- 
ailf diminish it t>j 10 units; for so mjiny may be reject- 
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cd at the end of the operations, in wTiich (lie iogarithm 
■was used. 

The same rule applies also to decimal fradiioiis. Thus 
to obtain the logarithm of 0,575, which is no other than 
-njoV* ^® ^^^ ^o *^® logarithm of 575, the arithmetical 
complement of the logarithm ©f lOOOi. And by employ^ 
ing the arithmetical complements, instead of th« iH^gflh 
live logarithms of fractions, the Talaes of the fractions, 
expressed in decimals, mar be found without diificulty 
in the Table^ And when we Iniow, that the given loga^ 
rithm is, or contains, one or more arithmetical comple- 
ments, we know that its characteristic is too large, l^ 
as many tens as there are arithmetical complements in 
the logarithm. Thus, if it exceed such a number of 
tens, it will be easy to diminish it, and find the number, 
that belongs to the logaiithm; which will' be a who4c 
number, or a whole number joined to a fraction. Btrt if 
the characteristic be below the nnnlber of tens, of wbich 
it is supposed to contain too many, it belongs to a frac- 
tion, which may be found in the following n'lanner* We 
seek, according to what was explained in article (24^ 
and following), to what number tne given logarithm cor- 
responds ; and when found, we separate upon the right 
of it, as many tens of figures, as is the excess of tens in 
the characteristic. For example, if we have 8,732235, 
for the logarithm resulting frum an operation, in which 
there was an arithmetical complement ; we perceive, as 
its cliaracteristic is less than one ten, that it bel<mgs to 
a fraction. We first seek (243) to what number 
8,732235, considered as the logarithm of a whole num- 
ber, corresponds ; and find, that^ it corresponds to 
539802600 ; separating 10 figures from this number, we 
have 0,0539802600, tor the approximate value tjf ^ 
fraction, to which the given logarithm corresponds. 

But, as it is very seldom necessary tb obtain the frac- 
tions to such a degree of precision as in the last exam- 
ple, we abridge the operation by diminishing ihQ charac- 
teristic of the o;iven logarithm, as many units as will 
brin^ it within the Table ; and then taking the corres- 
ponding number, we separate from it as many figures l€S9 
than was required by the preceding rule, as units were 
taken from the characteristic. 1 bus, using the last ex- 
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ample, we diminish the characteristic 5 units, and find- 
iag that the corresponding logarithm is 5398, we separate 
5 figures only, and have 0,05398. . 

In the elevation of powers, we must observe, that by 
multiplying (229) the logarithm by a number, which ex- 

{^re&ses the degree of me power, we shall multiply a' 
ogarithm whose characteristic is too large. Thus, for 
example, in raising a number to its cube, if there be an 
arithmetical complement in the given logarithm ; . that is, 
if the characteristic be too great oy 10 units, the charac- ' \ 
ieristic of the logarithm of the cube will be too great by 
30 units ; and so of the other powers. It will then fcle 
easy to reduce it to its just value. 

In the extraction of roots, to prevent mistake when 
&ere are arithmetical complements in the logarithms 
used, care must be taken to add to, or subtract from, the 
characteristic, such a number of tens as will make it too 
large by as many ten» as there are units in the number, 
that expresses the degree of the root. And having, ac- 
cording to the common rule, divided by the number, that 
expresses the degree of the root, the characteristic will 
be too great by precisely 10 units. For example, if the 
cube root be required of ||f ; we add to the logarithm of 
ftr6, the arithn>etieal comj^ement of the logarithm of 
547. 

Lo^rithm of 276 £,440909 

Anth. complt. of the log of 547 7,262013 

Sum ^ 9,702922 

To the characteristic of this logarithm we add 20 ; it 
then becomes 29,702922, and is too great by 3 tens. 
The third part of this logarithm, which is, 9,900974, is 
the logarithm of the cube root requiredt but with a char- 
acteristic too laiTO by 10 units. Thus, according to 
what has been said above,, we find that the cube root is 
0,7961, to four places of decimals. 

Arithmetical complements are chiefly used in Trigo^ 
nometrica! calci^tionsv 
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(y the natural mimben from 1 to H 



1,000000 

1,041393 
1,07911.. 
1,1 13943 
l,t461S8 



t.59ltJSil 
.603000 



4e i,eas'M9{| 

4;lt,63346S 
44 1,6434S3 



76091 
Lit 3(1449 

l ,3OI03Q 

I,3i331 

1,342423 

l,3GiraB 

l,38U31l] 

1,397940 

6 1,41*973 

7 1,431364; 
" 1,447158 

1,4 63398 ] 

1,477181 

I 1,491362 

_3SJl,6OS150 

,51Bil4 

4 1,93)479 

■_ 1,544068 

S6 
37 



,i*"SJ. I 



,653313 
1,6637 iK 
".6r209B 



1,707570 
,716003 
,764276 



1738394 
1,740363 
I.74S188 



,73SB7i| 

1,763428' 

1.770 852 

1,77815 

1,785330 

1.792392 

1,799341 



,819544 

,826075 
,838509 
"69jT,8 3*849 

70 1,845098 

71 1,851258 



75| 1,875061 
7li I,B80814 
M 1,886491 



Num. 








7fl 


1,89X095 


79 


i,W7e» 


80 


1,9030m1 


HI 




82 


1,91381^ 


8J 


1.9 19071 






H^ 




86 


1.93449) ' 


87 


1.939519 




1,944183 


8^ 


1,949390 










91 


1.9JP011 


94 


1,963788 


9.' 


1,968483 


r>i 


1,973128 


9: 


1,977734 


-5fi 


I.W2271 


■ •iT 


1,986772 


«* 








9' 


1,995635 


i(n 




101 


2,004331' 


10a> 


2.008600 


in; 


J,0 12837 


IIM 












ii,h 




107 




1U( 


3,03343^ 






no 


2.041393| 


111 


2,0433£3 


11^ 


2,049218, 


113 


2.053078] 


IK 


2,os«us: 






116 


2,064448 



11719.058186 
I18'2,0718~' 
ll9 *.075i 

i;ai3,079i 



143 i t,l 55336 [ 
'144 3,158362 
»S|S,1 61368', 



130 2,176091 

131 !,ir89rr 

IS8 2,1 818 44 1 

153 iii84691 1 

154 4,1875211 
lU3,19033t[ 



MXlTBMPtlC* 



^t9 



Num» Logo,' 
ber»» rilmat. 

156 2,1931125 

15? ^,195900 

_li8 2, 198657 

T59 2,2bi§97 

160 2,2041 u4 



rsase 



■^.i f , »*■»■ 



162 
165 



2,20951: 
2,212188 
2,214844 

2,'^74i*4 



j i66l2,220H)» 



Hum' 



167 
168 
169 

iro 

171 



2,222716 
2,225369 
2,22r88> 



17S 



JI75 
Vit 
177 



Loga- 
rithm*^ 



2,239449 
2,232996 
173 52,23552i] 



'2,23t«H6 



l74f2,840S49 



2,243 'Ji I 
j2,24r9731 



179 



1802,25527^ 



ders. 



1782,250420 



• 181 
18$ 



: L84 



SPSS 
LogO' 
rUhmt. 



2;252«53 



^,357679 

^,2Q0a7U 



183 ^2,962451 



2^264818 



, 185 2,26717!^ 



187 
188 



i>2695l3 



2,27 1 84i.^ 
^,27.4153 



"li& 

^190 

191 



2,«r8754' 
^>2ai033 

19^ 2^85301 

193 2,2g555r 

194 ^,287802 



2,2764« 



l9i( 2,^90035 
196 2,293256 
j97 2,^4466 

19isl',29666S 

199 1',298853 

j^ 20Gte,301030 
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This Table has not been insertecT 8a nuith with $, view 
ip practical use, as to illustrate the formaticui^ ds^ 
aianner of asiog Logarithms* 



